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Preface

As the millennium comes to a close, a striking area of knowledge has emerged
as the most promising for explaining the behavior of all known matter. This
area is quantum mechanics. As experience teaches us, it is not wise to say that
this is the final theory; nevertheless, we are witnessing how the equations of
quantum mechanics, which predict the behavior of nature, can be used to design
matter according to our needs and goals. Quantum mechanical equations can
describe the detailed structure and behavior of matter, from electrons, atoms,
and molecules to the whole universe. Quantum mechanics is an area of knowl-
edge that yields the most remarkable precision. This precision is limited only
by the computational resources available. For instance, the energy of helium-
like atoms can be calculated with a precision of about 15 decimal places. Com-
paratively speaking, this is equivalent to determining the distance between one
point in New York and another in Paris with a tolerance smaller than 10 A
Such precision is possible when the nonrelativistic Schrodinger equation is suf-
ficiently precise, a condition that covers a large part of chemistry.

Quantum mechanics has become a great tool for chemistry. For this reason,
the methods of quantum mechanics used in chemistry have been grouped into
a field called quantum chemistry, as in the title of this serial. The techniques of
quantum chemistry were developed at a tremendous rate by the combined efforts
of pure quantum theorists, application specialists, and scientific programmers,
along with feedback from numerous precision experiments. These techniques
have become routine in most universities worldwide, and courses on quantum
chemistry at all levels are part of their curricula.

Solving the Schridinger equation for chemical and chemistry-related appli-
cations from first principles has been the goal of two communities. Initially
working separately, the standard ab initio and the density functional theory
(DFT) groups had to deal with similar problems. In most cases, applications in
chemistry require specific constraints on the methodologies to be used. For in-
stance, it is necessary that methods be size-consistent or size-extensive, i.e., that
systems of different size be treated with the same footing. In practical terms,
this means that errors, if not zero, should in some way be proportional to the
size of the system so that energy differences can take advantage of error can-
cellations. If a system only needs to be analyzed individually, this requirement
may be irrelevant. A parallel and perhaps much more important requirement

XV
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for solving the Schrodinger equation is that the chosen method not use ad hoc
parameters. This is a very important requirement, of special significance in the
design of new materials where experimental information is scarce or difficult to
obtain; unfortunately, it is very challenging to fulfill. Sometimes a very small
empirical correction can avoid a large computational process. Typical examples
of this correction in ab initio methods are the high-level correction (HLC) in
the G1 and G2 methods and the ~0.9 correction to the zero-point vibrational
energies. Other common corrections are based on criteria of energy partitions;
these include the basis set superposition error correction and the basis set in-
completeness corrections. Alternative criteria are given by the need for varia-
tional methods, implying that the final energies are always upper bounds of the
correct energy. This implies that an improvement in the basis set will always
yield an energy closer to the exact one. Finally, in a practical sense, a very good
compromise between precision and cost of the calculation is highly desired.
Usually the cost of a calculation is determined by the scaling of the CPU time
with respect to the size of the calculation and expressed in the form N where
N is an indicator of the size of the calculation (number of basis sets, number of
electron, atoms, etc.) An N’ method will require 128 times more CPU resources
if the size of the system is doubled. In practice, such a formal scaling is reduced
by 1 or 2 units. For instance, the formal scaling for the HF method is N whereas
practical calculations tend to scale close to N?

The standard ab initio methods solve the Schrodinger equation in a direct
way. They assume a wavefunction, which is expanded on a basis set and able
to approach the ultimate solution in several ways. Unfortunately, this has a
tremendous cost. These methods can initially use a single reference or a multi-
reference wavefunction as a starting point. In the Hartree—Fock approximation,
historically called the self-consistent method (SCF), the wavefunction is a Slater
determinant composed of molecular orbitals representing the electrons in the
molecule. These electrons interact with the mean field of the other electrons and
the nuclei. Improvements to this approximation, which recognize that electrons
actually do not interact with the mean field of other electrons but with each one
individually, are performed with methods such as truncated configuration inter-
action, quadratic configuration interaction, Mgller—Plesset perturbation theory,
and coupled cluster theory. All these methods tend to obtain better and better
solutions to the Schrédinger equation but simultaneously demand larger and
larger basis sets in order to take advantage of the higher degree of treatment of
the correlation energy, which is defined as the error of calculation with a single
determinant, i.e., with the HF approximation. If a large enough basis set is used,
a full configuration interaction method will yield the exact solution to the Schro-
dinger equation.

Alternatively, the convergence toward the precise solution of the Schrodinger
equation can be accelerated by using a multireference approach. There is a
corresponding multireference (MR) approach to each of the single reference
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approaches; these are named MR-HF or MR-SCF, MR-CI, MR-MP, and MRCC.
In general, the degree of complication is a function of the excited determinants
used to represent the wavefunction. The inclusion of triple and quadruple excited
determinants still constitutes the best alternative in standard ab initio quantum
chemistry. The methods MP4SDTQ, CCSD(T), and QCISDTQ, for instance,
have the same scaling of N7 and their precision is approximately similar when
basis sets containing f or higher angular momentum functions are used. Calcu-
lations with such a high degree of computational resources can obtain accuracies
in relative energies approaching 1 kcal/mol. Calculations of this kind are limited
for practical reasons to systems containing no more than 10 atoms due to their
large use of computational resources. Calculations using more expensive basis
sets using g and higher angular momentum functions have been reported with
precisions approaching 0.1 kcal/mol. At present, calculations of this degree of
precision are limited to systems containing only around 20 electrons.

The alternative method of solving the Schridinger equation is density func-
tional theory (DFT). This theory was developed simultaneously with the stan-
dard ab initio methods. However, it took a little longer to gain a very solid footing.
The work of Hohenberg, Kohn, Sham, and Levy has contributed enormously to
the recognition of DFT as an ab initio procedure. The theory and philosophy
of DFT do not follow its standard ab inifio counterparts, which delayed its
acceptation as a formal theory. As demonstrated by the Hohenberg—Kohn the-
orem, the total energy of an electronic system can be expressed by a functional
of the electron density. Actually, the implementation of several modern gener-
alized gradient approximation (GGA) functionals attracted the quantum chem-
istry community to the use of DFT because of the great success of the GGAs
in reproducing well-established experimental results that were not possible to
obtain with the tools available in standard ab initio methods. The ab initio nature
of GGA functionals such as those of Perdew and Wang, published in 1991, gave
confidence to the systematic search for first principles functionals. The improve-
ment of the functionals has been enormous, to the point that present calculations
using a standard basis set including d-type functions and modern functionals are
more precise than any of those using the sophisticated standard ab initio meth-
ods, including all those that scale as N7 and even in several cases where the
latter are used with much larger basis sets. Most of the methods in DFT are
based on the Kohn-Sham procedure, in which the Schrédinger equation is
solved for the exact energy using a wavefunction from an ideal system of non-
interacting electrons, bypassing the calculation of the real wavefunction, which
is the major difficulty in the standard methods. Since the system of noninter-
acting electrons is constrained to possess the same electron density as the real
interacting system, the quality of the energies is limited only by the functionals
used to represent the total energy. The formal scaling of DFT methods is N* or
N* depending on the particular method; however, as happens with the standard
ab initio methods, in practice this scaling tends to be lower, about N? for DFT,
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and work to reach even smaller scalings is in progress. The other great advantage
of DFT methods lies in the fact that an improvement in the functionals does not
imply an increase in the scaling.

At present, it is fair to say that most calculations are done using DFT rather
than the standard ab initio methods. This is the justification of and motivation
for this thematic volume. The papers presented here constitute the latest DFT
research of their authors. It is to them that [ express my most sincere gratitude
for their effort in this work, which surely constitutes one of the most compre-
hensive summaries currently available for DFT or related areas. My thanks also
go to Per-Olov Lowdin for encouraging me to edit this book.

JORGE M. SEMINARIO
CoLUMBIA, SOUTH CAROLINA



Why Density-Gradient Corrections Improve Atomization Energies
and Barrier Heights
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Ales Zupan
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While the Hartree-Fock (HF) approximation typically underestimates the
strength of the chemical bond, the local spin density (LSD) approximation
overestimates it. Thus LSD overbinds atoms in molecules, and underesti-
mates the heights of energy barriers when the transition state is more highly
bonded than the initial state. Generalized gradient approximations (GGA’s),
which incorporate density-gradient corrections to LSD, improve the agree-
ment between calculated and measured energetics. This has been previously
understood as a consequence of the fact that gradient corrections favor density
inhomogeneity, which increases when a bond is stretched or broken. We show
that gradient corrections also favor high density, which increases when a bond
is compressed or formed, but that the inhomogeneity effect usually prevails.
To quantify the discussion, we present a thermodynamic-like inequality which
is satisfied when gradient corrections favor a process.

I. ENERGY FUNCTIONALS AND CHEMICAL ENERGETICS

Quantum chemistry is most simply done with single-particle orbitals ¢, »
which are obtained from selfconsistent single-particle equations. The exchange-
correlation energy Fyc is then constructed from the orbitals, or from the spin
densities ny and n|. The Hartree-Fock (HF) approximation neglects correlation
but treats exchange exactly:

B ol = =5 £ [ & [ @) 6op Voo =1l (1)

The local spin density (LSD) approximation [1]
EEPlng,n)] = [ & n(r)ec(ni(r), ni(r) ()
invokes exc(n,n;), the exchange-correlation energy per particle of an elec-
tron gas with uniform spin densities ny and n; [2]. The generalized gradient

approximation {GGA} [3-8]

EZSA g, m) = [ drflng,ny, Vg, V) (3)

ADVANCES IN QUANTUM CHEMISTRY, VOLUME 33
Copyright ©1999 by Academic Press. All rights of reproduction in any form reserved.
0065-3276/99 $25.00 1



2 J. P. Perdew et al.

makes use of the local density gradient as well as the local density. (Except
where other units are specified, we use atomic units in which & = m = ¢* = 1).

The “GGA made simple” [7], which we employ in this work, arises from
two different non-empirical derivations [7,8]. All its parameters (other than
those in LSD) are fundamental constants.

Both LSD and GGA predict realistic geometries and vibrational frequen-
cies for molecules, but GGA gives a better account of atomization energies
[9,10] and barrier heights [11-15]. The aim of this article is to explain why,
using a density-parameter analysis we have recently developed [16,17], and to
provide a pedagogical discussion of these issues. We will show how the chem-
ical effects of gradient corrections follow from the gradient dependence of the
functional ESS4. For an explanation of the physical origins of this non-locality,
see Ref. [18]. For some reasons why LSD and GGA work as well as they do,
see Ref. [19]. For methods which incorporate but go beyond GGA, see Refs.
[20] and [21].

The atomization energy AFE, is the extra energy needed to break up a
molecule into separate atoms. For the nitrogen dimer,

N, + AE, — 2N. (4)

For this reaction, as for most others, HF underbinds (AF, = 5.0 V), LSD
overbinds (AE, = 11.6 €V), and GGA gives a more realistic binding energy
(AE, = 10.5 eV). The experimental result is AE, = 9.9 eV. All values are
taken from Ref. [7]. Other reaction exothermicities or endothermicities [22,23]
have also been studied.

The rates of many chemical reactions are limited by an energy barrier
AE, which must be surmounted [24]. A well-studied case [14,15,17,25] is the
hydrogen abstraction

H+ H, + AE, — Hy — Hy + H + AE,. (5)

In the initial state, a hydrogen atom approaches a hydrogen molecule along
its bond axis from one side, with energy AFE;. The H--- Hy distance will
be denoted by z. Taking z to be the independent reaction coordinate, we
determine y, the H, bond length (y < z), by minimizing the total energy for
each r. In the transition state of Hj, we find y = z. When the transition state
H, fissions, it kicks out a hydrogen atom to the other side. The net effect of
this one-dimensional process is a transfer of nuclei. In this reaction [17], as in
others where the transition state is more highly bonded than the initial state,
the HF barrier is too high (AE, = 0.8 eV), the LSD barrier is too low (AE,
= —0.1 eV, making H3 bound in LSD), and the GGA barrier is more realistic
(AE, = 0.2 eV) in comparison with experiment (AE, = 0.4 eV, from Ref.
[25]).

Sometimes the transition state has as many bonds as the initial state,
e.g., in isomerizations or internal rotations. LSD gives realistic barrier heights
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for isomerizations [26], and presumably so does GGA. LSD and GGA predict
essentially the same (correct) barriers for internal rotations [27].

The transition state for an atom hopping on a metal surface [28] can have
a lower coordination number than the initial state, and then GGA barrier
heights are lower (and presumably again more correct) than LSD barriers.

II. QUALITATIVE EXPLANATIONS FOR FUNCTIONAL PERFORMANCE

All of the effects described in the preceding section are consistent with one
neat statement [11,12]: LSD likes bonds too much, and GGA corrects this bias.
Compelling further evidence for this statement can be found in a comparison of
LSD and GGA energies for different structures of C,, clusters [29]: The fewer
the bonds, the more the gradient corrections lower the total energy. GGA
usually weakens and stretches bonds relative to LSD. When bonds stretch or
break, the density gradient or inhomogeneity grows, and this lowers the GGA
energy relative to LSD. Much can be explained by this statement [30]: GGA
favors density inhomogeneity more than LSD does.

However, this cannot be the whole story, because gradient corrections
usually and correctly shrink the lengths of covalent bonds to hydrogen
[14,15,17], counter to expectations based upon the statement at the end of
the previous paragraph.

Our current explanation can be summarized qualitatively in this state-
ment [17]: GGA favors both inhomogeneity and high density more than LSD
does. These effects usually compete; for example, inhomogeneity increases and
density decreases as we stretch or break a bond. The inhomogeneity effect usu-
ally prevails but, for the bond length of H,, the density effect is large enough
to carry the day. The final two sections of this article will quantify and test
this statement.

Alternative explanations [10,13] appeal to the selfconsistent effect of gra-
dient corrections on the electron density. For example, gradient corrections
shrink the ionic cores of the atoms, producing a stronger screening of the nu-
clear potential and a more diffuse valence-electron density, hence a longer bond
length between most atoms which have cores. We do not disagree with these
alternative explanations, but we believe that ours is more robust, because
it explains why gradient corrections produce all their characteristic energetic
effects, even when applied to the LSD density [13,15].

I1I. DENSITY PARAMETERS AND THEIR AVERAGES

To quantify the explanation given at the end of the preceding section, let
us define the local density parameter r,(r), the local relative spin polarization
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¢(r), and the local inhomogeneity parameter or reduced density gradient s(r)
by the equations

n =n;+ny, (6)
(= (n1 —n)/n, (7)
s = |Vn|/2(37%)/3n4/3, (8)

The Seitz radius r; is the radius of a sphere which on average contains one
electron, so r, — 0 in the high-density limit; valence electrons typically have
1 bohr < r, < 6 bohr. The relative spin polarization { vanishes for a spin-
unpolarized system, and equals + 1 or -1 where all the electron spins are up
or down, respectively. The inhomogeneity parameter s measures how fast the
density varies on the scale of the local Fermi wavelength; valence electrons
typically have 0 < s < 3. Both r, and s diverge in the low-density tail of an
atom or molecule.

In previous work {16,17], we have studied distributions and averages of
these parameters in atoms, molecules and solids, and how these change in
various processes. Typically, the averages (rs), (||}, and (s) all increase when
we stretch or break a bond, as shown in Fig. 1 for the fission of the Hj
transition state.

Because the distributions of the density parameters p are broad, their
averages must be defined carefully. We want true averages (p), which fall
between the minimum and maximum values of p present in the system. But
we also want averages that will give meaningful estimates of LSD and GGA
exchange-correlation energies.

To a good approximation, any GGA can be written as

BG4 = [ dr nex(ry) Fre(re, G, 9), )

where small V{ contributions have been neglected. (The barrier height in the
reaction of Eq. (5) is 0.15 eV with and 0.21 eV without these contributions.)

In Eq. (9),
3 /9r\13 1
a0 =-(3) & (10)

is the exchange energy per electron of a spin-unpolarized uniform electron gas
of density parameter r,. The enhancement factor over spin-unpolarized local
exchange, Fxc(rs, (, s), is displayed in Fig. 1 of Ref. [7}]. It can be decomposed
into exchange and correlation components:

FXC(r87C7s) = FX(C?S)+FC(r57C’S) (11)

where F; — 0 as r; — 0. The s-dependence of Eq. (11) is the nonlocality of
GGA, which reduces to LSD when we set s = 0:
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E,%fD = /d3r nex(rs) Fxe(rs, ¢, 0).

(12)

0.9 2
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FIG. 1. Geometry and density-parameter averages for the fragmentation of Hj transition state of
Eq. (5). z is the longer of the two bond lengths, and increases from z = y = 0.95 A (LSD) or 0.935
A (GGA) at the transition state to infinity in the dissociated lLimit. The averages defined in Eqgs.
(13)-(15) have been evaluated selfconsistently in LSD (solid curve) and GGA (dashed curves). Note
that gradient corrections increase the inhomogeneity parameter (s) and reduce (r.), as expected.

To define our density-parameter averages, we use the exchange-only limit:

ex((rs)) = /d3r ncx(rs)//dar n,

(13)
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Fe(€0:0) = [ &1 nex(r) F(C,0)/ [ d'r nex(rs), (14)
Fx(0,(s)) =/d3r nex(rs)Fx(O,s)//dsr nex(rs)- (15)

The averages (r,), (|¢|}, and (s} are found as numerical roots of these equations.
If the statement that “gradient corrections favor density inhomogeneity” were
the whole story, we would expect that gradient corrections would favor any
physical process in which

d(s) > 0. (16)

As we will see in the next section, Eq. (16) is not the right condition.

IV. QUANTITATIVE EXPLANATION OF FUNCTIONAL PERFORMANCE

The averages defined in Eqs. (13) - (15) can be used to estimate the
GGA and LSD exchange-correlation energies as

B m Nex((ra)) Fro((ra), (IC]), (), (17)
EGEP m Nex((rs)) Fre((r), (IC1),0), (18)

where N is the number of electrons. Egs. (17) and (18) become exact when
spin-unpolarized exchange dominates all other effects, or when the distribu-
tions of the density variables are very narrow. However, these equations are
surprisingly accurate for real atoms, molecules, and solids [17]. For very heavy
atoms, one might want to eliminate the core-electron contributions to (17)
and (18), but we have not found this to be necessary in our studies for atomic
numbers up to 17.
Now the effect of gradient corrections upon the energy per electron is

A = (ES4 — BLSP)/N
~ el {re))[Fxe((re), (ICD) () = Fio((ra), (IC1), O (19)

The exact evaluation of A is simpler and more accurate than evaluation of the
last line of Eq. (19), but the latter expression permits us to make a quantitative
test of our qualitative explanations.

Consider a physical process in which each density-parameter average (p)
changes to (p) + d(p) at fixed N. This process will be favored by gradient
corrections if and only if

dA <0 (20)
i.e., (for JA/O(s) < 0)

dls) _ d(r,)
)~ Faray

+Qd(ICl), @1)
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where
2(r,) 0A/0(r,)
P===5 3a/00) (22)
Q= _1.9A/9([C1) (23)

(s) 0A/0(s)

We have tested ([17,18]) the inequality (21) for about 20 atomization processes
and a smaller number of bond stretchings and transition - state fragmentations.
We find that the inequality (21) holds whenever gradient corrections favor a
process.

A simple model in which P =1 and @ =0 is
FXC(T31 473) = FXC(rsv (7 O) + ,u'sz’ (24)

where y is any positive constant. Although the true GGA nonlocality is more
complicated than Eq. (24), it also yields [17] P & 1 and ) ~ 0. Thus we can
simplify Eq. (21) for qualitative purposes to
d d(rs
(5) _ dir,)

(s) = 2(rs)’

which clearly differs from the naive condition (16} when d{r,) # 0. In bond
stretching, for example, both the left- and right-hand sides of (25) are typically
positive. The left- hand side is usually bigger, but in H; and Hj it is smaller
than the right-hand side. Thus gradient corrections stretch most bonds, but
contract the Hy and Hz bonds, and affect atomization energies and barrier
heights as described in the first section of this article.

Our inequalities (21) and (25), which follow from the fact that the GGA
enhancement factor Fxc(rs,(, s) increases with s, tell us when a process will be
favored by gradient corrections. How strongly it will be favored then depends
upon how strongly Fye(rs,{,s) increases with s. Fig. 1 of Ref. [7] shows
that the exchange-only (r, = 0) enhancement factor has an especially strong
increase with s, which partly explains why the HF approximation underbinds
atoms in molecules. For example, consider the atomization of N H;, in which
the exchange-correlation energy increases by 8.9 eV. The corresponding in-
creases in the exchange energy are 7.0 (LSD), 5.9 (GGA), and 4.7 (HF) eV
[31). Thus, neglecting the nonlocality of exchange has an effect somewhat like
including correlation.

The inequalities (21) and (25) also explain the effects of gradient correc-
tions upon structural transformations in solids [32] and upon surface energies

[17).

(25)
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Abstract

For continuing to search for ever-better approximations to the traditional density-
functional correlation energy functional, E_ [n], the link between its second-order
component, E®[n], and the known result for the second-order Z' quantum
chemistry correlation energy, E2%®  is first presented, and numerical results are
given. E®[n], identified as a high-density scaling limit, is the leading term in the
expansion for E[n]. Except when certain degeneracies occur, it is shown that
E.,%¢® provides an upper bound for E/®[n], with an equality only for two
electrons. Moreover, different correlation energy functionals, meant to be employed
in hybrid schemes, are also discussed. For these functionals, the second-order Z*
quantum chemistry correlation energy is exactly the same as their high-density
limits, for any number of electrons, except when some degeneracies occur. Next,
conditions are presented in order to improve approximations to the density
functional correlation potential (the functional derivative of the correlation energy).
For any spherically symmetric two-electron density, the difference,

2 E®In] - [dr v.®([n];r) n(r), is written as a functional of the density n(r) only,
and the analytical expression is obtained. Approximate functionals that scale to
constants, are tested against exact numerical results.

ADVANCES IN QUANTUM CHEMISTRY. VOLUME 33
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I. Introduction

The problem of finding the ground-state properties of a system consisting
of more than one electron is very important in the study of atoms, molecules and
solids. In order to obtain the ground-state properties, one has to solve the
Schrédinger equation for the system under investigation. Since no exact solution
exists to this problem for Coulomb systems, many different approximate methods
have been developed for approaching this subject.

Modern density functional theory (DFT) provides an enormous
simplification of the many-body problem [1-7]. It enables one to replace the
complicated conventional wavefunction approach with the simpler density functional
formalism. The ground-state properties of the system under investigation are
obtained through a minimization over densities rather than a minimization over
wavefunctions. The electron density is especially attractive for caiculations
involving large systems, because it contains only three dimensions regardless of the
size of the system. In addition, even for relatively small systems, it has been found
that density-functional methods, for certain situations, often yield results
competitive with, or superior to those obtained from various traditional
wavefunction approaches.

Correlation energies in DFT must be approximated. For this purpose,
knowledge of exact properties is necessary. With this in mind, it is now known that
the exact correlation energy for use as part of a full DFT calculation, E[n] [1-10],
satisfies {10-13] the expansion

Ef] = E?m + A'EPm] + AECm] .. = Y A7 EOm] M
[+ [+ j=2 [+

for high-enough A, where

n(x, y, z) An(Ax, Ay, Az) . 2
Hence, E.[n,] is bounded, and is equal to E@{n], as A-e.

It is our purpose to briefly review expansion (1) through the adiabatic
perturbation theory of Goérling and Levy [11], which arrives at the formal
expression for the second-order energy, E./#[n], in terms of Kohn-Sham orbitals.

The quantity 2E®[n] is particularly important because it is the initial slope
in the adiabatic connection method (coupling-constant formula) for E [n] [10,14-
18]. In fact, quite good use of the evaluation of 2E_®[n] has recently been made by
Ernzerhof [19] and by Perdew, Burke, and Ernzerhof [20-23] in their modeling of
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the adiabatic connection integrand, not only about zero but all the way to unity, to
produce very encouraging results in their hybrid schemes.
It is also believed that En] is relatively insensitive to coordinate scaling

(11], ie. lim E[n,] = Ec(z)[n] ~ En] for small atoms, where E®[n], the
Ao
second-order component of E[n), is the leading term in the expansion for EJn]. As

a result, knowledge of the high-density scaling limit, lim E [n,] , is essential for
Aooe

arriving at the very best approximations to E[n}. In a recent work, Liu and Parr
[24] have ascertained that E.®[n)] accounts for a significant part (~80%) of the total
correlation energy.

Numerical bounds for E@[n], as recently generated by Ivanov and Levy
[25], shall be given for hydrogenic densities, corresponding to two, three, nine, ten,
and eleven electrons. For two electrons, the bounds become an equality.

Relations shall also be presented involving the correlation energy, ®FE [n],
[11], whose functional derivative is meant to be added to the ordinary Fock
potential to produce, upon self-consistency, the exact ground-state energy and
density.

We shall reveal very recently derived [26] high-density limit for the
correlation energy functional of the Hartree-Fock density, E.2°[n""] [27,28]. This
functional should be used as a “tack-on” functional to the completed Hartree-Fock
energy to produce the exact ground-state energy. We shall also emphasize some
subtle differences between Efn] and E.%“[n"f] in light of the increasing use of DFT
functionals as approximations to the correlation energy functional of the Hartree-
Fock density.

Most of the present approximations to E.[n] give relatively good results for
E.[n] but the shapes of the corresponding correlation potentials are not quite
satisfactory. With this in mind, for comparison purposes, we introduce the first
known closed-form expression connecting a component of the correlation potential
to the correlation energy functional from which the potential is obtained by taking
a functional derivative [29]. In particular, the closed-form expression connects
E.@[n] with its functional derivative, v.®([n];r). We will present our analytical
results for spherically symmetric two-electron spin-nonpolarized densities.

Finally, comparisons shall be made, for the mentioned relations involving
E.n], ¥FE [n], and E°[n*F], with the correlation energy functionals of Perdew-
Burke-Ernzerhof [30], Lee-Yang-Parr [31], and Wilson-Levy [32].
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I1. Definitions

In atomic units (a.u. are to be used throughout the paper), let us define the
Hamiltonian operator for the system of interest as

N
H=T+V_+Ywvr) , 3
ee i1 1
where T is the kinetic energy operator,
l 1
T = E - E Vz N (4)

where V. is the operator for the electron-electron repulsion,

Z,

N
E , o)
J

i

Y.

i J

and where v(r) is the local spin-independent multiplicative potential of interest.
The ground-state energy of the system under investigation is obtained [1-7]
by

E® = Min { F[n] + ar |,
Min { n f v(r) n(r) } (6)

where F[n] is the universal Hohenberg-Kohn functional of the density. The
constrained-search definition [33] of F[n] is

F[n]:Mn<‘I’IT+Vee]‘I’>—<‘P[n]lT+VeeI‘P[n]> . %)
Y-n(r)

In other words, P[n] is that antisymmetric wavefunction that minimizes
<7+ V > and yields the density n(r).
For computatlonal purposes F[n] must be approximated and it is commonly
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partitioned [3-8] as

F[n] = Ts[n] + Uln] + Ex[n] + Ec[n] . ¥

In Eq.(8), T,[n] is the noninteracting kinetic energy
Tl =<®fu] | T |0 > |, ©)

where ®[n] is the Kohn-Sham (KS) wavefunction. That is, by definition, ®,[n] is
the wavefunction that minimizes just < T > and yields the same density as ¥[n}.
Except for certain degenerate cases, ®.n] is a single determinant [34]. The Hartree
electron-electron repulsion energy U[n] is given by

n(r, )na)
Uln] = > ff dr dr, ) (10)
x|

The exchange energy, E,[n], defined in terms of the KS single determinant, is
E[n]= < @ [n][V_[®[n] > - Uln] , (1n

and the correlation energy, E[n], is defined as

E[n] = < ¥[n] | T+ \‘/eeri'[n] > - <®n] | T+ VeJq’o[“] > . (12

With these definitions, Egs.(9)-(12), the following simple scaling occurs
with E,[n], [8]:

En]=4E[n] . (13)

On the other hand, upon uniform scaling of the electron density, Eq.(2), E[n] does
not scale homogeneously. Instead, E.|n] satisfies the following high-density
relationship [10-13]:
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lim Efn]=E®m . (14)
Ao
In other words, E[n,] is bounded, as A~ , and is equal to a second-order energy.
It is important to stress here that, in contrast to Eq.(14), the LDA correlation
energy diverges as -InA, as A-e, because of the Gell-Mann and Brueckner
contribution to the correlation energy per particle of a uniform electron gas [35].
The link between uniform scaling of the electron density and scaling of the
electron-electron interaction has been developed by Gorling and Levy in a series of
papers [11,36]. The effective potential and the electron-electron interaction along
the coupling constant path, which connects a noninteracting and a fully interacting
system with the same electron density, have been used by them for a DFT
perturbation theory. For a very recent review of the derivation of the Gorling-Levy
perturbation theory, see Ref.37.
The Hamiltonian along the adiabatic path, as developed by Gorling and Levy
[11], has the following form

N
Hinl =T+ oV +3vmkr) . (15)
i=1 !
where
volxr) = v(nlr) - o w(nlr) - o v(alr) - vi(mlx) . (16)

For small enough ¢,

va(nlr) = & vA(nlx) + & vInlx) - ... : an

In the above equations, u({n];r), v(In];r), v.2([n];r) are the functional derivatives
of U[n], E,[n] and E.®[n] with respect to the density.

By using their perturbation theory, Gorling and Levy have arrived at the
following high-density expression for E.?[n]

N
- <@ V- ¥ funln) + v (ko) | @ > a8
E®ml = ¥ = :
c ko1 E _ Eo

o k
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or
N
. 1<®] Vee- Y {u(fulr) +v,(Inlr)} | @>|*
LmE [n,]=E&[n]=Y" i1 . (184)
Aeo k=1

E -E.

In Eq.(18), the KS wavefunction ®, is the ground-state solution to the non-
interacting Schrédinger equation

Hn ® =E® ; E<E‘°<.<E’<.. |, (19)

where we shall assume that E, is nondegenerate. The energies E, and E,° are the
eigenvalues corresponding to ®, and ®, respectively.

II1. Different Correlation Energy Functionals

Another type of correlation energy functional, *FE [n], is defined [10,11,38]
by

WE M) = < ¥,IT + VP, > - < ®F|T + V_|&f > | 20)

where ® M is the single determinant which minimizes the expectation value
<T + ‘7“ > and yields the density n(r) . The functional derivative of "FE[n] is
meant to be added to the HF nonlocal potential in order to produce HF-like
equations, but whose solution upon self-consistency, in principle, leads to the exact
density and to the exact ground-state energy [10,11]. (Without this added functional
derivative, the familiar HF density and energy are obtained upon self-consistency.)
For the high-density scaling limit of "¥E[n}, Gorling and Levy [11] , using

their adiabatic perturbation theory, arrived at

HFEC[IIL] - HFEC(Z)[D] + )u_l HFECG)[II] + . = i:AZ—j HFEC(J)[II], (21)
j=2
with
N
| <@, |Vee-3 {ullnlr) + V(DL )} @12 )
lim "¥E [n,]= "B [n]=)_ d .
Ao

k=1 Eo_Eko
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In the above formula, "9 ([® ]r) is the familiar nonlocal Fock exchange
operator, but here built from the one-particle Kohn-Sham orbitals of ®, instead of
from the Hartree-Fock orbitals.

By separating the infinite summations in Eqgs.(19) and (22) into summations
over singly excited states and summations over doubly-excited states, Ivanov and
Levy [25] have shown that

lim E[n] < lim HFEc[nA] . (23)
A~ o A~

In the above formula, the equality is held only and only for two-electron densities.

Formal extensions of the ®FE[n] idea, to include generalized Kohn-Sham
and hybrid formulations where, say, only a part of the exact exchange energy
(expressed in terms of orbitals) and corresponding Fock potentials are employed,
have recently been studied in depth [39,40]. Bounds and expressions analogous to
Eq.(22) apply in these generalized hybrid formulations [40). Further work is now
in progress along these lines. )

Further, for the Hamiltonian H, in Eq.(3), we shall define the quantum
chemistry correlation energy as a functional of the HF density, E.%°[n"F], [27,28].
Namely

EXm™ = ES - ET - < WIGA|PIG > - < OTFH|OT > | (24

In Eq.(24),which yields n' ‘Pn‘“:‘s is the ground state of a , and yields the ground-
state density, and @ is the single determinant that minimizes < H > . Note that
the density n"F(r), obtained from ®F, is different from n%(r). E.2°[n**] should
be used as a "tack-on" functional to the completed Hartree-Fock energy to produce
the exact ground-state energy of the system under investigation.

Levy has shown [41] that

lim E "] > - =, 25)
Ao

where

nT(x, y, z) 8 An™F(Ax, Ay, Az) . (26)
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IV. Identification of lim E [,
Ao
Ivanov and Levy [26] have very recently studied E.2°[n"¥] by considering
a different Hamiltonian operator H , namely

N
HmQC =T +aV, + Y ¥r) . @7

i=1

The above Hamiltonian is a result of a canonical transformation of the coordinate
system applied to the Hamiltonian given in Eq.(3), when the external potential is
homogeneous. This approach has been first utilized by Linderberg and Shull [42]
in the study of the QC correlation energy for high-enough Z, small &, with a=27",
Notice that I:ImQC does not keep the density fixed as @ changes in contrast
to A fn] .

The eigenvalue problem corresponding to I:IoQC is

AT ® - & ; E<B’<Blc.<B’s. . (28)

Next, we shall assume that #(r) is the Kohn-Sham potential for the density
n(r). In other words, ¥r)=v(In];r) and ICIOQC=I:I°[n]‘ As a result, the
eigenfunctions and eigenvalues in Eqs.(19) and (28) are the same. By using
perturbation theory for small enough e, with Z=A, Ivanov and Levy [26] have
developed an expansion for the HF density, i.e.

nAHF(x,y,z) = A’ n(AxAy,Az) + ATdn(AxAy,Az) + A.. . (29)

For a similar high-Z expansion for the density obtained from ‘I"“’c‘,‘s see the recent
work of Chakravorty and Davidson [43]. In Eq.(29), density n(r) is obtained from
P, ie.

r) =<& | p| D > . (30)

Also,

dn(r) = < B |p|®, > + < @ |p|DY > 31

3

where
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N
- <@l Xlumpr) « V(@ L)} | @ >
e = = ®
HF l; E - Eko k

(32)

For nondegenerate ground state, Ivanov and Levy [26] have arrived at

<e|V_|® >

lim E %M ™] = E¢® =
i ¢ A c

(33)
E -E°
k

o

Nk

In the above equation, D.E. signifies double excitations. In other words, the
summation in Eq.(33) goes over those eigenstates @, which are obtained by exciting
two electrons from ®,. There is no contribution coming from singly-excited states.
Moreover, if v (r) in Eq.(27) is a Kohn-Sham potential for some
noninteracting system with ground-state density n(r), i.e. I:IOQC=I:IO[n], then

l1im E[n] < lim HFEC[nA] = lim Ech[nAHF] = EX® . (4)
I A - e A~ w

Also, if one uses the same reference density for *'E [n] and E.%[n], then

. HF. . QC
th Ec[nl] = th EC [nl] . 39

V. Numerical Results

Expressions (34) and (35) enable one to use published numbers for the high-
Z asymptotic expansion of QC correlation energy for comparison with
approximations to E [n,] and PFE [n,], and E.%“[n,"F].

To test approximations to E[n,] and *FE [n,], and E.2%[n,"¥] for hydrogenic
n(r)’s, as A+, we take the exact values by Ivanova and Safronova [44] and
Davidson and co-workers [43,45,46] for the second-order energy E.°¢® for five



Second-Order Relations Involving Correlation Energy 21

different hydrogenic densities. The two- and ten-electron densities are generated
from the nondegenerate ground-state wavefunctions of the noninteracting
hydrogenic A" in Eq.(27) . The ground state of A" in Eq.(27) is degenerate
for three, nine and eleven electrons. However, Egs.(34) and (35) still hold because
of symmetry [42]. The three-, nine- and eleven-electron densities were obtained
from those ®,[n]’s that correspond to the configurations 1s22s, 1s%2s?2p® ,
1572572p®3s.

We compare, in Table I, the values of E.2¢® with those of EA™[n,], as
A-~e, where E.A*?[n,] refers to the one of Lee, Yang, and Parr (LYP), the one of
Perdew, Burke, and Ernzerhof (PBE) and the one of Levy and Wilson (WL).

Table I

“Comparison of E.2<@ for I:I‘xQC in Eq.(62) with EA™P[n,], as A-eo,
where n is the ground-state density of ﬂch 7

DENSITY | E® mE™ ] | HmES ) | HmE ]
2-electron -0.0467* -0.0479 -0.0565 -0.0480
3-clectron -0.0537* -0.0584 -0.0991 -0.0568
9-electron -0.3694* -0.3856 -0.4648 -0.3826

10-electron -0.4278* -0.4577 -0.5275 -0.4504

11-electron | -0.5434%* -0.4753 -0.5868 -0.4718

*From Refs. 43, 44 **From Ref. 43

The second column in the table is the value corresponding to lim™¥E [n,] =E2°®
Aoo

when n(r) is the hydrogenic ground-state density of PIOQC in Eq.(27). For E, [n] as
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required by Eq.(34) for more than two electrons, the three tested approximations
give more negative values than the respective values for E.2¢®. For a two-electron

density the equality lim E [n,] = lim ¥E [n,] = ES®® is desired. If one uses the
A~ A-oo

same reference density for E.2°[n] and *FE[n], then their high-density scaling limits
are the same. It can be seen that the use of approximations to E[n] as
approximations to E.%°[n] is not well justified as far as the high-density-limit
constraint is concerned. Future work for designing approximations specifically to
E.%[n] is needed. However, the data in the table partially explain the results
obtained by Fuentealba and Savin [47]. They have found that the WL functional
gives better results than the LYP when used as a “tack-on” functional. In that line,
the PBE functional is expected to produce very good results when used as an
approximation to E.2“[n]. Other exact numbers for the traditional DFT correlation
energy are available from works by Umrigar and Gonze [48,49].

IV. Relationships Involving the High-Density Limit of the Correlation Potential

Recently, Gorling and Levy {36] by means of their DFT perturbation theory
have derived the following high-density identity connecting E®[n] and its
functional derivative, v.@([n];r):

N
EMM] - 3 far v ') i) eute) =
’ (36)
5 1400 ulln ") rv,(In ') -l ) -, (@00 | @)

m=k Si - Sm

k=2 i=

1
1

In the above expression, v.?([n*];r), u([n*];r) and v,([n‘};r) are the functional
derivatives of E/@[n*], U[n*] and E,[n*] with respect to the density. The density
n*(r) is obtained through

k
nkr) = Y @ (nlx) ¢_(lr) . @37
m=1
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In Eq.(37), &, are the orbital energies corresponding to the KS orbitals ¢, (r) . If
the summation in formula (37) goes over all occupied @,(r), then n¥(r) =n(r).

Very recently, Ivanov at el. [29] have expressed the right-hand side of
Eq.(36) in a closed form. For any diamagnetic two-electron system with a spherical
symmetry they have arrived at the following analytical expressions:

2 E?[n] - 4n f 12 v([nlyr) n(r) dr =

(38)
() 4n [ 1 ) @) {u(lle) - 2 6 Jar
with f(r) being given by
AR YT V)
where £, is
é'= () 4n [ ar e n) w@lo) 40)
The Hartree potential u([n];r) is given by
/
wln) = [— o @1
lr-1|

or, here for spherically symmetric systems

uw([n];r)= 47n 1 f r/ 2 a@’) dr’ + } r/ n(rfydr’ ;. (41A)
T

T



24 S. lvanov and M. Levy

Formulas (38)-(41) enable one to arrive at tests for the difference
2 E@[n]-[dr v.®([n];r) n(r), obtained from different approximations to E.[n}.
Further, E®[n] can be completely eliminated by using a line integration
[50,29]. For this purpose, first note that

] = [ dEfn] “2)
because [10]
lim E[n] =0 . 43)
A0

Next, we express Eq.(43) as

“ 0E [n,]
EPm] = [ — 2 dar . (44)
[

By using the chain rule technique, as employed by Ghosh and Parr [51] for a
functional that depends on parameter A, i.e.

OE [nA] SElp] | an,

- 8o(r) y - (5)

p =n,(r

where p(r) is an arbitrary density, we obtain our desired result
E®m] = f f v{[n,1;r) [ 3n(r) + r-Vn(r) ] dr dA . 46)
0

Eqs.(42)-(46) are held for any number of electrons. Eq.(46) is simply a variant of
a formula of van Leeuwen and Baerends [50]. For example, for two-electron
spherically symmetric densities, the combination of Egs.(38) and (46) leads to an
expression involving the functional derivative of E®[n] only, namely
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4m frz v&([nlyr) n(r) dr +

() 4n [ r* ) a(0) {ulul) - 2 " | dr - @
8 Z f r? v(I, ;) [ 3n(r) + f%n(r) 1dr dr

Last but not least, we present numerical implementation of formula (38) for
a simple exponential density. For density

3
a@) = (2y e 48)
T
the right-hand side of formula (38) reads

() 4 [ % KO0 {u(lle) - 2 ¢ } ar =
(49)

1] -26 + 243 n3 - 243 In4
2 432

} =-0.111003

By making use of the result for two-electron hydrogen-like density from section V,
ie.

E®m] = - 0.046663 | (50)

we obtain

fdr v3([nl;r) n(r) = 0.017677 . (51)

We have applied conditions (50) and (51) to the Lee-Yang-Parr functional
(LYP), to the Wilson-Levy functional (WL), and to Perdew-Burke-Ernzerhof
functional (PBE). The results are presented in Table II. As far as the value of
E.@[n] is concerned, all three functionals give numbers close to the theoretically-
calculated value. Unfortunately, the functionals do not have the correct functional



26 S. lvanov and M. Levy
derivatives as required by condition (51); [dr v.® ([n];r) n(r) has the wrong sign.

The results are not surprising because none of the present approximations has been
designed with this condition in mind.

Table 11

“Comparison of the exact values for E[n] and [dr v.?([n];r) n(r) for
density n(r) = (2a%n) e %™ , with those obtained from different

approximations”
E?n] [dr v ([n];r) n(r)
Exact Value -0.046663 0.017677
EPPE[n] -0.047896 -0.073013
E . Y"[n] -0.056481 -0.108922
EM{n] -0.048030 -0.073415

V1. Closing Remarks

By considering the Hamiltonian in the well-studied 1/Z expansion, as Z -,
Eq.(27), and the Hamiltonian featured in the Gorling-Levy adiabatic perturbation
theory, Eq.(15), we have introduced relationships that connect known results for
the second-order quantum chemistry correlation energy, E.2<®, and the unknown
E.®[n]. Moreover, we have reviewed that llim HFE [n,] equals E.2¢®, where

HFE [n] is defined slightly differently from E.[n]. The functional derivative of
HFE [n] is meant to be added to the Hartree-Fock (HF) nonlocal potential, leading
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to Hartree-Fock-like equations, but with the generation of the exact ground-state
energy and density.

We have presented an expression providing the high-density scaling limit of
the correlation energy functional of the HF density which is to be added to the
completed HF energy to produce the exact energy. This functional, E.2¢[n], is of
significant interest because it enables one to replace the time consuming
conventional methods for calculating the QC correlation energy. We have shown
that lim ¥¥E [n,] =lim E[n,] .

Ao P

For high-quality Kohn-Sham calculations, approximate correlation potentials
with improved properties are especially needed. With this in mind, we have
presented exact properties of the unknown correlation potential in the high-density
limit. We have introduced a simple numerical test for [dr v.®([n];r) n(r).
Numerical results obtained from three widely used approximations have been
compared to the exact values for hydrogen-like densities.

Very recently Ivanov, Burke, and Levy [52] have derived a pointwise
identity for the high-density limit of the correlation potential v.®([n];r) for two-
electron densities.
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Abstract
Rigorous properties of the optimized effective potential (OEP) are derived. We
present a detailed analysis of the asymptotic form of the OEP, going beyond the leading
term. Furthermore, the asymptotic properties of the approximate OEP scheme of
Krieger, Li and Iafrate [Phys. Lett. A 146, 256 (1990)} are analysed, showing that the
leading asymptotic behavior is preserved by this approximation.

1 Introduction

Density Functional Theory (DFT) has become a powerful tool for ab-initio electronic struc-
ture calculations of atoms, molecules and solids [1, 2, 3]. The success of DFT relies on the
availability of accurate approximations for the exchange-correlation (xc) energy functional
E,. or, equivalently, for the xc potential vy.. Though these quantities are not known ex-
actly, a number of properties of the exact xc potential vx.(r) are well-known and may serve
as valuable criteria for the investigation of approximate xc functionals. In this contribu-
tion, we want to focus on one particular property, namely the asymptotic behavior of the
xc potential: For finite systems, the exact xc potential vy (r) is known to decrease like
—1/7r as r — oo, reflecting also the proper cancellation of spurious self-interaction effects
induced by the Hartree potential.

Most of the conventional xc functionals including the local density approximation (LDA)
as well as more refined generalized gradient approximations (GGAs) fail to reproduce this
asymptotic behavior correctly. As a consequence, these approximations yield rather poor
results for properties where the asymptotic region of the xc potential is of crucial impor-
tance, e.g. for ionization potentials [4] or excitation energies {5] of atoms and molecules.

In recent years, a different type of approximate xc functionals has gained increasing
interest: It was found that the correct asymptotic behavior can be obtained by employing
xc functionals depending explicitly on the set of Kohn-Sham (KS) single-particle orbitals
rather than the density [6]. The implementation of orbital functionals in the KS scheme is
known as the optimized effective potential (OEP) method |7, 8]. It was recognized early
on [9] that with the exact Hartree-Fock expression for the exchange energy functional, the
OEP method is equivalent to the ezact x-only implementation of KS theory. The fact
that the correct asymptotics as well as other exact properties are reproduced within the
OEP scheme turned out to be an important advantage over the conventional xc functionals
beyond the x-only limit Consequently, approaches using orbital-dependent xc functionals
have been shown to yield highly accurate results comparable to those of quantum chemical
calculations [4].

The original proof [8] of the asymptotic behavior of the OEP was based on the asymp-
totic form of the Green‘s function which is easily accessible only in 1D. Considering the
3D Green'‘s function, Krieger, Li and Iafrate {6] made it plausible that the statement holds
true in the 3D case as well. An alternative proof was recently given [10] for the x-only case.
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This proof uses the exact scaling behavior of the x-energy functional and can therefore not
be extended to the correlation potential. The purpose of the present contribution is to
provide a rigorous proof valid for both exchange and correlation. Our investigation con-
firms the statement of Ref. [6] for a particular well-defined class of orbital functionals for
the correlation energy. Furthermore, we investigate how exactly the asymptotically leading
term is approached. The paper is organized as follows: After a brief introduction to the
OEP method in section 2.1, the asymptotic form of the OEP is investigated in detail in
section 2.2. The central result is a lemma proven in section 2.2.1. In the final chapter
3, the analysis of section 2 is applied to the approximate OEP scheme of Krieger, Li and
Tafrate (KLI) [6, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23].

2 The OEP method

2.1 Derivation of the OEP integral equation

In this section, we derive the OEP equations for the spin-dependent version of DFT [24,
25], where the basic variables are the spin-up and spin-down densities p4(r) and p(r),
respectively. They are obtained by self-consistently solving the single-particle Schrédinger
equations

2
(—YZ— + Vsa[pT»m](r)) ia(r) = €jojer)  G=1....No o=nl (1)

where N
pa(r) = > |wis (). (2)
i=1

For convenience we shall assume in the following that infinitesimal symmetry-breaking
terms have been added to the external potential to remove any possible degeneracies. The
KS orbitals can then be labeled such that

€10 < €20 < -.- <ENyo < EN,41)0 < <o+ (3)

The Kohn-Sham potentials Vs, (r) may be written in the usual way as

Viso(r) = vo(r) + / & lrL(—Iiz’_l

+ Vieo (r), 4)
p(r) = 3 palr) (5)
o=T,}
where vp(r) represents the external potential and Vi, (r) is a local exchange-correlation
(xc) potential defined by the functional derivative of the xc energy:

8By lpr.01)
Vaeo (r) = ot (6)

At this point we want to emphasize that, by virtue of the Hohenberg-Kohn theorem
applied to non-interacting systems, all single-particle orbitals are formally functionals of
the densities, i.e.

wjo(t) = @jalor, piI(r) - (M
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As a consequence, any orbital functional Eyc[{p;}] is an (implicit) functional of p; and pl,
provided the orbitals come from a local potential. Having this in mind, we may equivalently
start out with an approximation for the xc energy functional depending explicitly on the
set of KS orbitals, i.e.

Exe = Bxcl[{psr}] (8)
rather than the conventional density-dependent approximations for E,.. However, the
calculation of the corresponding xc potentials vy, (r) becomes somewhat more complicated:
For the case of orbital-dependent xc functionals vy, (r) has to be determined by the solution
of an integral equation, the so-called OEP integral equation. To demonstrate this, we
may start out from the very definition of the local KS xc potential, Eq. (6), following a
derivation first given by Gorling and Levy [26]: In order to use Eq. (6) for orbital-dependent
functionals, we employ the chain rule for functional derivatives, leading to

SEQE” [{‘P]r}]
5p.7
/d3 ' ‘SExOcEP [{‘Pjr}] Spia(r')
o T “ f Spia(r’)  Ops(r)

VOEP( )

Xco

+ce.. 9)

Here and in the following we assume that the xc functional Eyc[{@is }] only depends on the
occupied KS orbitals. By applying the functional chain rule once more, we obtain

OEP 3, 3 1 5E>9cEP Hwir}] dpialr’) ) dVsp(r")
Vor®( a;;ﬂ; / dr / &r ( e e ) ol (0

The last term on the right-hand side is readily identified with the inverse xg' (r,r') of the
density response function of a system of non-interacting particles

Xsa,s (r,7) := %ﬂ((rr)’j' (11)

This quantity is diagonal with respect to the spin variables so that Eq. (10) reduces to

Vx(&ITEP Z Z/ds l/ds " <6E)(()(:EP [{‘P]'-r}] ;;f;:g::{)) +&c.) XE; (ru’r) . (12)

25 Spra(r)

Acting with the response operator (11) on both sides of Eq. (12) one obtains

SEQEP [{p;,)] dipialr’)
3,/ OEP 3 ’ jT ia
/d ' Vo (f')xso (¢',x) QETl;l/d ot 3Vsa(®) +c.c.. (13)

The second functional derivative on the right-hand side of Eq. (13) is calculated using
first-order perturbation theory. This yields

&Pm( _ ko (t) ke () .
Vsolr) ~ 0o Z_-”—ei—a“"“’(‘”)' (4
k#z

Using this equation, the response function

XSa,8 (I‘ I‘) 6VSZ ,) (Z <p1a(r ‘Pza )) (15)
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is readily expressed in terms of the orbitals as

Xso (£, ZZ Pl (T) ‘Pka(l' Vo () ia (r') +ee. (16)
i=1 k=1 ~ Eko
k#i

Inserting (14) and (16) in Eq. (13), we obtain the standard form of the OEP integral
equation:

/d3 ! VX%;EPP ) - uxcia(r’)) GSio’ (I", 1‘) ‘Pia(r)‘p:a(r/) t+cec =0 (17)
where OEP
1 6Exc [{‘PJ'T}]
; 1= . 1
v = @ o) 1)
The quantity Gg;(r',r), given by
Pro () phe (r)
GSw r' I‘ = Z —_— (19)
i1 Cic — €k
k#i

represents the Green’s function of the KS equation projected onto the subspace orthogonal
to wis(r), i.e., it satisfies the equation

(hso(r) = &10) Gsiolr',v) = = (5" = 1) = pio (r')ep}, (x)) (20)

where 15, (r) is a short-hand notation for the KS Hamiltonian

2
hso(x) i= =+ Vsolpr, pil(e). (21)
Now, the OEP scheme is complete: The integral equation (17), determining the local
xc potential vyc(r) corresponding to an orbital-dependent approximation of Ey, has to be
solved self-consistently with the KS equation (1) and the differential equation for G ;s (r', r),
Eq. (20).

The main advantage of such an approach is that it allows for greater flexibility in the
choice of appropriate xc functionals. In particular, the OEP method can be used for the
treatment of the exact exchange energy functional, defined by inserting KS orbitals in the
Fock term, i.e.

E:exact _ Z Z /da /d3 ' ‘pja ) pfg (1 )‘Pka(r)‘PJa(r) (22)

2 S e — x|

2.2 Asymptotic properties of the OEP

In this section a number of rigorous statements on the optimized effective potential for finite
systems will be derived. For this purpose, the exchange-only potential and the correlation
potential have to be treated separately within the OEP scheme. The exact exchange
potential of DFT is defined as
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) Eexa.ct
X

Veolor: piJ(r) = Spa(e) o=t (23)

where the exact exchange-energy functional is given by Eq. (22). In an ordinary OEP
calculation, one only determines the potential Vi, [{p+0,p50](r) corresponding to the self-
consistent ground-state spin densities (p1o,pj0) of the system considered. If one were to
calculate Vis[pr, p|] for an arbitrary given set (pr, p) of spin densities one would have to
perform the following three steps:

1. Determine the unique potentials Vg, [pr, p)](r), 0 =1,|, corresponding to the given
spin densities (py, py)

2. Solve the Schrodinger equation (1) for the spin-up and spin-down orbitals with the
potentials of step (1)

3. Plug the orbitals obtained in step (2) into the OEP integral equation
No
S [ @1 (Vo t) = o () Gisio &', )i (D)plp () + e =0 (24)
i=1

and solve this equation for V;, keeping the orbitals of step (2) fixed.

In this way Filippi, Umrigar and Gonze [27] have recently calculated the exchange poten-
tials corresponding to the ezact (not the x-only) densities of some atoms where the exact
densities were determined in a quantum Monte-Carlo calculation. Likewise, for any given
approximate functional E¢[{is}], the corresponding correlation potential

Vaalot, i) = (25)

is obtained by the above steps (1) and (2), and step (3) replaced by the solution of

No
Z / d*r' (Vca(rl) - ucizr(rl))GSia(rlv r)‘Piv(r)‘p;o(rI) +ce.=0. (26)
i=1

Whenever, in the following derivations, the OEP equations (24) and (26) are used or
transformed it is understood that the orbitals {y;,} are kept fixed so that they always
correspond to a unique fixed set (pg, py) of spin densities.

For the following analysis we find it more convenient not to work with the standard
form (17), but with a transformed representation of the OEP integral equation. Following
KLI [18] we define

w0 [ oL, () (VP () — teis (1)) 010 ()

Volt) = 3 L P (r)
k:} o o
- / @03, (') (VP (') = txeio (') Gisio (', 1) (27)

With this abbreviation, the OEP integral equation (17) can be rewritten in the simple
form:

N,
> Y ()i (r) +cc = 0. (28)

i=1
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Now, the defining equation for Ggi,(r',r) enables us to deduce a differeritial equation
satisfied by the newly defined quantity v, (r): Acting with the operator (hss — €ig) OR
Eq. (27) readily leads to

(hso(r) = 10 ) Blp(r) = — [Vi2EP (1) = txeio (r) ~ (Vrcio = Ticio)] @lo(r)  (29)

where V¢ denotes the average of Vi, (r) with respect to the ith orbital, i.e.

Vicio = / &1 5, () VPP (r)pia (1) (30)

and

fixcio "= / B gl (Fteio (D)io (1)- (31)

The differential equation (29) will serve as the starting point of the analysis below.

Before doing this, we discuss some properties of the quantity ¥, (r). First, since the
KS orbitals {¢is} span an orthonormal set, we readily conclude from Eq. (27) that the
function 4;,(r) is orthogonal to ;s (r):

/ &Br 9, ()io(r) = 0. (32)

Secondly, we note that Eq. (29), having the structure of a KS equation with an addi-
tional inhomogeneity term, plus the boundary condition that 7, (r) tends to zero as r — oo
uniquely determines ¢, (r). We can prove this statement by assuming that there are two
independent solutions ¢, , (r) and ¢}, 5(r} of Eq. (29). Then the difference between these

*

two solutions, ¥, (r) := ¢}, ;(r) — ¥}, 2(r), satisfies the homogeneous KS equation

(ﬁSU - Eia)ql;"a(r) = 0! (33)

which has a unique solution
Vs (r) = @iy (r), (34)

if the above boundary condition is fulfilled. However, this solution leads to a contradiction
with the orthogonality relation (32) so that ¥! (r) can only be the trivial solution of
Eq. (33),

¥ (r)=0. (35)

This completes the proof.

Finally, it seems useful at this point to attach some physical meaning to the quantity
;s From Eq. (27) it is obvious that ¥;, is the usual first-order shift in the wave function
caused by the perturbing potential 6V, = Vx?fp — Ugeio- This fact also motivates the
boundary condition assumed above. In x-only theory, uy, is the local, orbital-dependent
HF exchange potential so that —i;, is the first order shift of the KS wave function towards
the HF wave function. One has to realize, however, that the first-order change of the orbital
dependent potential uxis[{©is}] has been neglected. This change can be expected to be
small compared to §V;, {18].



Asymptotic Properties of the Optimized Effective Potential a7

2.2.1 An important lemma

We now first prove an important lemma concerning the constants defined by Egs. (30) and
(31). The lemma states that

(i)

ﬁxNaa = *xN‘,d
is satisfied for
1 6E;xact
Uyio(T) = 36
vie () 91, (r) 8o (r) (36)
with the exact exchange-energy functional;
(i)
'L_LcN,a = _CN,,U

is satisfied for any approzimate correlation energy functional E[{pis}] having the
property

Ucio(T) = : —3 const ,i = 1..N, . 37)

We begin with the proof of statement (ii). To this end we use Eq. (29) for the correlation
part only:

2
(__V? + ng(l‘) - 51?0) w;v(r) = (Vca(r) - ucia(r) - Cia) @:a(r) (38)

where we have introduced the abbreviation

Cio = Veir — icic - (39)

If Eq. (38) is satisfied with potentials Vg, (r), Ve (r) and uc,(r) it will also be satisfied
with the constantly shifted potentials

I—/So(r) = VSa(r) + BSa (40)
Vw(r) = Veo(r) + Beo (41)
Ui (r) = Ucio (I‘) + Bis (42)

and the corresponding eigenvalues £;; and the constants f/c,-,, licio, reflecting the fact that
the eigenvalues as well as the various potentials are only determined up to an arbitrary
constant. The constants Bs,, Bes, Bir cancel out in Eq. (38) because the eigenvalues £;,
resulting from solving the Schrédinger equation (1) with the potential (40) are given by

€io = €ic + Bss (43)

and the constants 1:/'w, ficio Obtained from the correlation parts of Egs. (30), (31) with the
potentials (41), (42) are

Vcia = Vcicr + Beo (44)
acia = Ucic + Bia . (45)
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Hence we can assume without restriction that

¥

1
8

Vsolr) — (46)
Vca(r) rj_o)o (47)
Ueio(r) =3 0. (48)

In the following we shall investigate the asymptotic behavior of the KS orbitals ;. (r)
and of the quantities t;,(r) defined by Eq. (38). As a shorthand we write

Gioe(t) =5 Bip(r) fir (D) (49)
"/’ia(r) = \I’ia(r)gia(ﬂ)~ (50)

The aim is to determine the asymptotically dominant functions ®;,(r) and ¥;5(r). The
angular parts fi,(Q) and gi, () are not of interest in the present context. Using the fact
that the KS potential of finite neutral systems behaves asymptotically as [28]

Vaor) 2% - (51)

the KS equation (1) leads to the following asymptotic equation

1142 1
(—5 ;Eﬁr - ; s Eig) @ig(T‘) =0. (52)
The asymptotic form of ®;,(r) is easily found to be

o~Bior

Bio(r) = w1/ —— (53)
with
,Bio' = V-2, . (54)
By virtue of Egs. (38) and (53), ¥;,(r) must satisfy the asymptotic equation
11 d2 1 e PioT
(“5 ra? Ty %) Vio(r) = (Wig(r) = Cig) r'/Pe (55)
where we have introduced the quantity W;,(r) defined by
(Veo () = tcio(r)) =5 Wig (r)wio (€2) - (56)
From Eqs. (47) and (48) we know that
Wie(r) =3 0. (57)
Inserting the ansatz
e Bior
Yig(r) = pio(r)— (58)

in Eq. (55) we find that the function p;,(r) must satisfy the equation

1 i . .
5Pio — BioPls + % = Cyrl/Bic if Cig #0 (59)
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and
Sy = Biathy + B2 = Wiy ()P if Cip =0 (60)
The asymptotic solution of Eq. (59) is immediately recognized as
pio(r) 2% =i p1/i4) (61)
so that
Vig(r) = =S VBiogBiar it Gy, £0. (62)
io
Writing
Pia(r) = Fig(r)r'/Piett if Ciy =0 (63)

one readily verifies by insertion in Eq. (60) that

Fie(r) =30 (64)

as a consequence of (57).
We now prove statement (ii) of the lemma by reductio ad absurdum: Assume that
CN,o # 0. Then the asymptotic form of ¥y, ,(r) is given by (62) and we conclude that

r C 2 1) N
Yoo (T) PN, o (r) 2 _%T(BN‘”’ )e 26NgoT o (VN (). (65)
i

For i # N,, on the other hand, we obtain

bl (r)pio (r) =% Gia(r)r(B‘?_"_l)e_zﬂ‘”’ -9 () fie () (66)
where
o= {mi B0k alo @
From this we conclude that the OEP integral equation
No—1
YN, o (TN, o(T) + Z V() pio(r) +cc. =0 (68)

is not satisfied for r — oo because the dominant term given by (65) cannot be canceled by
any of the other contributions (66) which all fall off more rapidly (cf. Eq. (3)). Consequently
the 9;, cannot be solutions of the OEP equation which is the desired contradiction. This
implies that Cn,, = 0 which completes the proof of statement (ii).

In order to prove statement (i) of the lemma we first investigate the asymptotic form
of the quantities uy;;(r). Employing the exact exchange-energy functional (22) we find

& #3o(r)
uxia(r) = _; m}(jia(r) (69)

with
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() or (2
Kjio(r) := / @3y L1 NPl ) I(r 1“’;;]( ) (70)

Performing a multipole expansion of Kj;,(r) and using the orthonormality of the KS or-
bitals we find

r 1

K,-ia(r) 1.)0 ; (71)
r 1 L,

Kjig(r) =5 r_mkjio(ﬂ) PF ] (72)

with some integer rn > 2 that depends on ¢ and j. Hence the sum in Eq. (69) must be
dominated asymptotically by the j = N, term:

Ugio (1) 25 —%KNW@) . (73)

Using Eqgs. (71), (72) and the asymptotic behavior (53) of the KS orbitals we obtain

1
Uxn, o (1) =5 - (74)
and
1 1
Uxiq (I) = -r(ﬂ"’a" Bic m) e(ﬁ“"a”v")’w,—a(ﬂ) . (75)

We recognize that uyis(r) diverges exponentionally to —oo for i < N,. In the x-only case,
the quantities ¥;,(r) satisfy the equation

2
<_Y2_ + Vso(r) - 6w> Yiz(r) = (Vao (r) — uxio (r) = Cig) i, (r) (76)

where

Cig = inu — o - (77)

In the following we prove statement (i) of the lemma by reductio ad absurdum: As-

sume that Cn,, # 0. Then, by Eq. (74), the right-hand side of Eq. (76) for i = N, is

asymptotically dominated by —Cn, ¢}, ,(r) and we obtain, in complete analogy to the
correlation-only case:

YnN,o(r) = —C—Ilz‘-'lrl/ﬂf"v”e“a”v” for Cn,o #0. (78)
a0

For i < N,, the right-hand side of Eq.(76) is dominated by —uxis(r)p},(r). Using Egs. (53)
and (75) ¥;,(,) satisfies the asymptotic differential equation

11 42 1 A iem)
<‘§ rat T 5"”) Witr) = 7 e, (79)
From this equation one readily concludes that

[ S
U, (r) =% »—I——T(%v '") e PNgar i< Ny . (80)
EN,o ~ Eio



Asymptotic Properties of the Optimized Effective Potential 41

We note in passing that all the functions ¢is, i = 1...N,, have the same exponential decay,
e BN¥so7  determined by the highest occupied orbital energy Bn,o = v/~2¢nN,,. This fact
further supports the interpretation of the quantities i, (in the x-only case) as a shift
from the KS orbitals towards the HF orbitals: The HF orbitals ¢IIF are known [29] to be
asymptotically dominated by the exponential decay e~#¥so" of the highest occupied orbital.
The same holds true for the shifted KS orbitals {(¢is + ¥is)-

From Egs. (53), (78) and (80) we obtain

C -2 1) .
S oledomeo() 25~ S22 () e ). )
1
and
* r 1 tpe—2-m) )T %
¥ (O)pio(r) =F EN—_E—_—T(BNU" Fia >e B otBia)T . gt (D fio (),
i<N,. (82)

Once again we conclude that in the OEP equation (68) the asymptotically dominant term
(81) cannot be canceled by any of the other terms (82), leading to the contradiction that the
1;o(r) are not solutions of the OEP integral equation. Hence we conclude that Cp,, = 0
which completes the proof of the lemma.

Gorling and Levy [10] recently gave a proof of statement (i) of the above lemma. This
proof is based on the scaling properties of the exchange-energy functional and can therefore
not be generalized to the case of correlation. The proof presented above for the correlation
part of the OEP (statement (ii) of the lemma) is valid for all correlation energy functionals
leading to asymptotically bounded functions uc;,(r). For asymptotically diverging uciq(r)
the lemma might still be valid. In particular, if the divergence is the same as the one
(Eq.(75)) found in the exchange case, the proof of statement (i) carries over. This lemma
will be used in the subsequent section in the derivation of the asymptotic form of the OEP.

2.2.2 Asymptotic form of the OEP

In this section we shall investigate the asymptotic form of the exchange and correlation
potentials. It will be shown that Vi, (r) and uxn,-(r) approach each other exponentially
fast for r — 0o, and that the difference between Vo (r) and ucn,o(r) decays exponentially
as well. Using the notation of the last section the detailed statements read as follows:

Theorem 1:
r— (‘——1 - -‘m)
Vao(£) = e, (1) 25 5\t 50 Piea ™) = Oy =Bos ) (53)

where m is an integer satisfying m > 2.
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Theorem 2: If the constant C(n, _1), defined by Eq. ( 39) does not vanish then
Veo () = UcN,o{T)
o (E._z__ﬁ_2-+1) _o(p B o)
/= C(N‘,ﬂl)a"' (No —1)o Ngo e (Ng—1)0c “PNgo )T (84)

If C(n,~1)0 = 0 the right-hand side of (84) is an upper bound of
Veo(r) — ten,o(r)| for 1 = oo, ie. for C(n,-1); = 0, Veo(r) ond
ucn,o(T) approach each other even faster than given by the right-hand
side of Eq. (84).

To prove theorem 1 we write

e~ BNgoT

Un,o(r) = q(r)

85
- (85)
Using the lemma of the last section ensuring that Cn,, = 0, g{r) must satisfy the following
asymptotic differential equation:

L m g eI o)
—57‘ Noo g (7) + BN, PNecq (r) —T Noo q(r) = Vio(r) — uxn,o(r) . (86)

This is readily verified by inserting (51), (53) and (85) in Eq. (76). By virtue of Egs. (3)
and (82) the sum

Ny—1
Y Yin(t)pia(r) (87)
i=1
must be asymptotically dominated by the ¢ = (N, — 1) term which decays as

Y, —1)e (TN, —1)o (T)
—% ___L_._,,. (ﬁNL,, +ﬂ__(N:—1)<r —2—m) e—(BNgU-*"ﬁ(Na”l)")r ) (88)
ENyo — E(N,-1)o

This term cannot be canceled by any other term of the sum (87). Hence, for the OEP
equation (28) to be asymptotically satisfied, the expression (88) must be canceled by the
i = N, term which behaves as

o O ®) =5 gy (e (89)

Equating the right-hand side of Egs. (88) and (89), the function ¢(r) is readily determined
to be
S S
q(r) = ,___1___T(f’(w,,—1)a m) e~ B —1)0 =Brga)r (90)
EN,0 — E(Ny—1)o
Finally, by inserting this result in the left-hand side of Eq. (86), we confirm that the
right-hand side of this equation decays asymptotically as stated in theorem 1.
To prove theorem 2 we write for the correlation-only case

e BNsaT
UN,o(r) = p(r)

(91)

T
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Since Cpn,, = 0, p(r) must satisfy the following asymptotic differential equation (cf.
Eq. (60)):
1 -2 -1 Y . Y
LTI (1) 4 Bgor e pl(r) ~ 7 () ) = Voo o) — vero®) - (92)

If C(n, —1)0 # 0, the sum
N, -1

Y. W (r)pio(r) (93)
i=1

is asymptotically dominated by the i = (N, — 1) term which, according to Egs. (66) and
(67), decays as

YN, —1)0 (DN, -1)o (T)

e _MT(B(N:~1)<7 _1) e 2B(Ns -1)aT (94)
ﬁ(Na—l)a

Once again this term cannot be canceled by any other term of the sum (93). Hence it must
be canceled asymptotically by the ¢ = N, term which behaves as

oo Epno() 25 pirye o) g-maar (95)

Equating the right-hand sides of Eqs. (94) and (95) we can identify the asymptotic form
of p(r):

mr(ﬂw:—na _ﬂngu +1) e~ 2B —1)0 ~BNso)T | (96)

p(r) == BN, 1)

Insertion of this expression in the left-hand side of Eq. (92) proves Eq. (84) for the case
C(w,-1)¢ # 0. If Cv, 1) = 0 the asymptotic form of Ve (r) — ucn,o(r) cannot be stated
explicitly. It is clear, however, that the i = N, term (95) must be canceled asymptotically
by some contribution to the sum (93). Since, by Egs. (66) and (67), all contributions to
the sum (93) fall off more rapidly than the right-hand side of (94), p(r) must decay more
rapidly than the right-hand side of (96). Hence, by Eq. (92), the right-hand side of (84)
provides an upper bound of Vs (r) — ucn, o (r)| for r — oo if C(, _1)o = 0. This completes
the proof.

Since the asymptotic form of uyxy, o(r), as derived in Eq. (74), is —%, theorem 1 imme-
diately implies that

Vi) 25— (97)

This is a well-known result that has been obtained in several different ways [8, 30, 28, 31, 32]
The exact correlation potential of DFT is known [28] to fall off as —a/(2r4) for atoms with
spherical N and (N — 1)-electron ground states, with o being the static polarizability of
the (N — 1)-electron ground state. Theorem 2 provides a simple way of checking how the
OEP correlation-only potential V. (r) falls off for a given approximate orbital functional
E2rProx[{s.»}]: One only needs to determine the asymptotic decay of ucy, #(r).
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3 Approximation of Krieger, Li and Iafrate

3.1 Derivation of the KLI approximation

The OEP method, discussed in the preceding paragraph, opens up a way for using orbital-
dependent functionals within the KS scheme. However, as a price to pay, one has to
solve an integral equation self-consistently with the KS equation. Due to the rather large
computational effort involved in this scheme, it has not been used extensively. Indeed, the
solution of the OEP integral equation has been achieved so far only for systems of high
symmetry such as spherical atoms [6, 8, 16, 17, 33] and for solids within the linear muffin
tin orbitals atomic sphere approximation [13, 34, 35, 36]. Therefore, practical applications
of the OEP scheme to a greater variety of systems require some simplification.

Krieger, Li and lafrate have suggested an approximation leading to a highly accurate
but numerically tractable scheme preserving many important properties of the exact OEP
method [6, 11, 13, 14, 15, 16, 17, 18, 19]. It is most easily derived by replacing the energy
denominator of the Green’s function (19) by a single constant, i.e.

Gsis(r', r) = —— (‘5(1' —-r)— (p,-l,(rl)go:‘,(l‘)) . (98)

Substituting this into the OEP integral equation (17) leads to an approximate equation,
known as the KLI approximation:

Vi (x) Z Ipio ()2 [txeio () + (ViEH! — xcio)] + . (99)

where VXL is defined in analogy to Eq. (30). In contrast to the full OEP equation (17),
the KLI equation, still being an integral equation, can be solved explicitly in terms of the

orbitals {is}: Multiplying Eq. (99) by |¢;o(r)|? and integrating over space yields

N, —
< 1
VXIEJL; = Vx‘i]cr + Z M]'iU (Vx}g‘al 5 (axcia + ﬁ;cia)) s (100)
—t
where
-(r
xc]a = /d3 I‘PJ ( Z"pw uxcw(r) +uxcw(r)) (101)
e 1910 (6) P lio ()2
Pja\r)|” |Pic\T
R At S LA LA ALY 102
My = [ by BT (102)

The term corresponding to the highest occupied orbital ¢, , has been excluded from the
sum in Eq. (100) because V‘gk} » = @xcN, o, Which will be proven in the next section. The

remaining unknown constants (ch};, Uxcio) are determined by the linear equation

No—1

o 1, .

Z ((5]1 - Mjio‘) (V;(Iél:} - (uxcw + uxcza)) (Kﬁ]a’ - 5 (UXCJ'U + u:«:jo)) ) (103)
i=1

with j = 1,... N, — 1. Solving Eq. (103) and substituting the result into Eq. (99), we
obtain an explicitly orbital dependent functional. The approximation 98 might appear
rather crude. However, it can be justified by a much more rigorous derivation, showing
that the KLI equation can be interpreted as a mean-field type approximation [6, 18].
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3.2 Asymptotic properties of the KLI potential

In this section we shall demonstrate that the above rigorous properties of the full OEP
discussed above are preserved by the KLI approximation. As for the OEP equation, we first
write the KLI approximation (99) separately for the exchange and correlation potentials:

}IE lpio ()2 (ViSH(x) = Usio () = (ViSF = Usio ) ) =0 (104)
gl@ia( (Vclém( ) - Ucia( ) (‘/;Iz(aLI - UCia)) =0. (105)

where, for convenience, we have introduced

Uxia(r) = % (uxia(r) + u;ia'(r)) (106)
and 1
Usio(r) = B (Ueio(T) + 2gip(r)) (107)

in order to deal with real-valued quantities only. Following the argument given in the
beginning of section 2.2.1 (Eqs. (40) - (48)) we can assume without restriction that

VELL(p) 2 (108)
VeeHl(r) =50 (109)
Ueio(r) =5 0. (110)

This is because the structure of Egs. (104) and (105) is again such that an additive constant
in the potentials (108) - (110) cancels out. Of course, Eq. (110) is valid only for those
approximate orbital functionals E.[{¢;o}] leading to bounded functions uciq(r) for r — oo
(cf. condition (37)).

In order to determine the asymptotic form of the KLI-x-only potential VXV (r), we first
investigate the asymptotic behavior of the term Ef\;’l |pio(r}? -uxio(r) appearing in the
KLI equation (104): By Egs. (69) and (70) the expression

N,—1
|@Nu0(r)'2uxN,a(r)+ Z I‘Pia(r)|2uxia(r)
i=1
can be written as
Ny—1 N,
= oN, o (O)Puxn,o (0) + D D 0io (£}, () Kjio (r)
i=1 j=1
Ngs—1 N, *
_ 2 < = Pig(T) ©54(r) B
= [¢N,(r)| (uxN,, r) + ?;1 ]ZI ((pNﬂ ) (tﬂ?;,a(f)) K,,,,(r)) .

Since Kji,(r) decays as an inverse power the double sum over 7 and j must be asymptotically
dominated by the term with i = N, — 1, j = N, so that

r P(No— r
2% oo () (e () + P70 D) )KN,,W,AU,(r)).
APN,,L'I(I')
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The KLI equation (104) then yields
Ny _
3 oo (O [V,zf,“(r) ~ Ui lr) — (VA1 - Um)]
i=1
2P oo 0 V() Vs () = (75, - Oar.o

o—Ljo r
+ (MKNU(N,-I)U(I') + C.C.)

PN, o(T)
+ Nil [Lﬁafl(‘r”z (VK”(r) — Uyio (r) — (Vxlf}I _ gxig»] =0.

(111)

Since the KLI equation must be satisfied in the asymptotic region, the expression in square
brackets on the right-hand side of Eq. (111) must vanish identically for » — oco. The
term involving @(x, —1)¢(r)/¥N,s(r) cannot be canceled by any of the terms involving
lis (t)]2/ N, o(r)|? because the latter decay more rapidly. From this we conclude that

VS (e) - U, o(e) ~ (TRSEL, - Dun.o)

i _P(No-1)e (1‘)
‘PNaa(r)

roo (o~ B —m) - r
X B(Ng-1)s PNso e~ (Bvg-1)0 BNy o) (112)

Ng(Na~1)a (r) +cec

where, in the second step, we have used Eqgs. (53) and (72). Uxn,o(r) goes to zero asymp-
totically (cf. Eq. (74)) and the arbitrary additive constant in VX'!(r) had been fixed in such
a way that VXM (r) vanishes asymptotically (cf. Eq. (108)). Hence Eq. (112) immediately
implies that

VxKI\%:Ia = 0xNar7 (113)
and thereby
SR S
VEU(r) — U, o(r) =5 _T(B(Na—l)cr BN o m)e—(ﬂ(N,-x)a—ﬁN,a)r . (114)

We thus conclude that both the lemma of section 2.2.1 and the theorem 1 in section 2.2.2
are preserved in the KLI approximation. Once again, Egs. (74) and (114) immediately
imply that [6, 15, 16]
1
yRLI T2 -=. (115)
For the correlation potential VEM(r) the considerations are even simpler. Dividing the
KLI equation by [¢n,¢(r){? we find:

Ny~-1

0= VEU(r) — Uen,o(r) — Cr,o + z lLf:'aarl)'l)lz (Vclf,u(r) Ucio () ~ w) (116)

where
Cip = VEL — Ui . (a1

cio
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By Egs. (563), (109) and (110) all the r-dependent functions in (116) vanish asymptotically.
Since the KLI equation (116) must be satisfied for r — oo as well we readily conclude that

CN,0 =0 (118)
so that
KLI [<Pw KLI
V(‘:U (I‘) - UCNaU(r Z ISON,,a(r |2 (Ciﬂ' - ‘/CU( ) + Ucu:r ( )) . (119)

IfCn,_1)s # 0, the right-hand side of (119) is asymptotically dominated by the i = (Ny—1)
term and we obtain
(;’__L)
VEP(E) = Uen, o) "2 G, ypor o7 P ) 200 o (120)

If C(n,—1)o = O, the right-hand side of (120) is an upper bound of |[VEM(r) — Ucn,o(r))
for r — co. We note that VXLI(r) and Ucn,,(r) approach each other exponentially fast
for 1 — oo with the same exponential function as theorem 2 predicts for the full OEP.
However, the power of » multiplying the exponential function in (120) differs by 1 from the
power in theorem 2.
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1. INTRODUCTION

The local-scaling transformation version of density functional theory (LS-
DFT), [1-12] is a constructive approach to DFT which, in contradistinction to
the usual Hohenberg-Kohn-Sham version of this theory (HKS-DFT) [13-18],
is not based on the Hohenberg-Kohn theorem [13]. Moreover, in the context
of LS-DFT it is possible to generate explicit energy density functionals that
satisfy the variational principle [8-12]. This is achieved through the use of
local-scaling transformations. The latter are coordinate transformations that
can be expressed as functions of the one-particle density [19].

When these transformations are applied to an initial arbitrary N-particle
wavefunction, ¥,, one obtains a density-dependent transformed wavefunction,
W,. An energy functional containing both the one-particle density and the ini-
tial arbitrary wavefunction arises when the (density-dependent) transformed
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wavefunction is employed to calculate the expectation value of the Hamilto-
nian. For this reason we may write

E[¥,] = (¥,|H|¥,) = £]p, ¥, (1)

Because a local-scaling transformation establishes a one to one correspondence
between a transformed wavefunction ¥, and the density p, there also arises
(by construction) a one to one correspondence between the functional of the
transformed wavefunction, E[¥,], and that of the one-particle density (and of
the initial arbitrary wavefunction ¥,), £[p, ¥,]. This property guarantees [3]
that the minimization of the energy with respect to the one-particle density is
variational [20].

One of the advantages of LS-DFT is the availability of specific prescriptions
for building up energy density functionals [8-12]. In fact, we have been able
to generate explicit functionals for the kinetic and exchange energy of atoms
that lead to quite accurate values. In addition, general formulas have been
obtained within the formalism of LS-DFT for the correlation energy of atoms.

In the present article we compare in Section 2 several kinetic energy func-
tionals advanced in the context of the Hohenberg-Kohn-Sham version of den-
sity functional theory, HKS-DFT, with those constructed in LS-DFT by means
of local-scaling transformations. In Section 3, we use LS-DFT in order to ana-
lyze the dynamic and non-dynamic components of the correlation energy and
provide explicit values for the helium atom. We present explicit expressions
for the correlation energy functional corresponding to the dominant term of
a cluster expansion. Finally, we illustrate the use of local-scaling transforma-

tions for the purpose of improving the energy of correlated wavefunctions for
the helium atom.

2. KINETIC AND EXCHANGE ENERGY FOR ATOMS IN
LS-DFT

Consider a local-scaling transformation that carries the vector 7 into the
vector A(7)7. Applying this transformation to the arbitrary “generating”
atomic orbital set {¢gi(F) = Rynit(r)Yiim,, (0, ¢) N | one obtains the follow-
ing set of transformed orbitals: {¢,i(7) = Rpnit;(r)Yi;my (6, #)}L; where the
locally-scaled (density-dependent) radial functions are given by

Ropnai(r) = ;;(E)%T—)'Rg,mle()‘(r)r)v (2)

The radial densities p(r) and py(r) are obtained by spherically-averaging the
one-particle densities p(7) = X210y [6,(F)? and pp(7) = 224 il
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Consider now a single Slater determinant ®,

B,(71, 81, TN, SN) = Nu/z[¢p. 1(f1)o1(s1) - dpn(Fn)o(sw)]  (3)

formed by products of the transformed orbitals and spin functions. We assume
that the above determinant is a micro-state of an atomic spectroscopic term
labelled by the orbital and spin quantum numbers L and S. Thus, it satisfies
the equations

¢, = L(L+1)®,, 5%®,=5(S+1)®,

L.®, = Mp®, S5,%,=Ms%, 1)
(the generalization to a micro-state given as a linear combination Slater deter-
minants is straightforward). Note that in LS-DFT, by construction, we always
deal with a wavefunction that includes the symmetry of a given physical system
(in the sense that it is an eigenfunction of the set of operators that commute
with the Hamiltonian).

The expectation value of the Hamiltonian operator with respect to the
transformed single Slater determinant is

E[®,] = (,|H|®,) = T(2,] + Ez[®,] + Ecoutomslp] + Eeatlp] (5)

where we have decomposed it into its kinetic-, exchange-, Coulomb- and exter-
nal-energy components, respectively. Note that only the kinetic and exchange
terms depend on the full transformed wavefunction. We consider the genera-
tion of density functionals for these two terms in what follows.

2.1 Kinetic Energy Functional for Atoms in LS-DFT

Let us consider now the kinetic energy expression for the transformed wave-
function ®,:

T(a,) / drr [(dR,,,,,‘z (r)) + (l.'r;k 1) (Rp,n‘-l'-('f'))2] e

Because a loca.l-sca.lmg transformation relates the densities p(r) and p4(r)
by means of the following first-order differential equation [8]:

_pr) A
pe(A(r)r)
the kinetic energy expression given by Eq. (6) becomes (after some manipula-
tion [11])

T8, = / drr 2(V” +/ dr1?p%3(r) (14 7 VInA(r)) 7y

{1+ 7 Veln X(r)} )

+ / drrip 5/3 1+r-V1nA(r)) 2/3nN. (8)
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where the modulating factors 75 and &y (with f = A(r)r) are:

_ 11 dRyn1;(f) _ dRynit(£)1°
N = pg—/a(ﬁggj [ngﬂz’li(f) o Rg,njzj(f)———df ] , (9

and

; Lk + 1)( g,n;,-(f))z’ (10)

2.2 Exchange Energy Functional for Atoms in LS-DFT

The exchange energy for the transformed single Slater determinant ®,, is:

L 1x X . -, 8;:(71)8p,i(T1) 9}, ;(72) o (7‘2)
- ——;;J(m,‘,mh [& [ e r——

(11)
Bearing in mind Egs. (2) and (7), upon integration over angular coordinates,
Eq. (11) becomes [8,11]:

1 (k+1)/3
_= Z Ja+)/3 k
B[] .[ drir 3 p(r) (1 + 7 - Vil /\(7'1)) xwlfi):

(12)
There appears in this Equation an exchange-modulating factor x%(f1) which
depends on the angular momentum quantum numbers:

1

N N
X?v(fl) = W;; 5(ms,~,m,,-)b"(l.~,ml,-;lj,mzj)ij(ﬁ). (13)

The angular coefficient [21]
O (L mug; iy ) = [ (L, s 1,y ))? (14)

results from the integration over Legendre polynomials. Note that because
of the triangular condition on the angular coeflicients the sum over k in Eq.
(12)is finite. The function

Gi;(fr) = Ay(f)Pi(fi) + Au(f1) P5(f1), (15)
is the modified exchange integral. In Eq. (15) we have defined
Aii(f1) = Roniti(f1) Ronit; (f1)s (16)

and

Ph) = [ dhs SIrbU As(fo). (1)
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2.3 Comparison Between Kinetic Energy Functionals in LS-DFT
and HKS-DFT

The kinetic and exchange energy functionals given by Egs. (8) and (12),
respectively, contain universal terms that just depend upon the one-particle
density. In the case of the former, such term is p%3, the Thomas-Fermi term
(22,23 and for the latter, the set {p(r;)#**)/3}, where the first term p*/3 (for
k = 0) is the Dirac exchange expression [24]. But in addition, in Eq. (8) we
observe the presence of a factor, which we call Fpg([p],r) defined as:

Fus(lelyr) = (147 Viad(m) P + (147 Vinar) ry,  (18)

such that the kinetic energy can be written as
T(®,) = Twlpl + [ drr®o"*(r) Fus(r). (19)

Because both 7i and xn depend upon the “generating” orbitals {Rg...;(f)}
(see Egs. (9) and (10)), the realization of Frs([p],r) depends on our choice of
these orbitals. Thus, for example, when we consider plane-waves of the type

, 3 .
Rg,k("') — Ee2m(k—(N+1)/2)q(r) (20)

normalized in the unit sphere with g(r) = r3/3, then the corresponding locally-
scaled functions are

Rp,k(r) — !%262wi(k—(N+1)/2)q(j). (21)

These locally-scaled plane-waves are precisely the equidensity orbitals of Har-

riman [25]. When the “generating” orbitals of Eq. (20) are substituted into
Egs. (9) and (10) (for the latter we assume spherical symmetry, viz., I; = 0 for
all 1) we obtain the following constant term for the local-scaling plane-wave
modulating function

2m\*3 5 1
We have set, in the above derivation, r = r,, where the Fermi radius is

r, = (3/4m)p~ /3. (23)
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Figure 1: Graphical representation of the radial distribution function D(r) =
4nr?p(r) and of the variable s = (1/(2(372)*/%)|Vp(F)|/p*/3(F) for the beryl-

lium atom.

Another realization of this modulating function can be obtained by using gen-
eralized Slater-type orbitals (GSTO). For the particular case of the beryllium
atom, these orbitals adopt the form {26]:

Ry15(r) = Niexp(—air?),
Ryas(r) = Na(1 + Br)exp(—ayrP). (24)

The modulating function FE£TO is given by Eq. (18). Since in this example
x4 = 0, this function is determined by 7, which for this choice of orbitals
becomes [26]:

T35TO(f) = ;—(;—)gl—aNfo exp —(20q + 203) f° [(al-a,)ﬂfﬂ—l (1+Bf) +B]2,
| (25)

where )
polf) = 2( N oxp 20 s + N2 (1 + BS) exp—201/5).  (26)

For a single Slater determinant, the exact behaviour of the modulating function
is attained when we use Hartree-Fock orbitals as the generating ones. The
behavior of this modulating function FEF can be easily determined. In fact,
by inspection of Egs. (8) and (9), we see that it is a positive function (the
density is positive definite and tends to zero at infinity, the multiplicative



Local - Scaling of Density Functional Theory 55

25 T T T T
HF —
20 |- 207rp ——
15 | 1
F

10 H b
5 -1
0 1 1 1

0 1 2 3 4 5

r

Figure 2: Graphical representation of the LS-DFT modulating functions
FEF(r) and FE§TO(r) for the beryllium atom. For comparison, the radial
distribution function D(r) = 4wr?p(r) is also shown.

factors are squared and (1 + 7 VinA(r)) > 0 according to Eq. (7)). The
modulating functions FfF and FE§TO are depicted in Fig. 2.

In HKS-DFT there have been a number of proposals for approximating the
kinetic energy functional [27]. Of particular importance are those based in the
“conjoint gradient correction” hypothesis [27]. This stems from the conjecture
made in 1991 by Lee et al. [28] that the kinetic energy functional could be
constructed from the modulating function G(z) appearing in the exchange
energy functional. In fact, for the exchange energy functional, Becke [29,30]
has introduced an approximate closed analytical expression

E,lp) = ~21°C, [ 751 + BG(2)]. 27)

(with C; = 3(3/m)Pand z = ’I;V(';—_‘Z)(,'%l) where the convergent gradient expansion
effects are embodied into the single function G(z). Although there can be many
choices for the function G(z), the particular one advocated by Becke [29)] is:

2

G(=) = 1449z sinh"l(m)’

(28)
where v is a constant. Evaluations of the exchange energy of atoms and

molecules using Eq. (27) give values whose rms percentage error is of the
order of 0.5% [28].
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According to the conjecture of Lee et al., [28] the kinetic energy functional
adopts the following form:

Tlp) = 2°0r [ 7)1 + oG(a)] (29)

Application of this formula to atoms produced kinetic energy values whose
rms percentage errors were also of the order of 0.5%. The absolute error is,
however, an order of magnitude larger than those for exchange due to the fact
that the absolute kinetic energy values are an order of magnitude larger than
those for exchange.

Table 1: Kinetic energy values (in hartrees) for the beryllium atom obtained
in the context of LS-DFT, with the several conjoint gradient expansion func-
tionals discussed in the text. For comparison purposes, the Hartree-Fock value
[40] is included.. Tw|p] and Tww|p] are the Weizsacker and non-Weizsacker
components, respectively. Tiw (o] and Tyw(p] are the positive and negative
components of the non-Weizsacker term.

Method o] Twipl Twwlel Trawlel Tywlel
Hartree-Fock®  14.57302 13.66910 0.91112 0.91112 0.00000
LS-DFT(GSTO) 14.57349 13.66910 0.91159 0.91159 0.00000

TF%W 14.64648 13.66910 0.98458 4.34330 3.35872
Padé43 [37] 14.42220 13.66910 0.76030 4.42772 3.66742
Pearson [36] 14.00688 13.66910 0.34498 4.28898 3.94400
LLP [28] 14.61897 13.66910 0.95707 4.43936 3.48229
PW86 [32] 14.74650 13.66910 1.08460 4.49456 3.40997
PW91 [33] 14.60001 13.66910 0.93811 4.42981 3.49170
OL1 {38] 14.78732 13.66910 1.12542 4.42798 3.30256
OL2 [38] 14.74198 13.66910 1.08008 4.41186 3.33178
Thakkar [39) 14.66955 13.66910 1.00765 4.40595 3.39830
LCh [35] 14.63621 13.66910 0.97431 4.42784 3.45352
B86A [30] 14.68142 13.66910 1.01952 4.45214 3.43263
B86B [34] 14.64565 13.66910 0.98375 4.45117 3.46742

& Clementi-Roetti [40]

The approach initiated by Lee et al. [28], was rapidly adopted and as a
consequence, several kinetic energy “conjoint gradient correction” functionals
were generated. In order to compare the behavior of kinetic energy density
functionals constructed in the context of LS-DFT and some members of the
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Figure 3: Graphical representation of the conjoint gradient correction functions
- for the beryllium atom — of Padé43 [37], Pearson [36], LLP [28], TF; W, B86A
[30] and B86B [34] advanced in HKS-DFT. For comparison the exact Hartree-
Fock modulating function and radial distribution D(r) = 4nrp(r) are also
shown.

family of “conjoint gradient correction” functionals developed in the HKS-
DFT, let us rewrite the “conjoint” kinetic energy functionals given by

Tlo) = A [ drr?p"3(r)Fi(r) (30)
0
where A = 3(37%)%/3 as

Tlel = Twlel + [ drr®o**(r) F(), (31)

where

F(r) = AcF(r) — Bys? (32)

with By = %(3%2)2/3. Note that Bis? just substracts the contribution due to
the Weizsacker term [31]. Here, s = (1/(2(37%)%3)|Vp(7)|/p*3(7). The kinetic
energy functionals obtained from the exchange ones are those of Lee, Lee and
Parr (LLP) [28], Perdew (PW86) [32], Perdew et al. (PW91) [33], Becke
(B86A) [30], Becke (B86B) [34], and Lembarki and Chermette (LCh)[35]. We
have also included the kinetic energy functionals of Pearson (36}, DePristo and
Kress based on a Padé approximant [4,3] (Pade43) [37], Ou-Yang and Levy
in their two versions (OL1) and (OL2) [38], and Thakkar [39]. In addition
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we have also included the functional TF%W comprising the Thomas Fermi

contribution plus % of the Weizsicker term. Below, we list the functions F (r)
employed in these comparisons:

1+ 0.95s + 14.2811122 — 19.5796223 -+ 26.6477z*

= _ 33
Frades(s) 1 - 0.05z + 9.99802z2 + 2.960852° (33)
~ Bk32
F earson = 14— 34
Pearin(s) B4 + (570 (34
. 0.0045b% s
= 1 35
Frir(s) + 1 4+ 0.0253bs sinh~* (bs) (35)
- 1
FTF%W(S) =9 (36)
Fpwss(s) = (1+1.296s% + 14s* 4 0.255)'/15 (37)
- 1+ 0.19645s sinh ~*(7.79565) + [0.2743 — 0.1508¢ 100" ]2
Fpwa(s) = —— 3
1 + 0.19645s sinh =2 (7.7956s) + 0.004s
(38)
- 5
Fora(s) = 1+ 5732 + 0.00187bs (39)
= 5 ,  0.0245bs
Fora(s) = 1+ 328"+ 75878, (40)
- 0.0055b% 2 0.072bs
Friatiar(s) = 1 - 41
Thakkar () 0025365 sinh—"(bs) 1+ 25733 (41)
= 1 + 0.093907s sinh ™' (76.320s)
Fron(s) = —T
1 + 0.093907s sinh ~(76.3205) + 0.000057767s%
N [0.26608 — 0.0809615 exp(—100s?)]s? (42)
1 + 0.093907s sinh ™" (76.320s) + 0.000057767s4
~ b2s?
= 1+0.0039————
Fraoa(s) 000975 ooae 2 (43)
- b?s?
FBBGB(S) =1 -+ 0.00403 (44)

(1 + 0.0076252)475

In Fig. 1, we show the behavior of the variable s as a function of r for
the beryllium atom. Note that this function has the important peculiarity of
having a local maximum in a region nearby the shell boundary.

The behavior of Ffif (r), and FETO(r) for the beryllium atom is depicted
in Fig. 2. The location of the maxima of these sharp bell-shaped curves
coincides with the minimum of the radial distribution functions both for Be.
This clearly shows that the modulating factor is essential in describing the
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Figure 4: Graphical representation of the conjoint gradient correction functions
— for the beryllium atom - of PW86 [32], PW91 [33], OL1 [38], OL2 [38],
Thakkar [39] and LCh [35] advanced in HKS-DFT. For comparison the exact
Hartree-Fock modulating function and radial distribution D(r) = 4nr?p(r) are
also shown.

proper physics underlying the arisal of shell structure. It is important to
remark that the values of the kinetic energy for these atoms — computed using
the locally-scaled one particle functions obtained from the above set — are quite
close to the “exact” Hartree-Fock values [40] (see Table 1).

In Fig. 3, we present a graphical display of the modulating functions F(r)
labelled as Padé43 [37], Pearson [36], LLP [28], TF;W, B86A [30] and B86B
[34] and compare them with the exact Hartree-Fock modulating function. In
Fig. 4, we present the remaining cases PW86 [32], PW9L (33], OL1 [38], OL2
(38], Thakkar [39] and LCh {35].

In spite of the very different form of these functionals, the behavior of their
corresponding modulating functions is amazingly similar. But, as can be seen
from Figs. 3 and 4, they deviate considerably from that of the Hartree-Fock
case. In fact, instead of showing a hump in the intershell region all the above
modulating functions used in HKS-DFT present a sink. Moreover, they also
show differences near the origin with respect to the Hartree-Fock modulating
function.

Although for the Hartree-Fock case, the modulating function is positive
for all r, the corresponding modulating functions arising from the HKS-DFT
approximations lead to both negative and positive components of the kinetic

59
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energy. Thus, as can be seen from Table 1, the fairly reasonable values for the
kinetic energy obtained using the conjoint-gradient functionals actually result
from a cancellation of errors among the positive and negative contributions.
Note, on the other hand, that the LS-DFT(GSTO) modulating function re-
sulting from the generalized Slater-type orbitals quite accurately reproduces
the behavior of the Hartree-Fock modulating function.

3. ELECTRONIC CORRELATION IN LS-DFT
3.1 Dynamical and Non-dynamical Correlation in LS-DFT

Note that in terms of the energy functionals described by Eq. (1), the
Hartree-Fock and exact (ground-state) energies Ef'F and EZ™* are given by:

E(};{F — g[PHF,‘I’HF], and E(c)zact — S[Pexachq’czad]- (45)
Moreover, the correlation energy functional
Eclp] = Elp, ¥*°] - Elpnr, ¥IF] (46)

yields the quantum mechanical correlation energy at p = pezacs-

In order to decompose the correlation energy into its dynamical and non-
dynamical components consider the following energy functionals: £[pyp, UFF],
Elpezacts ¥HT),  Elpezact, ¥**!] and Elpyr, ye=act] Clearly, the functional
ElPesact, YHT) can be generated from Elpgyp, $HF) by applying a local-scaling
transformation that carries the Hartree-Fock wavefunction into another one
whose density is pezace- Similarly, the functional E[pyr, ¥**°*] can be gener-
ated from &[pesqct, ¥e°°*] by locally-scaling the exact wavefunction so that it
associates with the Hartree-Fock density.

A non-dynamical contribution to the correlation energy corresponds to the
change in energy produced by a density transformation. On the other hand,
the dynamical contribution arises from a wavefunction change at fixed density.
Thus, the two following decompositions of the correlation energy (labelled as
I and II) are possible [41]:

Be = (Elonr, ¥ ~ Elour, ¥)) + (Elpezact, €= — Elonr, ¥*=*))
E2 4 grdD, (47)

Ec = (S[Pezach \IlHF] - E[PHF, \I’HF]) + (g[pe:cach ‘Pezact] - g[Pexact, ‘I’HF])
EpID  pAUD), (48)
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Figure 5: Graphical representation of the correlation energy decomposition
into its dynamical and non-dynamical components and of their connection
with other correlation energy components generated in DFT

A comprehensive view of the above correlation energy decomposition is pre-
sented in Fig. 5. For completeness we have also included the energy functional
Elpexact, \IlKS]), namely, the Kohn-Sham energy. We see from Fig. 5 that the

DFT correlation energy, EPTT | defined as

EcDFT = S[Pemct’ “I’cmd] - S[P:-‘mct, \I'KS] (49)

does not coincide with the quantum mechanical correlation energy. However,
it can be seen from this Figure that EPF7 is approximated by the dynamical
component E!D, We also observe in Fig. 5 the quantities A and AE.. These
have been introduced by by Gross et al. [42] and by Gorling and Ernzerhof
[43], respectively. Notice that the non-dynamical component Erd0) is the sum
of A and AE..

A quantitative analysis of the non-dynamical and dynamical components
of the correlation energy for the helium atom is given in Table 2.
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Table 2: Comparison of quantum mechanical and density functional correlation
energies for the helium isoelectronic series *. The values for the non-dynamical
and dynamical components correspond closely to the already reported values®
for A and EPFT | respectively. The last column shows the values obtained
using the exact energies (uhartrees) from Davidson® [44].

7 E. E:'d(I I) Eg(l I) A E?FT E?FT ()

2 -41963.4 63.2 -42026.7 63 -42107 -42107
3 -43389.4 17.2 -43406.6 -43 515
4 -44134.1 7.7 441418 7 -44274 -44275
5 -44580.6 4.4  -44585.0 -44 741
6 -44911.9 2.8 -44914.7 -45 057

2Decomposition at the final MCSCF wavefunction
bGross et. al. [42]
*Estimated by EPFT = E, — A(MCSCF); E. values from Davidson [44]

3.2 Correlation energy functional in LS-DFT

In view of the fact that in Section 2 we have presented energy density func-
tionals which are in a one to one correspondence with energy functionals of a
single Slater determinant, we consider in what follows the inclusion of electron
correlation — in a first approximation — in terms of a modified Hamiltonian
acting again on a single Slater determinant. This approach, of course is not
new; it was introduced some time ago by Boys and Handy [45]. The novelty
lies in that using this framework we obtain functionals for the electron cor-
relation energy that can be explicity given as functionals of the one-electron
density.

A general way of writing a correlated wavefunction is as a product ¥, of a
single Slater determinant ®, times a correlation factor C

‘I’g(Fl,' M ,FN) = C(Fly' ot 77_“N)¢g(7_"l:' o 1FN)’ (50)

Applying local-scaling transformation to this initial wavefunction, we obtain
the transformed wavefunction

i) = O P TT 2T (7 F
‘I’p(rl) 77'N) = O(fl, ' ;fN)H = q)g(fly afN)

i=1 Pg(fi)
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= C(ﬁ)""fN)Qp(Fly"',FN) (51)

where again, f(7) = A(F)r. Note that in order to be consistent, the local-
scaling transformation must connect the density g, coming from the correlated
wavefunction ¥, and the final density p (the unknown variational quantity).
It is clear that the variational principle is observed because the expectation
value of the Hamiltonian H with respect to the transformed wavefunction ¥,
satisfies the inequality .
(¥,[H¥,) > B.. (52)

According to the transcorrelated function method of Boys and Handy [45], we
can take advantage of the fact that CC~! = 1, to rewrite Eq. (52) as:

(Ce,ClCYHC|C'C®,) = (53)
(C*%,|H+ H + H|3,) > E,. (54)

In Eq. (54) there appears a new Hamiltonian containing the additional Hamil-
tonians H®) and H?®. The latter contain two- and three-particle operators,
respectively. Although the new Hamiltonian operates to the right over the sin-
gle Slater determinant ¢, we have on the left the presence of the correlation
term C?. For a Jastrow-type correlating factor C' = [;5;(1 + ;) the energy
expression gives rise to a cluster expansion

E[%,] = ((1+cia+crias+crzsa+ -+ cro.n)@|H+ HY + HD|®,)
(P, |H|®,) + (®,|HV|®,) + - - - (c12..88,| HD|S,). (55)

where ci3, c123, up to cia. n are cluster functions (see, Clark et al. [46)).
The first term

E[q)p] = (‘DPIf{\l@P)’ (56)

gives the expectation value of the original Hamiltonian with respect to a single
Slater determinant. As the only terms in this expectation value that do not
directly give functionals of the one-particle density are the non-Weizsacker part
of the kinetic energy and the exchange energy, it is clear that this term can be
transformed into a functional of p using the procedures developed in Section
2.

The second term

EJ[®,] = (2,|HV|2,) (57)

contains, on the other hand, electron correlation contributions coming from
the two-particle interactions appearing in the Hamiltonian H(!) and is given

by

B, = [ & [ Ern@(fi, f) + @a(f, DA f i), (58)
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where D: is the two matrix corresponding to the single Slater determinant ®,:

D71, 7y 74, 72) = d(7)d(F) D21, i fi o) (59)
with d(7;) = p(r:)/pe(fi). The two-particle operator is:
e _ (dh\( 2 dg(fifa) O 1 &g, f)
Wi = (G) (g(fl,fz) ofi Oh 2(f,f) Off )

-+

@) rm e

1 1 - o 2ang(ﬁ,.f;) - Vg
— _ M vZ , LA 1
27‘19(f1,f2)( 2rig( f1, f2) mglfi,fa) r19(f1, f2) )
d N
= (:iél‘) (ao(fl;f2)+al(f1,f2)) (%})bo(fufz)
+ (colfi, fo) + &(fi, f2))- (60)

Substituting Eq.(60) into Eq. (58) and using Eq. (7) one obtains:
EP@,) = [ o) (147 V) el + (147 Varr) e
+ /dr'r'2 3y 1+7‘ Vied(r ))2/3(,’(2
+ f drr2p2/3(r)[(1 +7- V) e 4 (147 V@) e
(61)

where the correlation modulating factors are:

e (f) 4,3 S [ a0 [ dns? [ a0l F) + ol FD3 o)

Il

() = W—) [ [ dnas? [ afabo( i, R)DS, F2),
1
) = —H%(f— [ [ dnf2 [ du(eolFi, ) + @ fL, FNDYF ),

il

() ~2,3 S [ dn [ anf? [ a0l G R
(5)(f1)

f2~2/3 o [ [ s} [ (@i, DT )

The last integral in Eq. (61) includes effects not considered in the correlation
energy functional advanced in Ref. [11].
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Table 3: Improvement of correlated helium atom wavefunctions by local-scaling
transformations. The functional £[p, ¥,] is defined in Eq. (1). Energies in
hartrees

v, Elpg, ‘I’g] Elpnr, ¥, EPezact> Yg)
vl .2.9022 -2.9025
\I/ZI -2.9025 -2.9030
\Il;” -2.9000 -2.90189 -2.90182

3.3 Improvement of Correlated Wave Functions for Helium by
Means of Local-Scaling Transformations

We consider here the application of local-scaling transformations as a means to
improve a correlated generating wavefunction. We take as examples correlated
wavefunctions for the helium atom. The basic idea behind this approach is that
any wavefunction (correlated or not) whose parameters have been optimized by
finding the extremum of the energy functional, is still capable of undergoing
improvements when it is subjected to a local-scaling transformation. The
reason is that the energy minimum within an orbit (for the concept of “orbit”
see Ref. [3]) is attained by searching over acceptable one-particle densities -
which are generally different from that of the “orbit-generating” wavefunction
Wl (the superscript [] labels the orbit). Note that the optimal one-particle
density within a given orbit need not be the exact one, viz., perqct, unless, of
course, one is dealing with the “Hohenberg-Kohn” orbit, which by definition
yields the exact ground-state energy: E, = E{pewact, \II_EIH K]]. This is due to the
fact that any wavefunction in this orbit is related to the exact ground-state
wavefunction ¥¢**“* by a local-scaling transformation between the densities p,
a-nd Pezact-

Moreover, the global minimum can be reached by “inter-orbit jumping”.
This may be accomplished by modifying the generating wavefunction at fixed
final density. In the present case, this inter-orbit optimization is carried out
by varying the parameters at fixed density.

As is well-known, the difficulty in improving a wavefunction increases by
orders of magnitude when one sets on the next higher decimal the accuracy
with which the energy is to be determined . In fact, few configurations beyond
Hartree-Fock are required to account for most of the correlation energy of
the helium atom (configurations 1s2, 2s and 2p? yield already 85% of the
correlation energy). However, inclusion of ns? configurations up to n = 12 just
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lead to a 2% improvement on the correlation energy and a similar inclusion
up to 10p?, to 4% [41]. Thus, in order to describe the finer details of the
correlation energy it becomes indispensable to introduce either very large CI
(or MCSCF) expansions or highly complicated correlated wavefunctions. It is
in this respect, that local-scaling transformations can be quite useful, as they
lead to an improvement of 1% to 2% of the correlation energy corresponding
to a simple wavefunction just by adjusting the latter so that it associates with
a different density (either p.zact O pyF).

The following correlated wavefunctions are considered in the present work:

Uy(riyra,ria) = cf®ra(re,ra)xia(ri) + 41 (re, r2) Xl (r12)  (62)
U (r1,ma,m12) = o @1(ry, ) xin(r12) + ¢ Braa(r1,72) X1 420(r12) (63)
Ui (ry,ma,m2) = BI@IH(r1,m) + @15 (r2,m)Ixi 1, (r12) (64)

where the uncorrelated wavefunctions are

¢132 (le 7’2) = Nle_al"l g~ X272 (65)
@1323(7‘1,7‘2) = Ng(e‘"“"l eTOeT2 4 e—a“r:e—az.rl) (66)
q){igs (7"1, TZ) = e—Z” e_ﬂ"(l + crz)(z“‘l)/ﬁ-l (67)

and the correlation factors are given by:

x1a(ri2) = (14 air) (68)
Xia2s(r12) = (L+birp) (69)
Xia(riz) = (14 arria + az(ry +r2)* + ag(r1 — r2)?) (70)
Xizs(r12) = 1—e™12/(1+2)) (71)

The wavefunction ¥)/(r1, 7, 712) has been recently described [47]. The results
are presented in Table 3. As it can be seen, in all cases the energy is improved
by a local-scaling transformation. Also, note that as discussed above, a trans-
formation to pezact does not necessarily lead to the lowest energy (it does not
yield a minimum in an arbitrary orbit).

4. DISCUSSION

In the present review of LS-DFT the constructive nature of this approach
leading to the actual formulation of density functionals has been emphasized.
We have shown explicit expressions for the kinetic and exchange energy func-
tionals and have compared the former to a number of the usual representations
advanced in conventional DFT. We have further analyzed the correlation prob-
lem from the point of view of local-scaling transformations and have made some
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incipient suggestions as to the form of certain terms appearing in the highly
complex correlation energy functional.

We do not wish, however, to leave the reader with the impression that LS-
DFT is either the only or the best constructive version of DFT. In the first
place, let us remember that LS-DFT is closely related to Levy’s “constrained-
search” reformulation of DFT [48] which in the words of Cioslowski [19] “...
yielded an implicit construction for the functional E[p].” In fact, several at-
tempts have been made [49] in the context the constrained-search formulation
for the purpose of attaining an ezplicit construction for E[p]. In this vein, a
vast array of known properties have been determined for the exact function-
als [50-55]; these properties, clearly, can be and have been incorporated into
the construction of approximate functionals [56]. (In this respect, it is perti-
nent, however, to remark that the functionals obtained in LS-DFT satisfy by
construction the requirements derived from ordinary scaling as the latter is a
particular instance of local-scaling.)

In the second place, a quite useful characteristic of LS-DFT is that it ren-
ders possible to transform an arbitrary wavefunction, say, the Hartree-Fock
single Slater determinant into a locally-scaled one associated with a given one-
particle density such as the exact one. Thus, one can easily generate a locally-
scaled Hartree-Fock wavefunction that yields the exact p. In this sense, one
finds much common ground between LS-DFT and those constructive realiza-
tions of the constrained-search approach which reformulate the Hartree-Fock
method as well as with those developments which pose the optimized potential
method as a particular instance of density functional theory {42,43,57-61].

There is still a very important area of contact between LS-DFT and other
approaches having to do with the direct evaluation of the Kohn-Sham po-
tentials {6,62-66] from known densities. In this respect, the work. of Zhao,
Morrison and Parr [66] is of particular interest as it provides an alternative to
local-scaling transformations for a fixed-density variation of the kinetic energy
functional.
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Abstract

Recent developments in density-functional theory (DFT) provide a new way of
thinking about the effective correlation potential in atoms and molecules. In
reference-state DFT the kinetic energy and exchange functionals take the same
form as in Hartree-Fock theory, and the correlation potential is expressed as a
nonlocal operator of known form, evaluated for a ground state. An equivalent lo-
cal correlation potential is determined by the functional derivative of an implicitly
defined density functional. An approximation to this local potential is needed for
practical applications. While a useful short-range form of this potential is given by
the local-density approximation, the long-range form requires a nonlocal theory,
since it is asymptotically equal to the dipole polarization potential. It has recently
been shown that a local-response model provides systematically good results for
the van der Waals interaction, given only the local density as specified by DFT.
Application of these ideas to the generalized polarization potential (bound-free
correlation potential) is discussed here.

1.Introduction

2.Reference-state density functional theory
3.Local response theory

4.The bound-free correlation potential

5.Conclusions
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I. INTRODUCTION

An electron scattered by an atom or molecule experiences a generalized
polarization potential due to bound-free correlation. In general this takes
the form of a nonlocal, energy-dependent optical potential [1}. The density-
functional theory (DFT) of Hohenberg, Kohn, and Sham [2,3] provides a ra-
tionale for replacing this optical potential by a parametrized local potential,
defined as the functional derivative of a universal correlation energy functional
with respect to the local electronic spin-density. In the local density approxi-
mation (LDA), the exchange-correlation functional is a local function of elec-
tron spin-density, so that the correlation potential is a function of the local
density. The LDA has been very widely used, but it cannot describe the es-
sentially nonlocal correlation of an external electron with a polarizable charge
density [4]. Inclusion of density-gradient corrections [5-7] still involves a local
expansion and cannot describe polarization by a distant charged particle.

In the recently proposed reference-state DFT (RDFT), the separation be-
tween exchange and correlation energy functionals is made explicit. The ex-
change functional is given by the exchange energy of a single-configuration
reference state [8]. An explicit formal expression for the nonlocal correlation
potential follows from the relevant many-body theory.

Although screening of the short-range Coulomb singularity is important
to the success of the LDA for bound systems, it has recently been recognized
that a model of long-range electronic correlation should use a very different
aspect of the physics of an electron gas. Especially for interactions between
spatially separated density fluctuations, energy relationships are determined
by the dynamical property of polarization response. This leads to a local re-
sponse model of polarization, dependent on local electron density. This theory

has been applied with considerable success to compute van der Waals inter-
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action coefficients for rare-gas, alkali, and alkali-earth atoms and molecular
hydrogen [9]. It has been shown [10] that fundamental principles of charge
conservation and reciprocity, when applied to modify an earlier Ansatz for
local-density response theory [11], are consistent with the practical formula
tested by Andersson et al [9].

The local response model of the van der Waals interaction implies a cor-
responding model of the polarization potential, hence of the long-range limit
of the bound-free correlation potential for an electron outside a polarizable
charge distribution [12]. The implications of this observation are discussed in

the present paper.

II. REFERENCE-STATE DENSITY FUNCTIONAL THEORY

It is often convenient to define an independent-electron reference state ®
that represents a mean-field approximation to a true correlated eigenfunction
¥ of an N-electron system. For any ground state, the kinetic energy func-
tional of Kohn and Sham [3] can be defined by postulating the existence of
a reference state that has the same spin-density as the eigenfunction ¥. In
RDFT, this postulate is replaced by taking ¢ to be that model wave function
(Slater determinant) whose projection onto ¥ is greatest [13-15]. This con-
struction ensures that first-order variations of ® are orthogonal to ¥, and in
particular that & has no one-electron matrix elements with ¥ [14]. Using the
normalization condition (®|¥) = (®|®) = 1, a second basic theorem [16,17]
implies that the unsymmetric energy formula F = (®|H|¥) is exact if ¥ is
an eigenfunction of H with eigenvalue E. The Brenig theorem implies that
(®|H1|¥) = (®|H1|®) for any one-electron Hamiltonian operator H1. The
full N-electron Hamiltonian is H = T'4+ V + U, where U is the two-electron

Coulomb interaction and T and V are the one-electron kinetic energy and
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external potential operators. In the Brueckner-Brenig representation, the un-
symmetric energy formula implies that the contributions of these one-electron
operators to N-electron energy eigenvalues can be evaluated as mean values
in the reference state. Hence the external potential function can be taken to
interact with the electronic density of the reference state ® rather than with
that of the corresponding eigenstate ¥. These two density functions are in
general not identical.

The electron density of a correlated wave function is denoted here by p
such that ¥ — 4 and the reference-state electron density by p such that
¥ — & — p. The external potential operator V is the sum over all electrons of
some physically realizable one-electron potential function v. The ground-state
energy is a functional E[v]. A ground state eigenfunction whose correlated

density is 6 defines an expression of the form
Flp] = (¥|T + U1¥)/(¥|9). (1)

Hohenberg-Kohn theory proves this to be a functional of 5, universal in the
sense that it does not depend explicitly on v.

RDFT can be derived in close analogy to the constrained-search argument
by Levy [18], valid for standard DFT, if the Rayleigh quotient is replaced by
the unsymmetric formula (®{T + U|¥) and j is replaced by p. Because the
unsymimetric formula is not itself a variational expression, but rather a formula
for a stationary value, the argument must be modified in some points, which

will be indicated below. A universal functional is defined by
Flp) = (2|T + U|¥), (2)

where ¥ is a ground-state eigenfunction such that ¥ — ¢ — p. To show that
this is a functional of p, the one-electron potential function v, can be derived

as a spin-indexed Lagrange multiplier field from a variational expression
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F.lp) = min{(®AT + U1%.) + [ v(p, — p)dx], (3)

where ¥; determines &, and p;. The Lagrange multiplier field v = v, is chosen
so that p, = p for the minimizing trial function ¥,. If the constant integral
Jvpd® is added to both sides of this equation, the right-hand side is the
minimal value of (®|H,|¥) for the potential function v,. If the minimizing
trial function is an eigenfunction of H,, then the left-hand side defines an

energy functional
Elp) = Flo] + [ vppdr. (4)

The wave function and reference function defined by this minimization con-
dition, ¥, and by ®,, respectively, are functionals of p. The kinetic energy
functional T'[p] is defined simply by (®,|T|®,). Denoting the Coulomb part
of (®,|U|®,) by Ulp], a universal exchange-correlation energy functional is

defined by
E.c[p} = Flp] = Tlp] — Ulp} = (2,|U|¥,) — Ulp]- (5)

Because ($|H,|¥) is not in itself a variational expression, its unconstrained
minimum value is not simply related to an eigenstate of the Hamiltonian H,
defined by v in Eq.(3), whereas Eq.(2) defines F[p] only for such eigenstates.
Any arbitrary trial function ¥ — & can be expressed in the form ®+ Acp with
ca = 1. If the minimizing trial function in Eq.(3) were not an eigenfunction
of H,, then for some subset of trial functions, using the Brueckner-Brenig

condition,
(O|H,|¥) = (2|H,|®) + (2|U]A) < Elv]- (6)

It should be noted that (®|H,|®) > E[v], and ($|U]A) is a generalized cor-

relation energy. The construction proposed here for any trial function ¥ in
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this subset is to diagonalize the 2x2 variational matrix for H, in the orthogo-
nal basis (®, A), replacing ¥ by the function determined by the lowest matrix
eigenvalue. The unsymmetric energy expression is valid for such an eigenvalue,
which is an upper bound for E[v]. This retains the form of ¥, modifying only
the coefficient ca, and retains ® as reference state. An eigenstate remains
unchanged, and the ground state is in the trial set. Hence the minimum in
Eq.(3) for the modified set of trial functions corresponds to the ground state
of H,.

Because the restricted set of trial functions includes the complete set of
eigenfunctions of the Hamiltonian H, determined by the given one-electron
potential function v, and the unsymmetric energy formula is valid for each such
trial function, the minimum value in Eq.(3) is a lower bound for E{v]— [ vpd®r.
This proves that E[p] < E[v], and proves equality if the minimizing trial
function is an eigenfunction of H,. The construction given above ensures this
condition, but restricts the set of variational trial functions by requiring the
scale coefficient ca to be determined as specified above. Eq.(3) implies that
Fip] is the minimum value of (2|7 + U|¥) for the constrained-search condition
¥ — & — p, following Levy [18], for the restricted trial set.

Eq.(5) provides a simple and natural definition of the correlation energy
functional. The Coulomb energy functional of the reference-state density p
is the non-exchange part of (®|U|®), and the exchange energy functional is
the exchange part, both including self-interaction. Thus E,{p], expressed in
terms of the occupied orbital functions of the reference state, has the same
form as in Hartree-Fock theory. The residual formula ($|U|¥ — @) defines the
correlation energy functional. This has an explicit representation in the orbital

basis specified by the reference state @ using the coefficients ¢}

for virtual two-
particle excitations of @ in the configuration interaction {CI) expansion of the

eigenstate ¥ [8,19]. Introducing orbital occupation numbers n,, this is
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Eelp] = 3 nan; 3 (1 — na)(1 — ns)(5|alab)ey, (0
i<y a<b

where % indicates an antisymmetrized Coulomb-exchange matrix element. For
a ground state all quantities here are functionals of the reference-state density.
The local ground-state correlation potential is defined in RDFT as the
functional derivative of Eq.(7) with respect to p. When infinitesimal varia-
tion of occupation numbers is allowed, a more practical definition follows from
the fact that the unsymmetrical energy formuala used to construct Eq.(7) is
itself a Landau functional of the occupation numbers [19]. Correlation ener-
gies of Landau quasiparticles, expressed as diagonal elements of a one-electron
Hamiltonian matrix, are defined by differentiating with respect to occupation

numbers to give

(o) = 61522 = S (8)

For occupied orbital ¢, the correlation potential derived from Eq.(7) has di-

agonal matrix elements

(ilveli) = 37 m; 3 0(1 = na)(1 — me)(35lalab)esy

a<b
= > mn; (1 — m)(kjlalib)cy;. (9)
k<jy b

III. LOCAL RESPONSE MODEL

In the local response model each electron density volume element is sepa-
rately characterized by a two-parameter formula giving electric dipole oscillator
strength as a function of frequency [12]. One of the two parameters is fixed by
the oscillator strength sum rule, while the other is an effective mean excitation
energy, taken to be the plasma energy fiw, by Andersson et al [9]. This model

requires introduction of a low-density cutoff of the dipole response, because a
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plasma resonance is not well-defined when a momentum-transfer scale param-
eter exceeds the value at which a collective plasma excitation of the electron
gas (jellium model) disappears into the particle-hole excitation continuum [20j.

The basic postulate of the model is that the frequency-dependent polariz-
ability of each electron density volume element is given by

a(z) ~ f fl _ e n(r)dsr (10)

m w? — 22 m (4ne?/m)n(r) — 22’

where f; = n(r)d®r, w? = 4nne?/m, and z is a complex-valued frequency. In
the limit of static polarizability, z = 0, this formula reduces to a universal
constant polarizability 1/4n per unit volume, because the local density n(r)
cancels between numerator and denominator. This seemingly bizarre result
would imply infinite integrated polarizability for any atom or molecule if it were
not for the low-density cutoff. The implied static polarizability still depends
only on the volume of the polarizable charge distribution, implying that the
cutoff radius of a spherical atom can be parametrized by the observed static
polarizability. This has been shown [12] to give radii comparable the those
deduced by Andersson et al [9] from the Langreth-Mehl criterion {20]. The van
der Waals interaction between two separated polarizable charge distributions

is characterized by the coefficient
3 f[o° . .
Co(A,B) = > / aa(in)op (i) du, (11)
w Jo

defined by an integral over imaginary frequency [21]. Combined with Eq.(10),
this gives an integrated formula that was evaluated by Andersson et al [9] for
rare-gas, alkali, and alkali-earth atoms and for molecular hydrogen, obtaining
results in good agreement with existing experimental and theoretical data.
When combined with the classical Clausius-Mossotti theory of a dielectric
medium, this version of the local response model gives the correct asymp-

totic form of the polarization potential of a spherical atom, —a(0)/2r*, where
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a(0) is the static electric dipole polarizability [12]. This can be shown most
clearly in a classical electrostatic model, in which spatial variation of the elec-
tric field is computed explicitly. This model, however, indicates a possible
inconsistency in the assumption that the effective mean excitation energy of a
volume element of electron density is given by the plasma excitation energy.
The plasma model (jellium) assumes that a local charge displacement induces
a restoring electric field given by é€ = —4mxéP. This differs from the dielec-
tric response model used to derive the Clausius-Mossotti formula [22], which
assumes & = —(4n/3)é6P. If the first formula here is used consistently, which
requires modifying the Clausius-Mossotti formula, it does not give the correct
asymptotic form of the polarization potential [12]. Alternatively, the correct
asymptotic form is obtained by consistent use of the second formula, retain-
ing Clausius-Mossotti but replacing the plasma frequency w, by a dielectric

response frequency defined by

2
dmrne ‘ (12)

2
w,; =
d

3m

Thus wy is reduced from the classical plasma frequency by a factor 3~1/2. This
has the effect of reducing the cutoff radius (response radius) by a factor 371/3
for a spherical atom. It has been shown that this resolves another difficulty
with the plasma-response model, which implies response radii greater than the
classical turning radius of the most weakly bound electron in an atom. The

dielectric-response radius is in general less than the classical turning radius

[12].

IV. THE BOUND-FREE CORRELATION POTENTIAL

DFT implies the existence of a local correlation potential valid for any

ground state, and by extension valid as an approximation for small perturba-
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tions of a ground state. Since a scattered electron makes only an infinitesimal
change of the target density, in RDFT the bound-free correlation potential for
ground-state scattering can be identified with the potential v, in Eq.(8). The
local-response model produces a correlation potential that is an explicit func-
tional of the electron density, and has been shown to have the correct asymp-
totic form, given by the classical dipole polarization potential, for a suitable
definition of the excitation-energy parameter. However, this is strictly valid
only as an asymptotic form. The classical electrostatic model of a point charge
outside a polarizable charge distribution has a singularity as the particle ap-
proaches the response boundary [12]. Such a singularity is symptomatic of
a well-known property of models of the polarization-response optical poten-
tial [23,24]. The leading asymptotic terms in an equivalent local potential are
known [25,26] as a series of inverse powers of ». The purely attractive asymp-
totic potential —a/2r* is dominated at smaller distances by repulsive terms,
whose leading asymptotic term has the form 33/r® [26]. These terms remove
the attractive singularity, but the inverse-power expansion is not appropriate
to smaller distances and there is no generally accepted closed form for the

short-range potential.

V. CONCLUSIONS

The short-range form of the correlation potential has been considered in
DFT primarily in terms of density-gradient corrections to the LDA [6,7]. The
correlation energy functional given by Eq.(7) here is not expressed explicitly as
a functional of the electronic density, but is a formally exact expression which
could be used to calibrate proposed functionals in particular cases where an
accurate CI expansion of a correlated ground-state wave function is known.

When occupied orbital functions are expressed in a localized representation,
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Eq.(7) is a sum of electron-pair correlation energies with characteristic prop-
erties [16,17]. The pair correlation energy of two electrons in an atomic shell,
localized bond, or lone pair is approximated by a nearly constant correction to
the corresponding Hartree-Fock energy, while distant pairs interact primarily
through virtual excitations, giving the asymptotic van der Waals potential.
In a systematic theory, short-range correlation must be augmented by terms
treated as in the local response model in order to describe such effects as

non-bonded interactions in large molecules.
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The n-particle Picture and the Calculation of
the Electronic Structure of Atoms, Molecules,

and Solids

A. Gonis? T. C. Schulthess! P. E. A. Turchif and J. van EkS

1 Introduction

There are several problems in the physics of quantum systems whose im-
portance is attested to by the time and effort that have been expended in
search of their solutions. A class of such problems involves the treatment of
interparticle correlations with the electron gas in an atom, a molecule (clus-
ter) or a solid having attracted significant attention by quantum chemists
and solid-state physicists. This has led to the development of a large num-
ber of theoretical frameworks with associated computational procedures for
the study of this problem. Among others, one can mention the local-density
approximation (LDA) to density functional theory (DFT) [1, 2, 3, 4, 5],
the various forms of the Hartree-Fock (HF) approximation[l, 2, 6, 7],
the so-called GW approximation[8, 9, 10}, and methods based on the di-
rect study of two-particle quantities[11, 12, 13}, such as two-particle re-
duced density matrices[14, 15, 16, 17, 18], and the closely related theory
of geminals[17, 18, 19, 20], and configuration interactions (CI’s)[21]. These
methods, and many of their generalizations and improvements[22, 23, 24]
have been discussed in a number of review articles and textbooks(2, 3, 25, 26].

The great formal variety that characterizes these methods provides evi-
dence of the complexity of the problem at hand. This diversity has evolved
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out of attempts to treat specific features of this complex problem, ranging
from the electron gas in “small systems”, e.g., atoms and molecules, and
atomic clusters, where HF-based methods and CI’s, for example, have been
found very useful, or electrons in solids where the LDA has met with con-
siderable success in determining ground-state densities and energies. Even a
cursory review of the advantages and limitations of the various methods that
have been proposed to study the inhomogeneous electron gas is far beyond
the scope of the present work. Suffice it to say that each of these methods
have come to be accepted as the most appropriate for a particular aspect of
this very complex problem, while having only limited and even questionable
applicability in other domains.

However, in spite of much progress along different directions and in differ-
ent areas, there exists no unified conceptual framework([26] capable of provid-
ing systematic improvements to the study of correlations across a broad spec-
trum of materials types, while possessing well-defined convergence character-
istics. Furthermore, the disparity between so-called single-particle methods,
such as the LDA, and many-body techniques, e.g, Green-function theory, has
led to the perception that these two approaches are irreperably divorced and
disjoined from one another in a formal sense.

This perception, however, may be premature. It appears that it is possible
to adopt a point of view which provides for a unified approach to the problem
of correlations for systems of any size or structure. This viewpoint is the
natural outgrowth of work initiated as far back as the 1930’s and which has
continued in certain areas to the present.

Initially, Pauling used the concept of a single state (bond state) to de-
scribe the behavior of two electrons participating in molecular binding[27].
In the late 1950’s and early 1960’s, Brueckner[11] and collaborators, and
Kadanoff and Baym[12, 28] showed, respectively, how the two-particle t-
matrix and the two-particle Green function could be used in the study of
interacting quantum systems in a straightforward generalization of the meth-
ods based on the corresponding single-particle quantities. However, the most
telling developments have accrued from a particular approach initiated in
the field of atomic and molecular physics. In this methodology, it has proved
profitable to study the electronic structure and related properties of atoms
by considering all the N electrons in the system as forming a single particle
in a space of 3N dimensions. There is a large body of work on this approach,
from which a single representative reference is given here[29].

In this method, the problem of N particles in 3-dimensional space is
mapped onto a problem of a single-particle in a hyperspace of 3N dimen-
sions, moving under the influence of an external potential. This potential is
made up of the external potentials acting on the particles, as well as their
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mutual interactions. This reduction to a single-particle in an external field
has the formal nicety of allowing the use of single-particle methods in the
solution of a many-particle problem. Not to downplay the significance of the
computational ramifications of this formalism, we note that applying single-
particle methods to hyperspace, e.g., partial-wave analysis of scattering, can
be an extremely difficult task. In fact, it becomes quickly intractable when
the number of particles increases beyond even some fairly small number, say
N = 4. This feature has limited the application of this method to fairly small
systems such as the He atom and the molecule Hj, (where the two particles
combined into one in a space of six dimensions are the nuclei). Applications
to extended systems characterized by a large number of centers of force seems
to be hopelessly out of reach. (However, for some innovative approaches to
atoms with infinite charge and the interpretation of the results, the reader is
referred to the literature[29].)

The works referred to above indicate the usefulness of viewing an N-
particle system from a higher-dimensional pespective. In doing so, one should
attempt to strike a balance between conceptual clarity and computational
efficiency, which mitigates against considering calculations in 3n-dimensional
space except for rather small values of n. It appears that such a procedure
may be profitably employed if a system of N particles were to be considered
as cousisting of a collection of units or sets, {I;}, each containing ny particles,

so that
an = N. (1)
k

The resulting problem associated with these sets of particles that interact
with one another is obviously formally identical to the original one (only
the meaning of the term particle having been redefined in the present case).
However, it possesses the formal advantage of allowing, in principle, the sys-
tematic approach to an exact solution by treating the entire system as a sin-
gle unit (N-particle picture). The operative words here are “in principle”, as
practical applications do not seem to be possible but for the smallest number
of particles in a unit, say n = 2 or n = 3. However, in such an implemen-
tation, the interparticle correlation is treated directly and explicitly within
a unit, resulting in a more accurate treatment of the system the larger the
number of particle in a unit. Furthermore, this methodology can be applied
to a broad spectrum of systems, such as atoms, molecules, and solids, with
fairly strong expectations that it will yield improved results compared to its
corresponding use within strictly single-particle methods. For example, one
can determine the ground-state two-particle, corralated density and energy
in terms of two-particle states by using a generalization of DFT and LDA
to the appropriate hyperspace, as was presented in an earlier publications
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[30] and will be highlighted below. Similarly, alloy phase stability and trans-
port properties (which can be expressed directly in terms of the two-particle
Green function) can also be studied, as can the ground state properties of
small clusters, moiecules, and atoms, within appropriate generalizations of
the HF method. Finally, this method may provide a more realistic descrip-
tion of the electronic structure of a system than can be achievd within a
single-particle framework. Even if its computational implementation is only
possible for small values of particles in a unit, the method to be developed
below has one very important conceptual characteristic: it tends to obscure
the sharp boundaries that divide single-particle (band-theory) methods from
many-body approaches, leading to a broader viewpoint and providing a pos-
sibly deeper insight into the effects of correlations than has been hitherto
possible.

2 Basic Notions

We begin with the Hamiltonian for a system of N interacting particles,

% i i£]
1
i i#j

Here, V? is the kinetic energy operator for particle i, (with A = 1, 2m; =
1, for all %), v; represents the interaction of particie ¢ with an external po-
tential, such as that associated with nuclei in the system, and v;; represents
the mutual interaction between particles i and j. The definition of the single-
particle Hamiltonian, h;, is evident. We are interested in the solutions of the
many-particle time-independent Schrédinger equation,

HY = EV, (3)

where ¥ is the many-particle wave function for the system.

At least two different possible viewpoints present themselves immediately
as alternative procedures for solving Eq.(3). One may consider the entire
interacting system as a single particle in a configuration space of 3N dimen-
sions, or one may consider the system wave function as consisting of certain
combinations of wave functions of individual particles. In either case, of
course, one is obligated to incorporate into the solution the statistics, either
Fermi or Bose, governing the behavior of the system.
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The first viewpoint defines the N-particle picture and leads in principle
to an exact solution of Eq.(3). Leaving aside the question of whether or
not one could extract useful information from the complicated form that
such an exact solution for large values of N would be bound to take, the
computational hindrance associated with this approach as N increases has
mitigated against widespread use of such a direct procedure. At the same
time, where it has been implemented[29], such as in connection with the He
atom, this approach has yielded results which agree to great precision with
those of exact numerical procedures.

The second viewpoint defines what will be referred to as the single-particle
picture, in which one attempts the construction of the many-body solution
of Eq.(3) through the use of solutions associated with individual particles.
It should be emphasized that in the language used here, the single-particle
picture is not synonymous to what has come to be known as single-particle
theory, in which the properties of the entire system are studied through judi-
ciously chosen single-particle solutions of an effective Schrédinger equation.
In the present terminology, the methods of single-particle theory, as well
as canonical many-body theory are developed within the single-particle pic-
ture as defined above. Not to belabor the possibly obvious point, we should
note that the N-particle picture mentioned above lends itself to computa-
tional procedures which are themselves generalizations of methods developed
within single-particle theories. In any case, because of relative ease of imple-
mentation, the study of interacting quantum systems has proceeded almost
exclusively within the single-particle picture.

Unlike the N-particle picture, which in principle leads naturally to the
exact solution of the many-particle Schrédinger equation, the single-particle
picture has led to the development of a number of different approximation
schemes designed to address particular issues in the physics of interacting
quantum systems. A particularly pointed example of this state of affairs is
the strict dichotomy that has set in between so-called single-particle theories
and canonical many-body theory[31, 32]. Each of the two methodologies
can claim a number of successful applications, which tends to reinforce the
perceived formal gap between them.

Under these conditions, one is moved to ask if indeed this gap is real or
perhaps could be bridged in a way that may reveal the unified features of
the problem and possibly lead to a deeper understanding of the behavior
of interacting quantum systems. The work described here is an attempt to
bridge this gap in a coputationally viable way. It is based on a point of
view bounded by the single-particle picture at one end and the N-particle
picture at the other. In this point of view an interacting quantum system of
N particles is taken to consist of non-overlapping units or sets of particles,
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I, = {r{",ré",---,ri’“}, so that a particle belongs to only one such unit,
and the particles in all these sets equal N, the total number of particles in
the system. Denoting the number of particles in a set I; by n;, leads to
Eq.(1). At this point, there is no restriction as to the number of sets chosen
or the numbers of particles in each set. This seems to raise the danger of
possibly mishandling the statistics of the system by treating some particles
in a preferrential way. It will be shown below that, even though this is a
“real” danger, it can be avoided.

With these considerations in mind, we return to the Hamiltonian of
Eq.(2). If we denote the Hamiltonian describing the particles in a unit or
subsystem I by Hj,,

Hiy, =3 Vi+ Y v+ > vy (4)

i€l icly 1€l ,jEI

we can write the Hamiltonian of the original system in the form,

1
H=3 Hp+3 Y Vig (5)
% ]
where
1
v == . vy, Ik #1L, (6)
2 i€l eI

where ¢ € I indicates that ¢ belongs to the set I and the last expression
defines the mutual interaction of particles across two different units.

Now, the Hamiltonian in the form of Eq.(5) looks formally identical to
that in Eq.(2), with the sets of particles /; in the new description playing
the role of individual particles in the original (single-particle) picture. We
will refer to this point of view as the m-particle picture. It is seen that
the traditional single-particle picture corresponds to n = 1, while the N-
particle picture is obtained when n = N, the total number of particles in
the system. Therefore, if we treat the Hamiltonian of Eq.(5) as consisting
of individual “particles” in appropriately defined higher-dimensional spaces,
we go a long way toward obtaining the unifying viewpoint alluded to above.
In fact, however the Hamiltonian of Eq.(5) may be treated, and two different
ways are presented below, one is assured of an exact limit as the number of
units or subsystems approaches one and, correspondingly, n — N.

There are, however, some very important issues still to be addressed be-
fore specific techniques are introduced for solving the Schrédinger equation
in connection with the form of the Hamiltonian of Eq.(5). These have to do
with retaining the proper symmetry in the wave function for the system as a
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whole when written in terms of wave functions of the higher-dimensional par-
ticles on which the n-particle picture is based. In the following, we shall use
the generic term “particle” to refer either to an ordinary particle in three di-
mensions, or to single point in a space of 3n dimensions, X, = (ry,ra," -, Ty),
describing n ordinary particles. It is hoped that the context of the discussion
will provide sufficient indication as to what is meant to avoid confusion.

Let us first consider the case of distinguishable particles and take the wave
function of the system, ¥(ry,rs,---,rn), to be a product of single-particle
states. Denoting these states by &y, ({r}s,), where {r};, denotes the set of
coordinates of the ordinary particles assigned to I, we have

Hkq)ak ({r}lk)
Hk(I)ak (xlk)7 (7)

v

where a4 is a state of the particle I;,. These states can be chosen to be both
orthonormal and complete in the usual sense. These states can be found by
the usual procedure of minimizing the quantity,

I=(UH®) = 3 ca, [ a2, (x1)P, (®)
k

with respect to @}, (xz,), where an asterisk denotes a complex conjugate.
This leads to an eigenvalue equation determining the levels ¢,,,

[Hr, + 0] ®a, = €0, Pay (9)

where v*f denotes the interaction of the particles in I; with an external
field, (e.g., the nuclei in the system), as well as their interactions with the
particles in other units, I; # I. This term takes the form of a Hartree-
like expression involving the density of the particle I, and reduces to the
conventional Hartree expression in the canonical single-particle description.

We now consider the case of indistinguishable particles, treating explicitly
a system of Fermions. It is convenient to write the wave function for a system
of free Fermions in the form,

0 iy dg o IN
Uiy (T15 T2, o, IN) = oty oo N, | (10)

In this notation, we designate a single-particle state by the symbol
¢i(r) = [ i ] This notation is meant to emphasize the fact that a fully

antisymmetrized wave function for non-interacting particles may be obtained
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by distributing individual particles over all possible states written in some
order or, alternatively, by distributing all possible states over particles which
have been labeled in a permanent way. Thus, a fully antisymmetrized wave
function is obtained from the last expression as a sum of terms resulting from
keeping the particle labels in the order given in the lower row, and performing
all possible permutations on the state indices in the top row. From now on,
we take this expression to denote this fully antisymmetrized wave function.
Let us now partition the particles in the system according to some scheme
which assigns n; particles to distinct sets I; in accordance with Eq.(1). As
this partitioning depends only on the number of particles in each unit, it can
be effected by dividing the lower row in the experession for the wave function,
Eq.(10), into sets of n; particles beginning from the left. Thus, particles 1, 2,
..., Ny are taken to form the first set, particles n; + 1, ny + 2, ..., ny + no, to
form the second set, and so on. Each set is marked off by means of vertical
lines as given in the following expression written explicitly for the case of
pairs, (assuming that the total number of particles is divisible by two),

[ilm igia | | inoviy ]:A[il i ]

1‘11’2, 1'31‘4| coo| ry_iTy ry Ip
9 [ia i }'__[m_l in } (1)
ry Ty ry-1 Iy
where the antisymmetrizing operator, A, acts on the state indices, and the
vertical lines indicate the partitioning of the system into pairs of particles and
their corresponding pair states. In this expression, we can use the combined
notation x; to denote the particles in I as a single point in a space of 3ny
dimensions. In the present case, we have x; = (r1,r3), x» = (r3,r4), and
so on. It is, therefore, seen that because of the equivalence of distributing
states over particles to distributing particles over states, the wave function of
a system of free Fermions is not affected by a partitioning into sets of specific
particles.
To proceed with formal developments, we now associate with each particle
Iy in hyperspace a coordinate xx, and a state oy, which in the form employed
here is such as to correspond to all possible independed combinations of the
free particle states into the units I. As long as the particles remain free,
a fully antisymmetrized wave function can be obtained by antisymmetrizing
with respect to particle indices a product of the type given in Eq.(7).
It is tempting to think that this procedure can be used when the states

oy, are obtained directly through the solution of an appropriate Schrédinger
equation in 3n,-dimensional space. This, however, is not the case. As a spe-



n-Particle Picture and Calculation of Electronic Structure 93

cific example, let us consider the Be atom whose ground state configuration is
1522s%. The states involved are (in a hopefully obvious notation), x; = 1s 1,
x2 = 1s |, x3 = 2s 1, and x4 = 2s |. Using these wave functions, an approx-
imate wave function for the system in the form of a Slater determinant can
be obtained by antisymmetrizing the product x;(1)x2(2)x3(3)x4(4) either
with respect to state or particle indices. However, suppose that we are given
states of pairs of particles, (each fully antisymmetrized and consistent with
the Pauli principle), and choose the two of the lowest energies to construct
the ground-state wave function of the system. In this case these would be de-
terminantal wave functions denoted by (x1(1)x2(2)) and (x1(3)x4(4)), since
the state of immediately higher energy than the ground state of two particles
is obtained by exciting one of them to the next level. Now, forming the prod-
uct of these two states and antisymmetrizing with respect to particle indices
does not cause the final wave function to vanish for violating the exclusion
principle, and thus this incorrect state is not excluded from the final wave
function as it should be. This feature is obviously retained when the pair
states are obtained directly, rather than as products of single-particle states.
Because of it, the ordinary theory of geminals, depending on the determi-
nation of two-particle states, does not allow the construction of a properly
antisymmetrized wave function that is consistent with the Pauli exclusion
principle. Hence, the well-known absence of an aufbau prinzip (building-up
principle) in terms of independently determined n-particle states. Of course,
antisymmetrization with respect to single-particle-state indices would take
care of the problem, and eliminate inappropriate wave functions, but this
procedure is not viable when n-particle states are determined directly and
independently of one another.

One of the applications of the n-particle picture made below involves the
generalization of the Hatree-Fock approximation to n-particle states. If one
attempted to determine n-particle states directly from the equations, coupled
with an antisymmetrization procedure with respect to particle indices, one
would encounter precisely the same difficulty as noted above. Instead, the
problem must be approached from a different perspective.

In this approach, we consider the evolution of a system of particles de-
scribed by means of the generalized HF equations as the interparticle inter-
action is turned on, starting from a single Slater determinant. The determi-
nantal state corresponding to the zero-interaction limit provides an “initial
condition” for solving the generalized HF equations within the n-particle pic-
ture. The states which evolve out of this procedure are known to satisfy the
Pauli principle in the zero-interaction limit, and the generalized HF proce-
dure to be described below maintains the correct symmetry as well as the
requirements of the exclusion principle.
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We also discuss the generalization of density-functional theory to n-
partical states, nDFT, and the possible extension of the local density ap-
proximatiom, nLDA. We will see there that the difficulty of describing the
state of a system properly in terms of n-particle states presents no formal
difficultie since DFT is directed only at the determination of the particle
density rather than individual-particle wave functions. The extent to which
practical applications of nDFT within a generalized Kohn-Sham scheme will
provide a viable procedure is commented upon below.

3 Generalization of the Hartree-Fock Ap-
proximation

The equations of the HF approximation are derived by taking expectation
values of the Hamiltonian with respect to a determinantal wave function
written in terms single-particle states, incorporating the orthonormality con-
dition by means of a Lagrange multiplier, and minimizing the expression

{(\II|H|\II> - Y6 [d3r [ i } [ i‘ ]} with respect to [ i_ ] . In the co-

ordinate representation, this yield the “eigenvalue” equation

N/2 2
[ V% + v(r) +Z/d3 ',¢] o)l :|¢i(r) (12)

J#i r'|

*( (T
- 5 [ erED ) - i),
J#

We note the presence of the direct or Hartree term and the exchange term,
third term inside the brackets and first term outside, respectively. The term
i = j can be included in the direct term since it is canceled by the correspond-
ing inclusion into the exchange term. Therefore, we have the well-known
result that the HF approximation does not include self-interaction terms.

We now extend the formalism just summarized to two-particle states. We
begin by writing the wave function of the system of N particles as the sum of
products of two-particle states each of which possesses the proper symmetry
under exchange of ordinary particles, and with the total wave function being
fully symmetrized or antisymmetrized with respect to exchange of individual
particles. Denoting such a two-particle state by the symbol :1 i ) we
have for the full wave function the expression given in Eq.(11).

We now envision these pair states to evolve out of free and non-interacting
plane-wave states as the interaction with the nuclei and between the particles
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are introduced. This is a natural way of viewing the evolution of a set of
initially free particles under the action of an external field (e.g. nuclear
attraction) and their mutual interaction. Under the action of the external
field the particles form a bound system, described approximately through the
solutions of the HF equations. The n-particle picture allows an approximate
description of the way in which the interaction among the particles now
modifies these HF states. Clearly, this description becomes exact as n —
N. At the same time, the solutions for the n-particle states should yield
a lowering of the total energy of the system compared to the HEF method
because of the more accurate treatment in the former of correlation effects
that would tend to keep the particles apart thus lowering their potential
energy.

In the procedure just outlined, the final wave function retains the proper
symmetry under exchange of state indices or particle exchange. This wave
function, described in more detail below, corresponds to a particular par-
tition of the particles into pairs, and each of the pairs is associated with
every possible two- particle state that can be formed by and evolves out of
an original set of single-particle free and non-interacting states. Denoting
by a zero subscript two-particle states in free space, we have the following

orthonormality
/d3r1d3r2 [ o } [ kol }
ry Ig 0 ) Iy 0

Y TR I T A L I A
- /d nd Tz[n 1‘2] [rl rz]_é'kéﬂ (13)
and completeness
v[i [
T ln o |, r, r 0
_ A T
= %:[rl rz] {r,l r,Q]—(S(x x') (14)

relations.

In order to generalize the HF equations to n-particle states, we perform
a variational procedure. In this procedure, it is convenient to identify clearly
and uniquely the particle space in which the two-particle wave functions are
acting. This identification is considerably easier when the particle pairings
are uniquely and distinctly defined, as is done in constructing the wave func-
tion or in partitioning the Hamiltonian. We can now obtain an eigenvalue-like
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equation for the two-particle states

i_ by following the same formal
2

procedure as in the single-particle case. From the variational condition

5 [(\IllHI\IJ)—iZjeij/dsx[ii ] [zi H —0 (15)

with respect to [ ¢ )Z J we obtain the equation in the coordinate represen-

tation
2 6,1 ! ! 7/_7
[—Vx +V(x)+ /d 'V (x, X') pj (X )] [ < ]

+ ;/dﬁx’[;m ]*V(x,x’)
Qe -

where the two-particle density, pg;)(x), is given by the expression

pap(X) = D [ n;n ]* [ n;n } : (17)

nm#ijy

(16)

It should be emphasized that the combinations of “single-particle” indices,
such as i, j, are to be viewed as a single combined index denoting the pair
state that has evolved out of the individual particle states, 2 and j, under
the interparticle interaction (and the interaction with an external potential).

The generalized two-particle HF equations are seen to have a structure
equivalent to their single-particle counterparts, exhibiting the presence of a
direct term, written in terms of the density, and an “exchange” term. As
the canonical HE equations, the present expressions do not contain spurious
self-interaction terms. However, unlike the single-particle equations, they
allow the determination of fully correlated two-particle states removing to
this extent the most basic objection to the HF method.

3.1 Numerical illustration

We present. the resulting calculations of single-particle spectra for four elec-
trons (2 of each spin direction) on a linear ring of four sites. The single-
particle single-band Hamiltonian describing the non-interacting system is
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defined by its matrix elements in a tight-binding representation,
Hz(Jl) = 6,‘51‘]' + tija (18)

where ¢; is an on-site energy, and ¢;; represents electron hopping from site ¢ to
site 7 and is taken to connect only nearest neighbor sites. In the calculations
reported here, we set ¢; = 0 and ¢t = 1.0. Also, the energies were assigned
an imaginary part of ¢/4.0 for ease of presenting the spectra. Within this
picture, a description of interparticle interactions is often given by means of
a term Ujjn;n; being added to the Hamiltonian of non-interacting particles,
where Uj; represents the Coulomb repulsion between two electrons on sites
7 and j, and n; is the number operator for an electron on site i. Usually,
U is taken to be site diagonal and we will also take this to be the case. In
a (restricted) HF treatment of this mode! Hubbard Hamiltonian, the pair
of number operators n;n; is decoupled by replacing one of the two opera-
tors by its expectation value. This in turn leads to a Hamiltonian of the
non-interacting type, Eq.(18), but with all on-site energies displaced by an
amount U(n;}. In this description the structure of the single particle spec-
trum remains identical to that for non-interacting particles.

We now generalize the HF treatment just described to two-particle space.
The two-particle space associated with a ring of four sites is a torus of 16
sites and the Hamiltonian describing two non-inetarcting particles has the
form,

D=l + ) 6 + £ [(1 = 8By + (1 — 6;0)8u] (19)

This describes a single particle on a torus with site energies ¢ + ¢; (cor-
responding to two particles on the linear ring being on sites ¢ and j), and
nearest-neighbor hopping ¢. The interaction between the particles is de-
scribed by the operator f{U)n;n;ngn,, where f(U) is a function of config-
uration. Thus, when the indices ¢, j, k,[ are all different from one another,
f(U) = 0.0. When only two of the indices are identical, f(U) = U, and in
the case of two different pairs of identical indices, f(U) = 2U. In the present
version of the HF approximation, we decouple the four number operators by
replacing two of them by their expectation value (average). In this case, we
find that the sites along the main diagonal of the torus have their on-site
energies shifted by an amount 2U (ngny) + U{ngn) = 53U, while the energies
on sites off the diagonal are shifted by U(n;n;) = ¥. Thus, the two-particle
interacting Hamiltonian, which would contain a term U along the main di-
agonal of the torus, has all on-site energies shifted by the average energy of
a pair of opposite-spin electrons on a site.

Figures 1 shows, for U = 10.0, the single-particle spectra for four electrons
on a ring of four sites (half-filled band) obtained in the ordinary version of HF
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Figure 1: Single-particle spectra for a ring with four sites with U = 10.0.
The solid line is the spectrum calculated from the restricted HF while the
dashed line is the spectrum obtained with the 2HF, and the dotted line is
the exact spectrum.

treatment (restricted HF) (solid lines) and in the two-particle generalization
of this approach described above (dashed lines), compared to the exact results
(dotted line). The exact results were obtained from the exact Green function
of the four-electron system by inverting the full configurational matrix in
four-particle space, and integrating out (summing over) the coordinates of
three of the particles. Also, for the sake of ease of comparisons, we do not
display the shift in the on-site energies since they do not affect the structure
of the spectra.

As the present results indicate, the single-particle HF approximation is
completely insensitive to the presence of interparticle interactions. On the
other hand, the use of 2HF, the present method, which essentially consists
of the treatment of two-particles, provides a much improved representation
of the exact spectra.

4 Generalization of DFT

Given the formal similarity between the Hamiltonians defined in Eqgs.(2) and
(5), it follows that the ground-state energy, E, is given in terms of a universal
functional of the pair (or n-particle) density, n(x), which attains its minimum
value for the exact pair density. Furthermore, within a Kohn-Sham scheme,
the form of this functional is identical to the functional of ordinary DFT but
is given in terms of the correlated pair density. The details of this derivation
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are similar to those of ordinary DFT and are presended elsewhere [30, 33].
We thus confine ourselves to the final result. The energy functional which
determines the density in two-particle phase space can be written in the form,

Eln(x)] = Te[n(x)] + Un(x)] + Bx[n(x)], (20)

where T;[n(x)] represents the kinetic energy of a system of non-interacting
particles at the density [n(x)], the quantity U{n(x)] is defined by

Uln(x)] = / AoV (x)n(x)
+ /d%l/deZn(xl)V(xl,xz)‘n(xg), (21)

and Ey.[n(x)] contains the difference between the exact kinetic energy
T[n(x)] and that represented by Ti[n(x)], as well as the difference between
the exact interparticle interaction and its “classical” approximation given by
Eq.(21),

E[n(x)] = Tnx)] - Tyn(x)] + / doz, / dfz,
x  V(x1,x2) [n(x1,x2) — n(x;)n(x)]. (22)

Here, n(x;,x2) represents the two-particle correlated density in two-particle
space or, equivalently, the correlated density of four ordinary particles. As
in ordinary DFT, the exchange-correlation functional is not known but can
be used in a local density approximation (LDA) sense through, for example,
the study of 6-dimensional jellium.

Both formal analysis and computational developments associated with
DFT can be carried over intact to nDFT. For example, the exact two-
particle ground-state density, no(x), can be determined through a constrained
search[34] for that many-particle, properly symmetrized or antisymmetrized
wave function, with symmetry imposed with respect to ordinary particles,
which yields ny and also minimizes the many-particle energy, T'+ V},5, where
Vop denotes the interparticle interaction in two-particle space. Essentially
any method developed within a single-particle application of DFT for the
study of electronic structure can, with appropriate technical modifications,
be extended to two-, or n-particle states. The use of multiple-scattering the-
ory to calculate fully correlated two-particle densities in solids will be given
in a future publication.

4.1 Numerical illustration

In order to illustrate the role played by the two-particle density in the deter-
mination of the electronic structure, we study the single-particle spectrum of
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four electrons of total spin zero on a four site single-band linear ring described
by a Hubbard Hamiltonian

=Y edet 5 X tycle; +U X nigns, (23)
i

i>] i

where ¢! and ¢; are creation and annihilation operators for an electron on
site 1, the site energies ¢; are chosen equal to zero, the hopping term t;; is
confined to near neighbors and set equal to 1.0, and the on-site Coulomb
interaction felt by electrons of opposite spin is taken to have the values
1.0 and 10.0, with the respective results shown in Figs. 2 and 3. Exact
two-particle and single-particle Green functions and spectra are obtained in
down-folding procedure by summing over (integrating out) the coordinates
of one and three of the particles, respectively, in the four-particle Green
function. This, in turn, is obtained through the usual procedure as a “single-
particle” Green function in a four-particle phase space which in the present
case leads to a 256-dimensional matrix. We also include results obtained
within a version of the GW approximation in which the self-energy,

iy (E) = lim % /e_i“”’Vsz(w)Gﬁ(E — w)dw. (24)

is given in terms of the exact single-particle Green function and the exact
screened interaction which is determined in terms of the non-interacting, zero
superscript, and exact two-particle Green functions, W;;,u(E) = {Gg.’}k,_l -
G ™'}

Finally, we also show the single-particle spectra derived through down-
folding from an averaged two-particle Green function in which two-particle
states are obtained in the presence of another pair of particles. These states
are consistent with the Pauli exclusion principle but neglect the interactions
among configurations of two-particle spaces. In all cases the energy was
assigned an imaginary part of 0.25¢ for presentation purposes.

As is seen in these figures, these averaged results are in considerably
better agreement with the exact spectra than those obtained in the present
version of the GW approximation, particularly for large values of U. One
also sees that the averaged results overestimate the gap in the strong U limit
as may be expected in a non-self-consistent procedure of this type. Even
for U/t = 1.0, a region in which the GW approximation has ben found to
give accurate results for real systems, the averaging of the two-particle Green
function in the presence of a finite density resolves the band structure much
more accurately. We note the resonance at U = 1.0 which is missed in the
GW results, and that both approximate results are displaced somewhat with
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Figure 2: Exact single-particle spectrum (solid line) for four electrons on
a four-site ring compared with the results of a GW approximation (dash-
dotted line) and those obtained from an effective two-particle Green-function

(dashed line) for U = 1.0.

n(E)

Figure 3: Results analogous to those of the previous figure but for U = 10.0.
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respect to the exact ones. Much of this effect, along with the wider gap
in the stron U limit mentioned above can be traced back to the incomplete
treatment of the Pauli principle, i.e., the neglect of configuration interactions.
Both of these approximations can be expected to improve with increased
dimensionality and lattice connectivity. More detailed discussions of these
and other similar numerical results than can be presented here will be given
in a future publication.

5 Discussion

The formalism presented here indicates the unifying power of the n-particle
picture and provides an extension of the HF and density functional theories
to the treatment of fully correlated two-particle states, (and by a straightfor-
ward extension of n-particle states). In the case of the HF method, it allows
the study of correlation effects in a systematic way in terms of increasing
the unit size, becaming exact as n — N. In the case of DFT, it leads to
a general minimum principle governing correlated densities in quantum sys-
tems which is analogous to the principle governing single-particle densities.
This formalism also becomes exact in the limit in which the entire system
of particles is treated as a single unit. Thus, within an n-particle picture,
HF theory and DFT are seen to be two different methods leading to exact
results in the same limiting procedure.

Although its computational implementation of the method, say within a
partial-wave analysis, increases in difficulty rapidly with increasing dimen-
sionality of the n-particle phase space, its application to two-particle states
is well within the domain of present computational technology.
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Abstract

Among the various conditions which should be satisfied by any
exchange-correlation functional, some classes of conditions are less im-
portant for some practical applications to molecular systems. In this
article, emphasis is brought to the % and % asymptotic behaviour
which should be satisfied by energy functionals and potential func-
tionals. It is shown that the rigorous derivation of the potential from
the energy functional is not a critical requirement, and that, as far
as preliminary results are concerned, the present potential function-
als having the correct asymptotic behavior do not necessarily improve
the theoretical determination of geometries of molecules. Some trends
are deduced from calculations of molecular geometries with potential
functionals possessing the correct asymptotic behaviour, and some hy-
potheses about missing features in the potential, like an improved shell
structure are discussed.
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1 Introduction

It is well known that many sets of conditions should be fulfilled by density
functionals. A somewhat arbitrary but hopefully useful personal classific-
ation scheme may be the division of these conditions, most of them being
summarized in the "shopping list" of Perdew et al. [1], into 4 classes of
properties:

1. the scaling properties of the exchange-correlation energy functionals
E,., which can be subdivided in properties of the exchange functionals
E. and the properties of the correlation functionals E, [2, 3, 4, 5].

2. the sum rules which involve the exchange-correlation hole, and which

also can be subdivided into relations for the Fermi (exchange) hole
p=(r, r’)[1, 3, 4,6, 7] :

/ pe(ry ') dr' = —1 (1)

pa(r, r’) <0 (2)
e(r) < 0 (3)
and for the Coulomb (correlation) hole p.(r, r’). [1, 7, 8]

/ pe(r, ) dr' =0 (4)

Pc(rs I") <0 (5)
elr) < 0 (6)

€:c(r) being the exchange-correlation energy density.

3. the asymptotic properties of the E_. energy functionals and the V.
potential functionals. Let us recall that, in the Kohn-Sham formalism
[9], this last one is related to the E.. functional through the functional
derivation: 5 Boclp]

zc|Po
Vaeo(X) = — 7
() = 55 ™

Now, whereas the long range behaviour of the exchange-correlation
energy density should follow [10]:

lim ece = 5 (8)
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which turns out to be (vide infra)

lim €, — i (9)

r—oo r

one should have, simultaneously, for the long range behaviour of the
exchange-correlation potential:

-1

lim Ve - — (10)
r—00 r
which also turns out to be (vide infra)
. -1
lim V, - — (11)
r—00 r

4. the fourth class of conditior assumes that, for a slowly varying density,
one should recover the uniform gas limit and its gradient expansion.
This very last requirement is sometimes called the Kohn-Sham (KS)
quadratic condition.

These conditions have been used as guideline for the elaboration of accurate
exchange-correlation functionals and have permitted the obtention of some
of the most popular exchange and correlation functionals of the time being.
Called "non local functionals" at the beginning, all these functionals are func-
tion of p and Vp and for that reason they are often called gradient-corrected
functionals to emphasize the fact that the use of gradient dependent terms
corrects some deficiencies of the LDA (local density approximation). Follow-
ing Perdew [8], most of them, derived from a gradient expansion of the energy
functional, are called GGAs (generalised gradient approximation). Accord-
ing to Ziegler’s classification [11, 12], these functionals belong to the so-called
second generation of functionals of the DFT, the first one corresponding to
LDA functionals. However, as it has already been shown by Umrigar, Gonze
[13] and others, none of them satisfies all the four classes of conditions. This
is rapidly summarized in Table 1 where it is easily seen that on the one hand,
the Becke exchange energy functional (Be88), [14]) is the unique one which
satisfies the condition (9), provided it is used with an exponential density
(e.g. not a gaussian one). On the other hand the PW91 exchange energy
functional [8] satisfies much more scaling relations than any others, and, al-
though possessing an analytical form which derives from Be88, it does not
fulfil the condition (9).
In this paper, we would like to address the following questions:
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Table 1: Known properties of the exact density functional. (+- means some,
++4 means most)

-
o
>

Properties
Sum rulest
J pa(r,7) dr' = -1
p=(r,7') <0
E.p] < 0
i) Pc(”‘, rl) dr' =0
pe(r,) <0
Elp] <0
Scaling properties'!
Asymptotic behaviors
lime, — 3= - + - -
limv, » = - . i}
LDA limit for constant p(z) | + + + - n
quadratic LDA limit. - + - +

Be88 | PWOI(X) | LYP | PW91(C)

+
- +
+

Tl ++++ +

t see ref.[13], [5] and [2].
1t see ref.[13] and [7].

e are there any significant difference in the optimized geometries obtained
using the present potential functionals satisfying the asymptotic con-
dition (9) and other standard pure or hybrid DFT functionals?

o is there an increased sensitivity to the so-called auxiliary basis sets used
in most DFT codes for this class of potential functionals?

e how sensitive are other electronic properties like the dipole moment to
this class of potential functionals?

e how sensitive are the optimized geometries obtained using the present
potential to the energy functional selected for the computation of the
exchange energy?

e how sensitive are the optimized geometries obtained using the present
potential to the correlation energy and potential functional selected for
the computation?
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2 Towards a hierarchy in the conditions ful-
filled by the functionals

We are skeptical about the possibility of finding an exchange-correlation func-
tional in the near future, satisfying simultaneously all the following require-
ments:

1. it is quasi-universal, i.e. applicable to both quasi-uniform systems (like
metals band structures) and strongly non uniform systems such as small
hydrogenated molecules.

2. it fulfils simultaneously all the scaling relations |2, 6] and the sum rules
[8] (¢f Table 1) prescribed by Levy, Perdew and others [5, 4].

3. it is analytically simple and smooth: whereas this feature may look
important for the computational time necessary for the description of
extended molecular systems, this is not the point we want to underline.
What is important is to have a smooth energy functional and smooth
successive derivatives. In particular, the potential (first derivative) and
its derivative control the KS density, so that any abrupt feature in the
potential may lead to oscillations in the density. This point has been
highly neglected up to now, but it is important because a potential
which is not smooth everywhere may generate spurious peaks in the
density in some parts of the space, which may lead to difficulties or im-
possibilities to converge properly calculations, in particular geometry
optimisations. This occurs mainly when extra terms are added to the
E.. functional in order to satisfy more scaling properties, whereas the
numerical value of the energy itself, is not significantly modified. Un-
fortunately, this is especially the case of the PW91 functional, which
has been designed in order to fulfil a maximum of scaling relations and
to provide an analytical formulation of the numerical PW91 functional.
This last one contains sharp cut-offs used in its elaboration and intro-
duced in order to satisfy the sum rules. This has been underlined by
the authors themselves [15, 16, 17, 18] and others, and is illustrated
in Fig. 1 in the case of the correlation hole of the helium atom. (see
[15] and references therein or [3]). Similar features are present in the
exchange functional, although less visible on a small graph.

Whereas extra terms added in the energy functional can be of little
numerical significance in the energy determination, because it is an in-
tegral property which is not sensitive to the parts of space where the
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Figure 1: System-averaged correlation hole density in the Helium atom (LDA,
Numerical GGA, exact, from ref. [16]).

density is small, they can be of larger significance in the corresponding
potential. In other words, a potential which is not smooth in the whole
space leads to both numerical instabilities which make more difficult
the SCF convergence of Kohn-Sham equations and the reliability of the
corresponding density. This conclusion may be emphasized by the ex-
pansion of the basis set used, the largest one leading not necessarily to
the best results (vide infra). Therefore, and unfortunately, the increase
in the size of the basis set does not necessarily leads to more accurate
theoretical properties, as it has been already found by many DFT prac-
titioners 19, 20, 21]. In a recent paper, Gill [20] have shown that some
numerical terms present in the Lee-Yang-Parr (LYP) [22] functional
are of little significance since for a set of 56 molecules, namely the G2
set [23], only one half of molecules exhibit improved descriptions {bond
energies, geometrical structures) when these terms are present, whereas
one third of these molecules were more poorly described!

. it possess asymptotic properties for both E,. and V.. Indeed, it has

been shown by Engel et al. [24, 25] that requirements given by Eq.
(8) and (10) can be satisfied only if the functionals depending on the
density and the gradient of the density contain also demsity laplacian
terms. This immediatly suggests that accurate calculations will be ne-
cessary because of the well known numerical instabilities of successive
derivations. Nevertheless, quite encouraging results have been already
obtained with E.(p, Vp, Ap) functionals, in particular for the descrip-
tion of loosely bonded systems [26, 27, 28].
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5. it is “Kohn-Sham quadratic”, 7.e. which lets recover the gradient ex-
pansion for densities slowly varying from the uniform systems.

Therefore, at least for pragmatic reasons, it is necessary to choose among
the 1-5 requirements which ones are less (or most) important for the de-
scription of electronic properties. We will briefly comment these classes of
requirements.

o It is clear that in the description of finite or infinite systems, some of
the non-uniform scaling properties pointed out by Perdew, Levy and
others are of little importance because they may be quenched by the
vanishing density through the energy determination. In a similar vein,
for the study of 3D-periodic systems, the density never vanishes, and
problems related to the divergence of the reduced gradients = LY”, ('l_)l
should not be relevant, at least for other systems than Van der Waals
solids. On the other hand, the satisfaction of some sum rules may re-
main important. For instance, the integration of the Fermi hole to -1,
property which is fulfilled by the LDA and PW91(X) exchange func-
tional, but not by other exchange functionals, [13], should remain a
promising direction for improving functionals. Indeed, as already said,
the PW91(X) exchange functional, through its elaboration, just trun-
cates the gradient expansion when the sum rule becomes satisfied [15].
Although it is smoothed through its analytic form, one can see (Fig.2)
that it is possible that it could undercompensate and overcompensate
the deviation of the exchange-correlation energy w.r.t. the LDA in
some parts of the space, in particular at large (reduced) gradients.

¢ In a recent paper [20], Gill showed that the necessity for a good func-
tional to be “Kohn-Sham quadratic” is a weak constrain, since we know
exchange functionals which are not KS quadratic (e.g. Be88), and
which perform at least as well as the best KS quadratic exchange func-
tional available (e.g. PW91(X)) (the two being very similar). However,
this assumption does not necessarily hold for all systems and it is
probably restricted to many theoretical properties (mostly energetics),
whereas some properties may remain more sensitive to the exchange-
correlation functional quality.

e The necessity to have a simple analytical form is certainly a condi-
tion which has no physical basis, but which is necessary if one wants
to avoid spurious noise in the determination of molecular structures,
an effect which is generally emphasized by the use of large basis sets.
This point has been recently underlined by better results obtained with
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Figure 2: Radial exchange energy density re(r) for neon atom for LDA
(line), LDA + Be88 exchange functional (+), and PW91 exchange functional
(x)(from ref. [2]. The broken part of the PW91 curve should be related to
an over/undercorrection of the LDA.

basis sets of medium size compared to results calculated with exten-
ded basis sets [20]. This clearly indicates that, at least, small density
regions described by diffuse functions, are not energetically properly
described by some of the GGAs. As a consequence, the grid used for
the numerical integrations has to be increased significantly. For ex-
ample, the radial grid in deMon [29] which is sufficiently accurate with
32 points for LDA calculations, has to be extended to 64 points for
GGAs [30] calculations. This point is, however, not true for fully nu-
merical, basis set free, programs like NUMOL [31, 32, 33] which are
unfortunately scarcely used in the world, although in these conditions,
such a code has also to increase considerably the number of points to
keep the required numerical accuracy.

The necessity to fulfil condition Eq. (8) for E,. is possibly responsible
of the prefered choice of the exchange Be88 functional by many DFT
practitioners which select the functional leading to results in the best
agreement with what they expect. This is certainly amplified by the
presence of this functional in most widely distributed DFT codes, but
this preference takes essentially its origin in the fact that Be88 leads
statistically to the most accurate bond energies of molecules (provided
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a reasonable choice is made for the correlation functional). This good
performance is certainly related to the fact that it is important to fulfil
the condition Eq.( 9) and among all the exchange energy functionals,
only Be88, although approximately, does. (vide supra). Of course, as
already said, the choice of the correlation functional used together is
important, but, at least to begin, it may be considered as less essential
for two reasons:

— for molecular systems, the correlation energy is approximately one
order of magnitude smaller than the exchange one,

— the correlation is more a short range property (superconductors
excepted, which are far from molecular systems we refer to), so
that the long range behaviour is mostly driven by the exchange
functional.

It is remarquable that, LDA excepted, no correlation functional satis-
fies Equation (4) (PW91(C) does not, because it contains corrections
to deficiencies of the exchange part of the PW91 exchange-correlation
functional, which fulfils Equations (1)+(4) for the whole exchange-
correlation functional). However, on the one hand, the separation of
correlation energy from exchange, although being always possible, is
not necessary since this is only the sum of Equations (1)+(4) which
has to be satisfied. On the other hand, the decomposition for a many
electrons system of the exact exchange-correlation potential into ex-
change and correlation components has seldom been done[34, 35, 36].

3 Importance of the asymptotic behavior for
the potential

The signification of the HOMO eigenvalue in “exact” KS calculations (z.e.
with the true (unknown) exchange-correlation has been clearly identified by
Levy, Perdew and Sahni as equal to the chemical potential pu = §E/§p be-
cause the long range exponential decay of the electron density is

exp(—(—24)'/?r) [37). These authors [37], as well as Almbladh and von
Barth [38} proved that this eigenvalue should equal the ionisation potential
I, provided that the derivation is taken on the electron deficient side of the
integer number of electrons. This is related to the proof by Perdew, Parr,



114 H. Chermette et al.

Levy and Balduz that [39]
p=—Ifor Z—-1<N<Z

p=—-AforZ<N<Z+1

(A being the electroaffinity). This rises the point of the discontinuity of
u, therefore of egomo as N passes through an integer value (e; being the
eigenvalue of the spinorbital i). Accordingly, the correct asymptotic beha-
viour of the V. potential for a closed shell system should not be —1/r, but
—1/r+ (I — A)/2 [39, 3]. Moreover, one should have for open shell systems
egomo = —1I and erypmo = — A, the difference between them being brought
by the spin polarization. This holds for any atom, if no spherical average
is made, but for a delocalised system (e.g. metal), this difference vanishes.
For a detailed discussion of the impact of the sphericity of the density on the
total energy, see Baerends et al. [40], and for a documented discussion on
the relation between egomo, erumo, I and A, see Russier [41].
Nevertheless recently were proposed V.. functionals which exhibit
the correct asymptotic behaviour (in the following, when not explicitly stated,
the correct asymptotic behaviour means —1/r). Van Leeuwen and Baerends
(VLB) proposed the first one, based on the Be88 exchange analytical form
[42], and parametrized in order to recover the true KS density of the beryl-
lium atom. They proposed to compute the E., through a line integral [43].
A few months later, Lembarki, Rogemond and Chermette (LRC) proposed
two V; functionals {44] exhibiting the correct asymptotic behaviour. Since
the correlation potential is short range, only the V, was derived, and a correl-
ation potential was further added in the computation of densities and total
energies of systems. These V, potentials were parametrized in such a way
that they had either the Be88 analytical form, or a form derived from the
PWO1 exchange form. Roughly speaking, the parameters were fitted in or-
der to recover the ionisation potentials (IP) of a panel of atoms, since the
HOMO eigenvalue should be equal to the IP. More precisely, the fit was
performed in order to recover the optimized potential model (OPM) eigen-
values [44]. Whereas the Be88 form requires only one parameter to be fitted,
the (modified) PW91 form in LRC has 5 independant parameters, only 2
of them being fitted. The exchange energy FE, is obtained either through
a formula derived from the virial theorem, or, as in VLB work, with a line
integral [42]. Most exchange-correlation potential functionals do not show
the correct asymptotic behaviour. In fact, besides the aforementioned po-
tentials, one should also mention the potential based on the weighted dens-
ity approximation (WDA) which is much more computationally expensive
(45, 46, 47, 48, 49], the functional proposed by Jemmer and Knowles, which
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appears to be numerically instable [50], and the recently proposed functional
by Santamaria [51].

In section 5 are reported some results obtained with such V,, poten-
tials: our hope was to obtain better densities, and therefore better related
properties, and finally better geometries. Simultaneously we expected to
get reasonable energies: although the theory requires that the potential is
a functional derivative, otherwise the energy minimum point does not co-
incide with the energy gradient zero area, we expected to get rather small
discrepancies because of the closeness of the energy functionals used and the
potential functional: we will develop this point a little further (section 6).

4 Calculation details

Calculations have been performed with deMon-KS 0.1 [29, 52] and ADF 2.0
[53, 54, 55] in which these functionals have been implemented. Geometry
optimisations have been performed for a panel of molecules which are ex-
tracted from the G2 set [23]. These molecules are already well described by
most of the GGAs and hybrid functionals such as B3LYP [56, 57]. The DZP2
basis sets were taken from Godbout et al. [58] for deMon calculations, and
from the so-called base V [53] for ADF calculations. The calculations were
made using the fine random grid, with 64 radial points within deMon, and
a required accuracy better or equal to 107 in the energy in the SCF cycles,
(deMon,ADF), and 107® in the energy gradient in the geometry optimisa-
tions. The quality of these basis sets for this class of molecules has been
established in many works. Without anticipating the following discussion,
we will see that the results are not as good as expected. We first thought
that it could be related to the quality of the auxiliary basis set, which is
used for the fit of the density, and for the exchange-correlation potential.
Consequently, in both kinds of codes, namely deMon which uses GTOs for
orbitals and auxiliary functions, and ADF, which uses STOs for orbitals and
auxiliary functions, we tested the saturation of the auxiliary basis set, by
inclusion of more diffuse functions which were expected to be lacking to a
correct description of low densities domains.

Unfortunately, it turns out that, whereas the energies may be differ-
ent, as expected, the geometries were not significantly modified.
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5 Results and Discussion

The point that if one starts from an optimised V,. potential, one can not fulfill
exactly the relation (7) has for a long time been responsible of the absence
of endeavours to parametrize V. , whereas many attempts to propose new
E.. have been published (8, 14, 16, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69].

Nevertheless, for many years, the GGA has been used successfully for
the computation of energies together with a LDA expression for the potential
Vee- Moreover, the geometrical structures are not significantly improved by
GGA potentials [11, 56, 70, 71, 72]. Therefore one can think of forgeting
the necessity to satisfy Eq. (7) and one could reasonably expect that ac-
curate calculations of energies and molecular structures could be obtained
using "senior" GGAs like Be88/P86, Be88/LYP or PW91/PW91 exchange-
correlation couples of functionals for the energy [14, 73, 22, 8], together with
V. functional satisfying the asymptotic condition (in the E, labels, the first
acronym describes the exchange functional and the second one designates the
correlation functional).

In order to investigate this point, we performed a series of calcu-
lations bearing on a subset of molecules constituting the G2 set {23] with
various strategies:

o the form of the potential, namely:

1. the use of the V,(B) potential with a correct asymptotic behaviour
as parametrized in [44],
22

_ yLDA _ 1/3 <
VeB) =V =283 o g i) (12

where the reduced gradient is z, = |Vf§(')

fitted on IP of atoms (o is the spin label).

and B is a constant

2. the use in some cases of the V,(PW) potential with a correct
asymptotic behaviour as parametrized in [44],

V,(PWO1) = VEP4 _ 94/3 E pl/3 (a2 — age~s%)s? (13)
) 1+ a3 b, s, sinh~1(a13,)

where the inhomogeneity wavevector is s, = ZZ%(%, kp is the

Fermi vector = (672 p,(r))}/® and a;, a3, asz and a4 are constants
fitted on IP of atoms or kept equal to PW91’s parametrisation of
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the E. exchange energy functional [8]. The constant b, is set to
3 . .
¥ order to satisfy (11).
o the technique for calculating the exchange energy

1. the calculation of the exchange energy via the virial formula [74],
relating the exchange energy to its potential, as proposed by Lem-
barki et al. [44] and Neumann et al. [3].

2. the calculation of the exchange energy through a “senior” GGA
energy functional like Be88 or PW91(X).

3. in some cases, some line integral have been performed, as did VLB
[42], and similar trends were obtained.

o the choice of the code, which is related to the nature of the basis sets
{i.e. STOs ws GTOs). No statistically significant deviation in the
structures have been found between the results obtained with deMon
and ADF codes, these codes exhibiting comparable computation times
for the geometry optimisations.

Three kinds of properties will be discussed in the following: the
geometry parameters deduced from geometry optimisations, the eigenvalues
of the HOMOs, and the dipole moments.

5.1 Molecular geometries

The results, which are summarized in Tables 2 and 3 have to be split into geo-
metries obtained by scans of the potential energy surfaces (PES), and those
obtained through optimisation codes included in ADF or deMon packages.

1. It is very unsatisfactory to see that the geometrical structures obtained
via standard geometry optimisations are generally worse than the LDA
ones. Let us recall that the LDA underestimates 80% of the bond
lengths of molecular systems, and overestimates only 10% of them.
GGAs, which reduce the overestimated bond energies, increase the
bond lengths in almost all the cases, leading to a small improvement
of most of the 80% of the bond lengths, but, with a few exceptions,
not for the 20% of the already correct or too long ones. The use of V,
with correct asymptotic behaviour leads to an overestimated weakening
of the bonds, and consequently to rather erratic, often too long bond
lengths.

From Table 2 one can see that strong deviations are obtained when the
two LRC forms of exchange potential are used, whatever the nature of
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Table 2: Bond lengths (pm) for selected molecules, as calculated with various
functionals. Summary of results (deviations from experimental values) ob-
tained for a subset of the G2 set of molecules. Geometries determined either
through standard optimizations (opt) or PES scans (scan).

Functional Average | Average
and (absolute) | relative comment
method deviation | deviation
LRC(B) (opt) 31 molecules
Equ.(12) 52
ADF (22) (reduced subset of 25 molecules)
LRC(B) (opt) 15 molecules
Equ.(12) 7 average over 3
deMon correlation funct.
LRC(PW) (opt) 70 13 molecules
Equ.(13) average over 3
deMon correlation funct.
LDA (opt) 2.1 2.5%
B3LYP 2.5% literature data
LRC(B)(scan)
Equ.(12) 1.5 1% 15 molecules
deMon
LRC(PW)(scan)
Equ.(13) 3.5 4% 15 molecules
deMon

the correlation functional used in connection. The largest discrepancy
stems from the bond angles which are even more erratic. From the data
set reported in Tables 3 and 2 the average relative absolute deviations
w.r.t experimental data amount 5 to 15 %, whereas it was only 2.5%

for LDA.

We calculated also some molecular geometries with the exchange-cor-
relation VLB potential functional, and similar trends can be observed,
in agreement with Neuman et al.’s observations {3].
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Table 3: Angles (degrees) for a subset of the G2 set of molecules (summary),
as calculated with various functionals.

Functional Average | Average Average
and deviation | absolute | relative absol. comment
methodt deviation deviation
LRC(B) (opt)
Equ.(12) 0.9 5.9 1.1% 10 molecules
ADF
LRC(B) (opt) average 3 correl.
Equ.(12) 1.0 10.0 2% functionals
deMon 6 molecules
LRC(PW) (opt) average 3 correl.
Equ.(13) 1.2 16. 3% functionals
deMon 4 molecules
LDA (opt) -1.6 2.3
LRC(B)(scan)
Equ.(12) 0.5 1.2 3 molecules
deMon

1 LRC(B)(scan) geometries determined through PES scans.

Therefore, one is tempted to conclude that the condition Eq. (10)
should not be considered as most important, at least for the determ-
ination of molecular structures. Whereas it is now well accepted that
GGAs for the E_. functional is clearly superior to that of the LDA,
this is less clear for the functional derivative of this functional, namely
the exchange-correlation potential V,.. Indeed, Neumann, Nobes and
Handy came to the same conclusion on test cases they performed on 2
molecular systems, namely HF and NHj, with the VLB potential [3].
They underlined the fact that the VLB functional does not give good
energies, could be related to the point that V.. is not the exact func-
tional derivative of the exchange-correlation energy, and this point will
be discussed later on.

If one postulates that functionals with the correct asymptotic behaviour
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are good for the description of regions far from the molecule nuclei, one
has to admit that those which have been used here are incorrect in re-
gions closer to the bonding domain, namely near the Van der Waals -
Connolly surfaces, or/and in the core shells. Indeed, further work is
necessary to assess such a conclusion.

2. However, in the second set of data, reporting scans of the PES for a

limited set of small molecules, it appears that the geometries obtained
are satisfactory. Moreover, the nature of the technique used for the
determination of E.. , namely the use of a "senior" E,. functional, or
the use of the virial theorem, as well as the use of a line integration (not
reported here), leads to quite similar geometries. This point is in ac-
cord with a similar conclusion obtained by van Gisbergen et al. in their
frequency-dependent polarizabilities [75]: they choose to use a "mixed
scheme" where a different approximation for f.. and V.. were used,
whereas f.. is the functional derivative of the exchange-correlation po-
tential V., with respect to the time-dependent density.
Indeed, although the geometries parameters look fine, they are not sig-
nificantly improved towards the experimental values, relatively to the
GGA values. Further calculations are still needed in order to give con-
fidence intervals, since the basis sets choices may affect the accuracy.

5.2 Eigenvalues

Let us recall that the LRC potential, which is fitted on a panel of atomic
IP, leads to good IP for most (if not any) atomic IPs. This is unfortunately
not true anymore for the molecular systems for which a shift between experi-
mental IPs and the eigenvalues spectrum remains [76]. This shift is definitely
smaller than those of the LDA or other GGAs, but it is significantly larger
than for atoms. Indeed, it corresponds to an overcorrection with respect to
the LDA, and this could be related to a proportionnally smaller importance
of low density domains in molecules than in atoms. This overcorrection was
also noticed by Casida with the VLB potential [77].

5.3 Dipole moments

It is well known that the dipole moment is an electronic property which is
very sensitive to the quality of the theoretical approach used, so that, for ex-
ample, only trends can be discussed from results issued from semi-empirical
calculations. Therefore, an other measure of the efficiency of the V,, potential
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is given by the accuracy of the dipole moment calculated with the correspond-
ing density; for sake of comparison, calculations have to be performed at the
same reference geometry as, for instance the experimental one. Table 4 sum-
marizes the deviations (with respect to experimental values) obtained at both
the self-consistently optimised geometries and the experimental geometries,
in regard to the dipole moments calculated within the LDA approximation.

Table 4: Dipole moments (debye) for selected molecules, as calculated with
various functionals for a subset of the G2 set of molecules (summary).

Functional Average | Average
and absolute | relative comment
methodt deviation | deviation
LRC(B) (opt)
Equ.(12) 0.23 25% 11 molecules
ADF
LRC(B) (opt) average of 3
Equ.(12) 0.32 correl. funct.
deMon 5 molecules
LRC(PW) (opt) average of 3
Equ.(13) 0.98 correl. funct.
deMon 5 molecules
LDA (opt) 0.085 13%
LRC(B)(exp)
Equ.(12) 0.15 27% 10 molecules
ADF 0.12 6% subset of 9 molecules

1 LRC(exp) = calculation with LRC densities calculated at experimental
geometries.
1 LRC (opt) = calculation with LRC densities calculated at LRC optimised
geometries.

It appears that the results obtained at the experimental geometries
are not far from the results obtained at the LDA level of approximation,
wheras the dipole moments determined at the optimised geometries are def-
initely worse, underlining the lack of accuracy in the standard geometry
optimisations. Indeed, these preliminary conclusions need the completion of
statistics bearing on a larger number of molecules. Casida [78] lead to sim-
ilar conclusions with the VLB potential, obtaining dipole moments generally
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comparable to, and sometimes worse than, dipole moments calculated with
the LDA. The relatively small incidence of the V. exchange-correlation po-
tential in the KS equations for the determination of properties like the dipole
moment has already been pointed out in different problems. For instance,
Wesolowski found similar trends in the Kohn-Sham with constrained density
(KSCED) method [79]: Let us recall that, in this approach, the electronic
system is divided in two parts, one of them is just a frozen density, whereas
the second part is described by KS orbitals in presence of the frozen dens-
ity [80]. These orbitals obey to KS-like equations in which the Hamiltonian
contains supplementary terms, in particular the functional derivative of the
non-additive kinetic energy with respect to the density. Wesolowski et al.
showed recently that the choice of the kinetic energy functional is important
in an accurate description of hydrogen-bonded systems (kinetic energy func-
tionals with- GG As form being the best), in particular for the bonding energy
and the equilibrium distance [79, 81). However the dipole moment was shown
to be rather insensitive to the choice of the kinetic energy functional used for
the description of the non-additive kinetic energy term [79].

5.4 Other properties

We did not look at other properties, but it is worthwhile to mention the
work performed by Casida et al. with the time dependent DFT formalism
for the determination of polarizabilities and excitation energies within the
linear response approach, both properties being very sensitive to the large
r behavior of the exchange-correlation potential [78]. They made use of the
VLB functional and obtained a strong improvement of the polarizabilities
over the LDA, although they observed also an overcorrection of LDA ws
experiment [82].

6 Concluding remarks

Although the set of studied molecules was strongly limited, it is worth noting
that molecules involving only & bonds look rather better described than mo-
lecules involving 7 bonds. It is interesting to underline that this qualitative
classification was already true, but less pronounced, for GGAs [83]. Let us
recall that systems like cumulenes are unsatisfactorily described by GGAs
[84]. We can conjecture that all systems for which m orbitals, and more
generally orbitals with nodal planes or nodal surfaces playing an important
role in the electronic structure, are badly described by pure DFT function-
als. This means that the self-interaction correction which is described only
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to a small extent via gradient terms, is more poorly taken into account for
these 7 orbitals than for others. One is lead to conclude that this is directly
connected to a weak description of the shell structure of atomic or molecular
systems.

The third generation of density functionals [11, 12], tries to improve
the deficiency of GGAs by at least three different approaches:

e the use of explicitly self-interaction corrected functionals, for which the
price to pay is to handle orbital-dependent functionals. We will refer to
Gross et al’s work in this area [85, 86}, which uses the Krieger, Li and
Jafrate approximation [87, 88], and to Goedecker and Umrigar’s recent
work [89]. It is interesting to note these authors found better atomic
properties, but worse geometries of small molecules.

e the introduction of a part of pure exchange part in the V, exchange
potential, as proposed by Becke in 1993 [90]. Such use of an hybrid
functional is now widely used through the functionals called B3xxx
in Gaussian code [91] and (misleadingly) adiabatic connection method
(ACM) in MSI softwares [72]. The interesting point is that the amount
of correlation, optimised by Becke with the Perdew-Wang 91 correlation
functional, is found to be satisfactory for the LYP correlation functional
[92], which does not fulfill the same scaling conditions as PW91, as
discussed in section 2. This is a consequence of the short range of
the correlation, which lets the geometry of molecules to be driven by
the exchange functional. In a recent paper, Ernzerhof, Perdew and
Burke [15] underlined the fact that the part of pure exchange in hybrid
functionals is not universal, and should amount 0.25 or more. This
amount should be higher for 7 systems, and even higher for strongly
inhomogeneous systems like hydrogen-only componds. For these last
ones, we showed recently that an amount of ca. 45% of pure exchange
is the best [93]. Anyhow, the just discussed weakness of GGAs in the
description of multiple bonds, i.e. of = orbitals, is strikingly improved
by the use of hybrid functionals {94].

e A somewhat different and promising approach has been proposed re-
cently by Gritsenko, van Leeuwen and Baerends [95]. These authors
decomposed the potential into the Slater potential vs and the response
to density variations ¥,.,,. They showed that the latter exhibits the
peaks which reflect the atomic shell structure which is poorly described
by usual GGAs potentials. The potential they proposed possesses cor-
rect asymptotic and scaling properties. Although there is still room for
improvements, it would be worthwhile to see how molecular properties
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can be described with densities calculated using this potential. Work
in this direction looks promising {96].

In conclusion, the obtention of molecular structures by the use of an ex-
change potential possessing the correct asymptotic behaviour has not yet
lead to the expected accuracy, and a large room for improvement exists. We
have shown that the use of functionals especially designed for recovering the
ionisation energy as the HOMO energy (as they should) does not lead to
molecular structures sufficiently accurate. Since one remembers that usual
DFT assumes a continuous spectrum of eigenvalues, the so-called gap prob-
lem is directly connected to the failure of the attempt to build a V. starting
from Eq. (10). In finite systems like molecules, V,. should be shifted by a
constant which is directly related to the gap value, or in molecular terms,
to the HOMO-LUMO energy differences (i.e. to the hardness). At a first
glance, this would preclude a simple use of an universal explicit formula for
Ve, since the HOMO-LUMO energy gap should not be given as an input of
a first principle calculation. However this hindrance could be turned round
by the use of the linear response of the exchange pair-correlation function
to density variations as proposed recently by Gritsenko et al. [95, 96, 97].
Moreover, in a documented review, Casida [78] showed that the ionisation
threshold in time dependent DF response theory depends on the asymptotic
behavior of V,., and is related to the treatment of fractional particle num-
bers in the E,. energy functional. He gave a detailed survey of the status of
the present exchange-correlation potentials for time dependent DF response
theory.

However, if one.sticks to the type of functional discussed here, it
appears that the geometry optimizations may lead to rather good structures,
provided the geometry optimizer does not make use of gradients. This has
been seen on Table 2 for diatomics, and also for a few molecules for which
the geometry optimization has been performed step by step. One knows that
standard calculations of analytical derivatives of the exchange-correlation
integrals assume that V,, is the true functional derivative of E,.. The results
summarized in this work have shown that geometry optimisations conducted
through standard, gradient-conjugated-like, optimisers included in deMon or
ADF codes lead to erratic structures, pointing out the necessity to handle
an energy functional which is closely related to the potential functional. On
the contrary, the inclusion of an optimiser like the simplex algorithm, which
does not make use of energy derivatives [98] should give satisfactory results,
although less efficient for the computer time point of view.



Gradient-Corrected Exchange Potential 125

Acknowledgments

Mark Casida, Mel Levy and Andreas Savin are acknowledged for stimulating
discussions and helpful comments on the manuscript.

References
(1] J.P. Perdew, K. Burke, Int. J. Quant. Chem.,57, 309 (1996).
[2] M. Levy, J.P. Perdew, Int. J. Quant. Chem.,49, 539, (1994).
[3] R. Neumann, R.H. Nobes and N.C. Handy, Mol. Phys., 87, 1 (1996).
[4] J.P. Perdew, K. Burke, Y. Wang, Phys. Rev. B 54, 16533 (1996).

[5] M. Levy, in Density Functional Theory, E.K.U. Gross, R.M. Dreizler,
eds. Plenum, New-York, (1995) 11.

(6] M. Levy, J.P. Perdew, Phys Rev. B48, 11638 (1993).
[7] R.O. Jones, O. Gunnarson, Rev. Mod. Phys. 61, 689 (1989).

[8] 3.P. Perdew, in “Electronic Structure of Solids'91”, Eds.; P. Ziesche and
H. Eschrig, (Academic Verlag, Berlin, 1991).

9] W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133 (1965).
[10] N. H. March, Phys. Rev. A 36, 5077 (1987).
[11] T. Ziegler, Can. J. Chem, 73, 743 (1995).
[12] H. Chermette, L’ Actualité Chimique (Paris) 7, 10 (1996).

[13] C. Umrigar, X. Gonze, High Performance Computing and its Applica-
tion to the Physical Sciences, Proceedings of the Mardi Gras 1993 Con-
ference, ed D.A. Browne et al.,, World Scientific, Singapore, 1993).

[14] A. D. Becke, Phys. Rev. A 38, 3098 (1988).

[15] M. Ernzerhof, J.P. Perdew and K. Burke, Density Functional methods in
Chemistry, eds. B.B. laird, R. Ross and T. Ziegler, American Chemical
Society Symposium Series (1996).

[16] M. Ernzerhof, J.P. Perdew and K. Burke, in Density Functional Theory,
eds. R. Nalewajski, Springer, Berlin (1996).



126 H. Chermette et al.

[17] M. Erngerhof, J.P. Perdew and K. Burke, in Recent Developments in
Density Functional Theory, Theoretical and Computational Chemistry,
J.M. Seminario ed., Elsevier, Amsterdam (1997).

[18] J.P. Perdew, K. Burke and M. Ernzerhof, Phys. Rev. Lett. 77, 3865
(1996).

[19] B.G. Johnson, PM.W. Gill and J.A. Pople, J. Chem. Phys., 98, 5612
(1993).

[20] P.M.W. Gill, Mol. Phys., 89, 433 (1996).
[21] P. A. Stewart, PM.W. Gill, J. Chem Soc. Trans., 91, 4337 (1995).
[22] C. Lee, W. Yang and R.G. Parr, Phys. Rev. B37, 785 (1988).

[23] L.A. Curtiss, K. Raghavachari, G.W. Trucks and J.A. Pople, J. Chem.
Phys., 94, 7221 (1991).

[24] E. Engel, J.A. Chevary, L.D. MacDonald, S.H. Vosko, Phys. Rev. B 46,
6671 (1992).

[25] C.J. Umrigar, X. Gonze, Phys. Rev. A, 50, 3827 (1994).

[26] E.I. Proynov, A. Vela and D.R. Salahub, Chem. Phys. letters, 230, 419
(1994).

[27] E.I. Proynov, E. Ruiz, E. Vela, D. R. Salahub, Int. J. Quant. Chem.
$29, 61 (1995).

[28] H. Guo, S. Sirois, E.I. Proynov and D.R. Salahub, in "Theory of Hydro-
gen Bonds", John Wiley, in press (1997).

[29] D.R. Salahub, R. Fournier, P. Mlynarski, I. Papai, A. StAmant, J. Ushio,
in "Density Functional in Chemistry", J.K. Labanowski and J. Andzelm,
eds, Springer-Verlag, 77 (1991).

[30] A. Goursot, I. Papai and C.A. Daul, Int. J. of Quantum Chem., 52, 799
(1994).

[31] A. D. Becke, J. Phys. Chem., 88 , 2547 (1988).

[32] A. D. Becke, R.M. Dickson, J. Phys. Chem., 89, 2993 (1988).
[33] A. D. Becke, R.M. Dickson, J. Phys. Chem., 92, 3610 (1990).
[34] A. G orling, M. Levy, Int. J. Quant. Chem.,29, 93 (1994).



Gradient-Corrected Exchange Potential 127

[35] A. G orling, M. Levy, Phys. Rev. A 50, 196 (1995).

[36] C. Filippi, C.J. Umrigar, X. Gonze, Phys. Rev. A 54, 4810 (1996).
[37] M. Levy, J.P. Perdew, V. Sahni, Phys Rev. A 30, 2745 (1984).
[38] C.O. Almbladh, U. von Barth, Phys Rev. B 31, 3231 (1985).

[39) J.P. Perdew, R.G. Parr, M. Levy and J.L. Balduz, Phys. Rev. Lett. 49,
1691 (1982).

|40} E.J. Baerends, V. Branchadell, M. Sodupe, Chem. Phys. Lett., 265, 481
(1997).

[41] V. Russier, Phys Rev. B 45, 8894 (1992).
[42] R. van Leeuwen, E.J. Baerends, Phys. Rev. A 49, 2421 (1994).
[43] R. van Leeuwen, E.J. Baerends, Phys. Rev. A 51, 170 (1995).

{44] A. Lembarki, F. Rogemond and H. Chermette, Phys. Rev. A 52, 3704
(1995).

[45] H. Przybylski, G. Borstel, Sol. State Comm., 49, 317 (1984); 52, 713
(1984).

[46] J.A. Alonso, L.A. Girifalco, Phys. Rev. B, 17, 3735 (1978).

[47] O. Gunnarson, M. Jonson, B.I. Lundqvist, Phys. Rev. B, 20, 3136
(1979).

[48] O. Gritsenko, N.A. Cordero, A. Rubio, L.C. Balbas, J.A. Alonso, Phys.
Rev. A, 48, 4197 (1993).

[49] J. Charlesworth, Phys. Rev. B, 53, 12667 (1996).

[50] P. Jemmer, P.J. Knowles, Phys. Rev. A 51, 3575 (1995).
[51] R. Santamaria, Int. J. Quant. Chem. 61, 891 (1997).

[52] A. StAmant, thése, Université de Montreal, (1991).

[63] B. teVelde, E.J. Baerends, J. Comp. Physics, 99, 84 (1992).
[54] E.J. Baerends, D.E. Ellis, P. Ros, Chem. Phys., 2, 41 (1993).

[55] Amsterdam Density Functional, Theoretical Chemistry, Vrije Uni-
versiteit, Amsterdam, The Netherland (1995).



128 H. Chermette et al.

[56] V. Barone, J. Chem. Phys., 101, 6834 (1994); ibid 102, 384 (1994).
[57] V. Barone, L. Orlandini, C. Adamo, J. Phys. Chem., 98, 13185 (1994).

[58] N. Godbout, D. R. Salahub, J. Andzelm and E. Wimmer, Can. J. Chem.
70, 750 (1992).

[59] A. D. Becke, J. Phys. Chem., 85, 7184 (1986).

[60] A. D. Becke, J. Phys. Chem., 84, 4524 (1986).

[61] J.P. Perdew and Y. Wang, Phys. Rev. B33, 8800 (1986).
[62] D.J. Lacks, R.G. Gordon, Phys. Rev. A 47, 4681 (1993).
[63] A.E. dePristo, J.D. Kress, J. Chem. Phys., 86 1425 (1987).
[64] L.C. Wilson, M. Levy, B41, 12930 (1990).

[65] A. D. Becke, M.E. Roussel, Phys. Rev. A 39, 3761 (1989).

[66] J.P. Perdew, J.A. Chevary, S.H. Vosko, K.A. Jackson, M.R. Pederson,
D.J. Singh, C. Fiolhais, Z. Phys. D 23, 7 (1992).

[67] E.I. Proynov and D.R. Salahub, Int. J. of Quantum Chem., 49, 67
(1994).

[68] E.L. Proynov and D.R. Salahub, Phys. Rev. B49, 7874 (1994).
[69] A.D. Becke, J. Chem. Phys. 104, 1040 (1996).

[70] R. G. Parr and W. Yang, “Density-Functional Theory of Atoms and
Molecules”, (Oxford University Press, 1989).

[71] L. Fan, T. Ziegler, J. Chem. Phys. 94, 6057 (1991).

[72] C. Lee, G. Fitzgerald, W. Yang, J. Chem. Phys. 98, 2971 (1993).
[73] J.P. Perdew, Phys. Rev., B33, 8822 (1986), erratum 38, 7406 (1986).
[74] M. Levy, J.P. Perdew, Phys. Rev. A32, 2010 (1985).

[75] S.J.A. van Gisbergen, V.P. Osinga, O. Gritsenko, R. van Leeuwen, J.G.
Snijders, E.J. Baerends, J. Phys. Chem., 105, 3142 (1996).

[76] H. Chermette, unpublished.

[77] M.E. Casida, private communication.



Gradient-Corrected Exchange Potential 129

{78] M.E. Casida, in Recent Developments and Applications of Modern Dens-
ity Functional Theory, J.M. Seminario ed., Elsevier, Amsterdam, 391
(1996).

[79] T.A. Wesolowski, J. Chem. Phys. 108, 8516 (1997).
[80] T.A. Wesolowski, A. Warshel, J. Phys. Chem. 97, 8050 (1993).

[81] T.A. Wesolowski, H. Chermette, J. Weber, J. Chem. Phys. 105, 9182
{1996).

[82] C. Jamorski, M.E. Casida, D.R. Salahub, J. Chem. Phys. 104, 5134
(1997).

[83] P.M.W. Gill, B.G. Johnson, J.A. Pople, Chem. Phys. Lett., 197, 499
(1992).

[84] D.A. Plattner, K.N. Houk, J. Am. Chem. Soc., 117, 4405 (1995).
[85] T. Grabo, E.K.U. Gross, Chem. Phys. Lett., 240, 141 (1995).

[86] E.K.U. Gross, M. Petersilka, T. Grabo, Density Functional methods in
Chemistry, eds. B.B. Laird, R. Ross and T. Ziegler, American Chemical
Society Symposium Series (1996).

[87] J.B. Krieger, Y. Li, G.J. lafrate, Density Functional theory, edited by
E.K.U. Gross and R.M. Dreizler, Plenum Press, New York (1995).

[88] J.B. Krieger, Y. Li, G.J. Iafrate, Phys. Rev. B, 46, 5453 (1992).
[89] S. Goedecker, C.J. Umrigar, Phys. Rev. A 55, 1765 (1997).
[90] A.D. Becke, J. Chem. Phys. 98, 5648 (1993).

[91] GAUSSIAN 94 (Revision B.3), M.J. Frisch, G.W. Trucks, H.B. Schle-
gel, PM.W. Gill, M.A. Robb, J.R. Cheeseman, T.A Keith, G.A.
Petersson, J.A. Montgomery, K. Raghavachari, M.A. Al-Laham, V. G.
Zakrzewski, J.V. Ortiz, J.B. Foresman, J. Cioslowski, B.B. Stefanov,
A. Nanayakkara, M. Challacombe, C.Y. Peng, P. Y. Ayala, W. Chen,
M.W. Wong, J.L. Andres, G. Johnson, E. S. Replogle, R. Gomperts, R.L.
Martin, D.J. Fox, J.S. Binkley, D.J. Defrees, J. Baker, J.P. Stewart, M.
Head-Gordon, C. Gonzalez, and J.A. Pople, Gaussian, Inc., Pittsburgh
PA, 1995.

[92] V. Barone, Chem. Phys. Lett., 233, 129 (1995).



130 H. Chermette ot al.
[93] H. Chermette, H. Razafinjanahary, L. Carrion, J. Chem. Phys., to ap-
pear (1997).
[94] W. Kohn, A.D. Becke, R.G. Parr, J. Phys. Chem. 100, 12974 (1996).

[95] O. Gritsenko, R. van Leeuwen, E.J. Baerends, Int. J. Quant. Chem. 57,
17 (1995).

[96] O. Gritsenko, R. van Leeuwen, E. van Lenthe, E.J. Baerends, Phys. Rev.
A 51, 1944 (1995).

[97] O. Gritsenko, E.J. Baerends, Phys. Rev. A 54, 1957 (1996).
[98] J.A. Nelder, R. Mead, Comp. J., 7, 308 (1965).



Auxiliary Field Representation
of Fermion Kinetic Energy Density Functional *

J. K. Percus

Courant Institute of Mathematical Sciences
and Physics Department
New York University, New York, N.Y.

The kinetic energy, or thermodynamic potential, of a non-interacting Fermion
system, as a functional of the non-uniform density pattern evoked by an ex-
ternal potential, serves as a crucial tool in the analysis of interacting system
ground states. Examples from classical lattice gas and continuum fluid the-
ory are cited to show that analytic tractability can be dramatically enhanced
by the introduction of auxiliary density fields with respect to which a suit-
able thermodynamic potential is stationary. This strategy is developed for the
prototype of one-dimensional spinless Fermions, resulting in an exact highly
overcomplete representation. A semi-classical variational ansatz recovers the
familiar Thomas-Fermi plus renormalized Weiszacker expression, as well as
leading corrections, and a simple extension creates a simple modification of the
former. The corresponding 3-dimensional format is set up, and evaluated by
extrapolation from the 1-dimensional case.

1 Introduction

It is hardly necessary to discourse on the importance of determining the struc-
ture of many-electron systems. If one focuses on molecules and adopts a Born-
Oppenheimer viewpoint!, it is often sufficient to analyze the ground state of
such a system, and this will be our domain of interest. To this end, the density
functional approach? has become an increasingly effective tool. What we want
to do is to obtain information on the structural characteristics of valid den-
sity functionals in order to more reliably construct the parametrized empirical
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models that seem the most useful practical computational tools. For this pur-
pose, we will confine our attention to non-interacting spinless Fermions with
Newtonian kinetic energy. The crucial simplification is that of no interaction,
and even this assumes significance in the Kohn-Sham version® of approximate
density functionals, or in the Hubbard-Stratonovich? representation. However,
our aim is rather that of understanding how the physical underpinning is man-
ifested in the final structural form.

The vehicle we employ is that of overcomplete description, in which the
electron density, the independent function of density functional theory, is aug-
mented by a set of auxiliary functions with respect to which the system (free)
energy is stationary. Primitive lattice gases and one-dimensional classical fluids
are first used to indicate the genesis of such descriptions. The one-dimensional
free Fermion ground state kinetic energy (in an external field) is then decom-
posed into auxiliary field contributions in preparation for the overcomplete
description, two versions of which are presented in a general form and verified.
An explicit computation of the component free energies is carried out, in which
form a literal decomposition into Weiszacker and Thomas-Fermi contributions
is observed. Applications of the WKB approximation to the whole set of aux-
iliary fields results in one approximate variational expression for the kinetic
energy involving only the density, and others with an auxiliary coarse-grained
density. Some details are discussed, and a leading extrapolation made to the
3-dimensional domain.

2 Background

A simple fluid in thermal equilibrium, at its most primitive level of description,
is characterized by a particle density n{r) controlled by an applied external
potential u{r). In the grand ensemble, it is only the combination

u(r) = p —u(r), (2.1)

where y is the imposed chemical potential, that appears. Here, r denotes
a point in the full physical space, but if the fluid is not simple, it must be
expanded to include additional degrees of freedom. The system properties are
succinctly expressed by Qfu(r)], the grand potential, as a concave functional
(strictly concave, we assume) of the local chemical potential u(r). In particular,
the density profile is given by

n(r) = —8Qful/du(r), (2.2)

with higher functional derivatives bringing in higher distribution functions.
Near a thermodynamic singularity, ) is very sensitive to change in p(r), and a



Fermion Kinetic Energy Density Functional 133

more robust “inverse” formulation is preferable which turns out as well to be
that in which almost all explicitly solvable model systems assume their solvable
forms. The inverse formulation depends upon the fact that at given profile
{n(r)}, not only is (2.2) reproduced by the stationary principle

s (Q[p] + / n(r),u(r)dr) =0, (2.3)

but also the concavity of the expression varied shows that it is a maximum,
and the maximizing {(r)} is uniquely determined by {n(r)},

u(r) = plr;n]. (2.4)

Thus, we can switch to n{r) as independent function, and introduce the Leg-
endre transformation

Flo) = Slulrsal] + [ n(r)ptrs e (2.5)

Since F = Q4 Nu — [ n(r)u(r)dr, F is identified as the intrinsic (Helmholtz)
free energy, i.e. the free energy with external field energy subtracted out.
From 6 F = 60+ [ uén+ [ndéu = [ pén, we have the inverse profile relation

u(r) = §F[n]/én(r). (2.6)

It follows that §2F/dn(r)én(r') = d&u(r)/én(r') = (én[dp)~'(r,r") =

—(8?Q/8pbu)~ (r, "), so that F is convex in {n(r)}. Thus, (2.6), written

as

50 = (2.7)

is in fact a minimum principle. The “traditional” format (2.6, 2.7) requires
the functional F[n] which, unfortunately, can rarely be exhibited explicitly for
systems of interest. Under these circumstances, an expansion of the concept
of explicit solvability may be preferable to poorly controlled perturbation ex-
pansions or empirical modifications. This entails the introduction of auxiliary,
nominally independent, variables {C,} or fields {C.(r)}, often but not nec-
essarily of global or collective origin, in terms of which the profile relation at
fixed C,

u(r) = 6Fn, Cl/dn(r)|c (2.8)
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is valid, and F[n, C] is explicit. The utility of (2.6) arises from a readily proven
formal theorem® which we quote for the case of auxiliary fields:

If (2.6) is valid, then there exists (not uniquely) a functional A[C] of the
{C4} alone such that on defining

Fln,C] = Fln,C] + A[C), (2.9)
one has

§F[n,C]/én(r)|c (2.10)
§F[n, C1/6Ca(r)n.

p(r)
0

The second of (2.10) allows one to solve for C,[r; n], and we then have
Fn] = F[n, C[n]). (2.11)

Although the convexity of F[n,C] is not guaranteed, one does have the very
concise

) (F[n,C] - /p(r)n(r)dr) =0 (2.12)
for all variations of {n} and {C}.

e & o o
Ex 1. . . A classical lattice gas on a ring, in thermal equilibrium
e & o o
at reciprocal temperature 3, with next neighbor exclusion as the only site to
site interaction®. Because of the presence of an interaction loop, there is no
local formulation for the free energy of this system (as there would be for an
open interval or any simply connected lattice), but instead one finds that with
the single additional “collective” amplitude C, and

6F[n.C] = Z[(G—%mr)m(c*—;—rmx)

x

1 1
+<C+§—nz>ln<c+§—nz)
—(1 = ngoy —n)In(l —ngeq — nx)], (2.13)

the discrete version of (2.6) is satisfied. Furthermore, setting

BA(C) = <C+%> In <C+%> - (c—%) In (c-%), (2.14)
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the system behavior is fully determined by (2.10). A similar conclusion is
reached for a lattice of arbitrary connectivity, with A[C, K] now depending
upon a C, for each chain of 2-coordinated sites, and a A, for each site of
higher coordination number, but of course explicit expressions are available
only in special cases.

Ex 2. A classical one-dimensional continuum fluid with next neighbor
interaction” ¢(z,y) and corresponding one-sided Boltzmann factor

e(z,y) = e 7= gy — z), (2.15)

where 8 is the Heaviside step function. Now, two auxiliary fields are required,
w and v, in terms of which

BFn,w,v] = /n(x)(ln n(z) — 1 + PBu(x))dz. (2.16)

Here, u(z) = 5?/511(1) implies n(z) = exp f(pu(z) — v(z)), identifying v(z) as
the effective potential field seen by equivalent ideal gas particles. The field w
enters via

Alw, v] ﬂ/ dac-l—// Zu(e) o~ v(y)e—ﬁfyIW(t)dte—l(x’y)dydz’

(2.17)

and we find without difficulty that @ = [w(z)dz, so that w(z) plays the role
of specific grand potential.

3 Free Fermions, General

Now we turn to the topic of interest, that of the ground state of a many —
Fermion system represented by a grand ensemble at chemical potential p. The
appropriate Rayleigh-Ritz principle for such a system is

Q = Miny <(\IJ|T{\II) +(U|0|0) — /p(r)n(r)dr) (3.1)

where W is the normalized second quantized wave function, T the kinetic
energy operator, ® the internal interaction, n(r) = (¥|> é(r — r;)|¥) =
(U] *(r)¢(r)| V), and p(r) is the local chemical potential, as in (2.1). Despite
the grand ensemble context, the number operator N = Ja(r)dr = [ (r)(r)dr
is concentrated on only one integer value for almost all choices of u, except
those for which g becomes the excitation energy on adding a particle, and
then N has contributions from both integers. The resulting highly involved
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structure of Q[u] is rarely mirrored in approximation methods. Conversion of
(3.1) to a density functional formalism is in principle routine®. One defines the
minimizing wave function at fixed {n(r)}:

(T|T|¥) + (¥|®|¥) = min,
subject to {n(r)} = <\I/ lZ 8(r —r;) \Il> , at ¥ = ¥[n], (3.2)

in terms of which (3.1) assumes the form

) = Mings (f[n] - /,u(r)n(r)dr)
where  F[n] = (¥[n]|T|¥[n]) + (¥[n]|®|¥[n]). (3.3)

F[n] is the intrinsic free energy (here simply the intrinsic energy because the
entropic contribution 7'S vanishes at T = 0) that we have met before, and
carries with it all of the standard consequences.

In one version of the familiar approach of Kohn and Sham, we define

Tn] = Minyjeiaemio=nep¥ITI1¥), (3.4a)

and then

|

[n} =T[r] + %// e(r, ') n(r)n(r') drdr’ + ¥.[n] (3.4b)
where
Oc[n] = Mingjwiam)oy=ne) (P1T + 2[F)

. 1 / / ,
— Ming|(wiaer)w)=niyy (PITP) — 3 // e(r,r)n(r)n(r’)drdr’. (3.4c)

The exchange-correlation functional @,.(n) is estimated by one of many semi-
empirical recipes. A major problem, then, and the one we devote our attention
to. is that of determining 7'[r], the intrinsic free energy of a non-interacting
Fermion system. Let us be explicit. We ignore spin and set units so that
fi = 2m = 1, with Newtonian kinetic energy. Then the system ground state is
constructed by filling up all energy levels of H, = u(r) — V? until the Fermi
energy p, together with anti-symmetry. For the one-body density matrix ~y
of the system, one simply adds the one-body density matrices of the orbitals
thereby occupied, yielding in operator form

v = 8(u(r) + V3. (3.5)
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Consequently, the particle density is given by

n(r) = (r|o(u(r) + V?)|r), (3.6)
which we recognize as n(r) = —6Q/Su(r), where
Q= —Tr((u+ V)8 +V?)). (3.7)

To complete the description, we Legendre transform to F = Q+ [ p(r)n(r)dr =
Tr(—(p + VO + V) + pf(p + V) = —=Tr V- 8(u + VIV, so that

F= / —(r|V - (s + V)V |r)dr, (3.8)

which is of course the kinetic energy.

Our objective is to express F of (3.8) in terms of n(r) of (3.6), if necessary
via a controllable set of auxiliary fields. To start this process, we introduce
the auxiliary fields, arranged to contribute independently to both F and n(r).
This is accomplished through the complex contour integral representation

1 dv
O(pn) = ]{#H% , (3.9)

where O encircles the negative real axis counterclockwise:

Im(v) <0 forv: —te—o00 =0

0: Im(v) >0 for v: 0 — ie — o0,

(3.10)
but in fact can close about any point below the lowest spectral value of y. We
will act as if there are no problems associated with interchanges of operations
when this representation is used; this is true in one-dimension, but will require
a minor modification in 3 dimensions. Now we can write

n(r) = fn,,(r)du/?m‘ where n,(r) = (r|(g + v + V)7 !|r). (3.11)

At fixed v, evaluating the logarithm according to the cut real axis, so that
Im Inv > 0 for Im v > 0, we have

n,(r)y = o Tr In(p + v+ V?)
ou(r)
= =00, /ulr) (3.12)
where @, = —Tr In(gp+v+ V2),

and the corresponding Legendre transform free energy F,[n,] =

O+ [n.(r)u(r)dr is
Foln) = Trlu(p + v+ V3™ —In(p + v+ V3], (3.13)
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in terms of which

u(r) = 6F, ) /6n (7). (3.14)

To conclude at this level, we observe that, as expected, not only does the

density decompose, but also $F,dv/2mi = Trjpf(p+V2)—(u+V)8(p+V?)] =
—Tr V- 6(u+ V)V = F. It follows from (3.14) that

If ﬁ{nw}

Il

ff,, [n,]dv/2m:

then p(r) = ZWiJFA"{n,,}/Jn,,(r) for any o (3.15)
and F{n,[n]} = F[n].

Here n., is a functional of n by virtue of y being a functional of n.

4 Extended Generating Functionals

It will develop that F,[n,] of (3.13) can be found exactly for one-dimensional
systems, and in suggestive approximations otherwise. But this does not solve
the problem of finding explicitly suitable thermodynamic potentials to gener-
ate the relation between {u(r)} and {n(r)}, with auxiliary fields appended as
needed. Overcomplete representations are far from unique, but at least two of
these arise very simply. The first is in the context of the grand potential, and
starts with the observation that if we define

] = Flo] ~ [ n(rtr)r, (4.1)

then {n} serves to extend the chemical potential space {u}, and we have the
trivial overcomplete variational principle

n(r) = —60u.n)/su(r)l, (4.2)
0 = 5Qu,n)/6n(r)]..

Now the supplementary space {n} can be replaced by the larger supplementary
space {n,}, with n = § n,dv/2ri and F = § F,[n,|dv/27i to yield

Qu, {n.}] = ffy[n,,]dl//%ri — /%n,,(r)y(r)du/%ridr, (4.3)

and then indeed we have

n(r)
0

~ 69, {n }/ ()| n,y (4.4)
5Q[/1v {nl,}]/(Sn,,(r)lu.

f
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Thus the problem in practice is to devise a sufficiently accurate parametrized
ansatz {n,[p]} for the set {n,} that the resulting Q[y, p] leads to feasible solu-
tion.

On the other hand, a free energy functional of the same genesis can be
obtained. One way of doing so entails the elimination of y from the (2.5) -
derived

Flu,n,{n,}) = F{n,,}-f— 1" — 1| ny(r)u(r )j—u—dr (4.5)
(r) 2m 2m

most easily as

Fln, {n,}] = F{n.} + / < n(r) - 1> fnu(r)(s;:i?")}d dr.  (4.6)

§ TL,, 21\'1

Since A(r) = n(r)/ $ n,{r)dv/2mi — 1 vanishes in the stationary configuration,
it can be replaced in (4.6) by any function with which it agrees through first
order:

I3 = F{n n(r) n,(r Jﬁ{nu} vdr
Pinn)l = Fin+ [w ( e <r>2m> §f el G, (4.7
where W(1) =0, W'(1) =

A special choice of W will quickly guarantee the equivalence of the stationarity
of (4.3) and (4.7). In condensed notation,

= F+/W r)Q, F dr where Q, = fn,, )6 /én,(r), (4.8)

but Q,~F = 0 now becomes 0 = Q, F+f W(E(r)QmQ, Fdr —E(r )W’({(r’))Q,’ﬁ,

or
()W (E(r) — 1)@ F / W(E(r)Q, dr O F. (4.9)

Hence if K(r',7) = Q. Q, F is non- singular, the choice W(f) = In¢ implies
W(£) =0, or n(r) = ¢ n,(r)dv/2mi. Furthermore, if this is the case, then
dF/dn,(r) = 0 becomes

§Bny(r) = ]{ no ()6 F [6m(r)dv /2 for any o, (4.10)

1
n(r)
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and the remaining p(r) = §F /dn(r) f n,(r)8F/én,(r)dv converts (4.10)
to the full set of auxiliary profile relatlons

2mid F{n,}/dn,(r) = u(r). (4.11)

We therefore have the second overcomplete representation

Fln. {n)] = 74 / e m}( (r)dfn ';Eﬁ;lg;r’iidr. (4.12)

While (4.3) and (4.12) are of course equivalent, this equivalence does not extend
to the consequences of a parametrized variational ansatz for the set {n,(r)},
since (4.12) will no longer imply that n(r) = § n,(r)dv/2mxi. We will point out
this distinction in the sequel.

5 F{n,} in One Dimension

Even the one-dimensional problem is not trivial, but it is also not difficult. We
want to establish the density functional structure accompanying

ny(r) = (z](p(z) + d*)"Mz) where w,(¢) = p(z) + v, d=d/dz. (5.1)
For this purpose, we introduce the corresponding Green’s function
Gulz,y) = (e|(n +d*) 7 y). (5.2)
In standard fashion®, if
(1o + )t (z) = 0
(o + )y (2) =0, @y (—00) =0,
then we have

W,G(z,y) = of(@)e; (w)b(x —y)+ ¢, (@) (y)0(y—2)  (5.4)
where W, = ¢F (2)¢7(2) — ¢ (2)¢F ().

The Wronskian W, is a constant, and we readily verify that, indeed,

()G (z,y) + Gilz,y) = d(z —y).
It follows now that

n(r) = ()%(f)/VV» ,
eF (2)e7 (z) + @) (2)ef(2)/W, (5.5)
n(z) = 2% (2)¢) (2) = 2m(2)e (2)07 (2)) /W,

3
P
8
Il
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from which ¢* can be eliminated to yield the profile equation

_Inl(z)’ =1 1nl(z)
pol) = 4 n,(2)?  2n,(z) (5.6)

It is easily shown that p(z) = 27ri<5ﬁ'{n,,}/5nl,(x) is derived from

~ _ B . ln,,/(x)r" +1] dv . -
F{nu} _/fli Vnu( )+ 4 _————nu(j) ]mdl, (O.l)
and we see as well that
~ ? T 2 _ v
fnu(r)dF{n,,}/éno(x)da = }{ [—un,,(r) + %%—1 - %n,’,’(r)] 5‘%.
(5.8)

Thus, F[n,{n,}] of (4.12) is fully determined.

Since the n,(z) are bound by a common u(z), they must be related, and this
relationship can now be found by computing #n,(z) = dn,(2)/0v =
Lialw, + &)M) = - flelu + Al + B Maddy =
~ [ G.(z,y)*dy. According to (5.4),

+(2) o 1/2
Glzry) = nu(w)l/Quu(y)l/zK%( )“’"(”)) ba—y) (59

er@ ety .
+<¢¢(z)v:(y)> o )]’

but from 1/n, (2) = o} (x)/i (2) =7 (2)/7 (), we have In(p () /7 () -
In(e (4)/97 (y)) = J dz/n,(z). Hence

Gl y) = ny(2) Vi, (y) /2 [e3 B4/ Bg(a — ) 4 ed S sl Gg(y — )]
(5.10)

and it follows that

n(z) = —nu(x)/nu(y)ef; dz/nu(z) SEN=v) gy, (5.11)

This. in principle, allows all n,(z) to be obtained in terms of one of them.
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6 Semi-Classical Viewpoint

Recapitulating, we have shown that the one-dimensional

Qu, {n.}] = /f[ )+ vin,(z )+%EL—] dl/d (6.1)

nu(z) 2me

e flne e

(6.2)

and

are valid grand potential and free energy in the respective expanded spaces
[, {n,}] and {n,{n,}| in the sense that

S(8p, (2] + [ n(e)u(e)de) =
§(Fln, )] — [ neln(e)d) =0

for all variations in their respective spaces. With an uncountable set of auxiliary
fields to be determined, these hardly seem to be practical tools. If the number
of auxiliary fields could be reduced, perhaps to one, that would make more
sense. [n fact, we have seen in (5.11) that such a reduction to a single function
is in principle possible, but it is unclear how to take advantage of this. A
simpler but cruder method of parametrizing the {n,} by a single function is to
use a semi-classical expansion to an appropriate order. In fact, we will start
by observing that the semi-classical context enters our considerations in an
unexpected and suggestive way as well.
Let us examine more closely the expression

Fo[n] =/(—un,,( )+i’;u((x); +1 tz)) dz (6.4)

that gave rise to (6.1) and (6.2). The first term of course is due to the fact that
the v-component chemical potential is not u but u + v. The second term is
the Weiszacker or ideal gas kinetic energy'®, present whenever a single particle
wave function is relevant, due e.g. to low density or to a strong decoupling
force; it therefore is given by [ ¢'(z)%dz, or since n(z) = ¥(z)?, by

o1 fmer
Flnw = 4/ A (6.5)

(6.3)
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To pick up the third term in (6.4), we instead evaluate n,(z) =
{(z|(pv + d*)7*|z) in semi-classical approximation!!. Since & = 1 in our units,

dzdp/h — dxdp/27, so that

1 o>
ny(z) = — () = p*) " dp
21” /-°° (6.6)
= Zﬂw(m)_l/z’

where uif selects that square root for which Im ,u,l,{f > 0; hence

11

u(x) =—v— ZW,

arising from the semi-classical free (kinetic) energy

—_ 1
Fulnse = / (—z/n,,(z) + 1 ! > dz. (6.8)
We see that the exact expression can be written as
Fl,[nl,] = fl,[n,,]w + F.,[n,]sc. (6.9)

The semi-classical density expression (6.6) is adequate for computing ex-
pectations of quantities varying slowly on the scale of local wavelength. It need
not be adequate when non-linear combinations of n, and spatial derivatives
are at issue. For this purpose, a more detailed semi-classical wave function
analysis is required, or in the present context, a semi-classical analysis of (5.6)
- dropping subscript v for the moment —

In'{z)* =1 1n"(z) _
ple) = 4 n(z)2  2n(z)’ (6.10)
Let us imagine that u(z) is real, saving suitable modifications for later. We
know that we will have to distinguish between the non-classical region p(z} < 0,
in which n{z) typically decays monotonically, and the classical region u(z) > 0,
in which n(z) oscillates. We also know from standard WKB or Airy function
analysis that n(z) will have an amplitude ~ |u(xz)|~'/2 with a phase argument
going as [ |u(z)|'/2dz.
Consider the non-classical case first, with turning point zo, (zo) = 0, and
T > zg. Set

o) = (a1 [ (-uta) e (6.11)

Zo



144 J. K. Percus

and neglect derivatives from u'(z) on, so that

@ =7 ( :(—u(r))‘”dr>

. | (6.12)
w'a) = -1 ([ (—#(r))‘“dx> :
substituting into (6.10) gives the requirement
L) Lfw)R -
lt = = 6.13
2 fly) 4 Sy (6.13)
Multiplying by f(y), (6.13) integrates at once to yield
[?=144(2 - Kf), (6.14)
with a non-diverging solution only at A" = 1, and then
. 1
Fy) = 31+ Ce), (6.15)

C determined by WKB matching!? with the classical domain; here then

n(z) = %(—/J(I?))~l/2 (1 + Cexp-2 A:(—u(x'))l/2> dz’ (6.16)

in the non-classical region.
In the classical region, u(z) > 0, let us suppose that u(z) is an even function
of z, and similarly set

ate) = tuter 25 ([ e eas ) (6.17)

Then n' = 1/if’, n" = 1/iu!/2 f" inserted into (6.10) yield
fr=4fK —1—4f*%, (6.18)

with the corresponding even solution

n(zr) = %(,u(ac))_l/2 (1\' + VA2 -1 cos (2 /01 ,u(:c')l/2> dx') ) (6.19)

Egs (6.16) and (6.19), with p replaced by pu + v, are then the true reference
semi-classical forms.



Fermion Kinetic Energy Density Functional 145

7 Explicit Functionals

The art now is to adopt variational forms for the n,(z), with one or more
functions as parameters, to produce explicit expressions for either of the gen-
erating functionals Q or F of (6.1) and (6.2), themselves only a small selection
of available formalisms for the task. In all cases, a key role is played by the
combination

p(z) = fn,,(x)du/?mﬂ (7.1)

In the Q formulation, this is the density n(z); if {n,(z)} is parameterized by
the single function p(z), Q2 then gives rise at once to the ordinary density func-
tional F[n]. In the F formulation, p(x) is not necessarily n(z), the generating
functional takes the form Fi[n,p] and corrections for the ansatz are automati-
cally included. However, we can also impose the requirement that for a set of
supplementary densities p(z), {p.(z)}, the relation n(z) = p(z) is guaranteed;
this greatly restricts the class of acceptable Q[n, p, {p.}] and is clearly to be
carried out when feasible.

The equivalence of Fin, {p,}] and Q[u, p, {pa}] can be guaranteed, as was
that of (4.3) and (4.7). That is, if we write

Tl o, {pa)] = Flo. {pa}] + / In(n(2)/p(2))d(lp, {pa} )z, (12)

then under weak invertibility conditions, it suffices to have

o(zlp, {pa}) = (mm% + Epam%m) Plodpudl  (73)

More restrictive, but perhaps more convenient, one can separate out “ideal
gas” and excess contributions:

Fo ol = [ §3 ( )p,{pa}]du/mdz 7
4
Palp Aot = [ § (—un»<x>+§n—jz—)) o ofznds

dualzlo {pat = § (2242 Loviy 1o, {pulduoni
4 n,(r) 2

- § () b oaditvszni- L) (79)

ulelo(pal) = § (—vmate) 1= ) losoaHaf2mi

4n,(x

and



146 J. K. Percus

where flp, {p~}] means that f has been expressed in terms of the set p, {p,},
and require (7.3) to hold for each part separately. In the special case in which
the only supplementary density is p(z) itself, (7.3) applied to ¢;4 says that

]{ (%%%) (ol /2miv, (7.6)

p(@)5/50(2) [ Wiyloldy

if Wall

then Wzlp] — /()
It is readily verified that (7.6) has the solution

Wielo] = 70'(%)/p(), (7.7)

and if this is satisfied, the remaining condition is that

?{<uny( z) - iﬁ)[ du/2mi (7.8)

= pl2)8/6p(x /%( vn, 1( )> (p]dv /273 dy.

The simplest variational ansatz we can make is the narrowly semi-classical
approximation of (6.6), with effective g(z):

1

7 (B(2) + )7 12, (7.9)

n,(z) =
Here, if z(z) < 0, the square root with Im(g(z)+v)/? > 0 is continuous across
the line Re(v) < 0, and so the contour integral (7.1) vanishes. If g(z) > 0, this
root reverses sign across the segment —j(z) < Re(v) < 0, and so we find that

() = —(z)*0(a(z)) (7.10)
Consequently
i
ny(z) = o=(p(z)” + )7/ (7.11)

will indeed satisfy (7.1). To complete the evaluation of F and ¢, we similarly
integrate vn,(z), 1/n,(z), and n!(z)*/n,(z), taking advantage of the obser-
vation accompanying (3.10) to close the contour across v = —f(z) + ¢; then
n,(z) is analytic along the contour, with only the values £(1/2i)i(z)'/? at the
endpoints v = 0 & ie to be used for the square root in the integration limits.
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We therfore find

fun,,(m)du/Qﬂ'i = —3% Bt = —2771-2 p(z)?
?{l/n,,(z)dz//ZTri = —%r p? = ~i1—;r— p(x)? (7.12)
%nl(z)2/n.,(x)du/27ri —-3—1— a3 = % pp’((z))z
giving rise to the components
1/(= )? Lp(z)* 1, .
Pel= [~ 555 de, duleld = ;228 - L) (1a9)
and
R 2
Pulel = [ Totafde,  ulel = wp(e) (7.14)

F.. and ¢., are indeed related by (7.3), but not ﬁid and ¢;4. If we now impose
the required form (7.7) to replace (7.13), our conclusion is that

—= m? 1 n'(z)
Fln] = —n@)’+>—=2)d 7.15
b= [ (Foter + 355 ) (719
precisely the sum of one-dimensional Thomas-Fermi and Weiszacker terms.
Our derivation of (7.15) was of course very much ad hoc, since (7.7) did
not arise from the ansatz (7.11). Clearly, a more realistic representation than

(7.11) must be used. The simplest extension that can still be carried out
without difficulty is the renormalized density expression

_ pla)
) = 2iy(z)
with two functional parameters, which would reduce to (7.11) in the special
case y(x) = p(z). Proceeding precisely as in (7.12), we now find

fn,,(a:)du/?ﬂ'i = p(z)
%l/n,,(:c)du/eri = —§ﬂ27($)4/p(:c) (7.17)
fz/n,,(:c)dz//Zﬂ'i = -—?—)wz'y(x)zp)

fn'u(z)z/ny(z)du/zm = p(z) ( pla) 1))

(z) (z)

+ 20l >(i% 77(z>> O (1((3)

(my(z)? + v)~'2, (7.16)

l
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Hence, inserting into [y, p,v], we have

Finnl = [ 5 (2ntentar - = 2(a)*) de

+/ Bn'(an(z)—%n(x) (1'((;”)))2} de.  (7.18)

We have now allowed enough functional leeway that it is not necessary to go
to the formulation (4.12). For example, instead of varying over «, just choose

Hz) = An(2)", (7.19)
converting (7.18) to the simple

2
Fln,a,A] = /%(2/\271(1)”2“ _ )\4n($)4a—l)d.’lj

+ (i - %(12) / %dz, (7.20)

with a modified Thomas-Fermi energy and a reduced - coeflicient Weiszacker
term'®. And then minimize with respect to A:

Fln,a] = %2 (/ n(x)1+2adz)2//n(1)4a—‘da¢

+ (i - 93-) /n'(w)z/n(x)dx, (7.21)

a non-linear version of the same.

8 Prospects

Even without taking advantage of the known detailed semi-classical structure,
(6.16) and (6.19), and without making use of the correction procedure inherent
in (6.2), the variational character of the basic grand potential expression (6.1)
produces reasonable results at low cost. But the one-dimensional study is
to be regarded mainly as a warm-up for the three-dimensional Fermion fluid
of physical interest. In three-dimensions, the basic problem in the current
formulation is that of finding the generating functional appropriate to n,(r).
But a little care must be exercised, because the diagonal elements of a 3-
dimensional Green’s function diverge, i.e. integrating (i, (r) + V)G(r,r') =
§(r — 7'} over the sphere |r — r'| < € tells us that |VG(r,r’)] ~ 1/4me?* at
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|r = 1’| = ¢, and hence that |G(r,r’)| ~ 1/4me. We will thus replace n,(r) of
(3.11) by

n(r) = (rl(p+v+ V)T = (VH7r) (8.1)

since the additional term does not contribute to n(r) = § n,(r)dv/2xi but does
eliminate the divergence.

Direct solution of (8.1) in the fashion of (5.6, 5.7) does not seem to be
feasible, although expansions about a locally isotropic reference patterned after
(5.6) can be carried out. Let us in this preliminary discussion note instead that
a more elegant, but initially more poorly controlled alternative is to extrapolate
the previously ohserved

Foln] = Foln]uw + Fulnle (8.2)
directly to 3-dimensions. The Weiszacker component is essentially unchanged:

Findo =1 [, (33)

For  the  semi-classical  component, we  translate (8.1) to

(1/2m)? [[(pa(r) = p*)71 + (p?) 1 4mpPdp = 50540 (r) [ dp/ (1 (v) — p*), or
1

1/2
nelr) = 5zpi(r) (5.4
for p1,(r) > 0. Hence p,(r) = —4r?n,(r)?, or
2
Fln)e = _il;r_ nu(r)3d®r — /an,(r)dST. (8.5)

We conclude that the extrapolated 3D kinetic energy is given by

Y, (r)? m? 3 3
F{n,} = /7{ [—L/n i' - (r))’ - 4—3——7%,(7") ] dv [ 2mid’r. (8.6)

Thereafter, the 1-dimensional technology can be taken over without essential
change.

In summary then, we have shown that the construction of an exact density
functional representation of one-dimensional Fermions with Newtonian kinetic
energy can be carried out via the expansion of the control space to an infinite set
of densities. The variational character of the formulation allows for the insertion
of reasonable forms for the control fields, reducing their effective number to only
a few. A very similar formulation has been proposed in three dimensions, whose
utility 1s now under intense investigation.
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ABSTRACT

We compare total atomic valence energies, total crystal energies, lattice
constants, bulk moduli, and cohesive energies using several different Kohn-
Sham exchange and correlation functionals with experimental values for Si
and Ge. In particular, we have used the KLI approximation to the exact
Kohn-Sham exchange potential together with different correlation function-
als. The KLI approximation yields the exact Kohn-Sham exchange energy to
one part in 10° allowing us to obtain accurate estimates of the errors arising
from the correlation functionals.
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1. INTRODUCTION

If one could know the exact exchange and correlation energy density
functionals! along with their Kohn-Sham? potentials, one would have the
exact many body solution for the ground state properties of any electronic
system at hand. The exact exchange energy density functional is simply the
expectation value of the Fock operator with Kohn-Sham (KS) eigenfunctions.
Because the KS eigenfunctions are functionals of the charge density, so is the
expectation value of the Fock operator. Although the functional dependence
is unknown, the exchange energy may be evaluated directly from the KS
eigenfunctions just as the KS kinetic energy is and just as the difference
between the kinetic energy of Hartree Fock (HF) and KS eigenfunctions is
included in the correlation energy, so is the difference between the exchange
energy evaluated with HF and KS eigenfunctions.

In 1953, twelve years before the seminal paper? of Kohn-Sham, Sharp
and Horton® wrote down the integral equation for that multiplicative poten-
tial (which, unlike the HF potential, is the same for every electron) whose
eigenfunctions minimize the expectation value of the HF Hamiltonian. This
potential, subsequently called the optimized effective potential (OEP), is
the exact KS potential for the HF equation because the exact KS potential
for any density functional Hamiltonian is that multiplicative potential whose
eigenfunctions minimize its expectation value.* Apparently unaware of Sharp
and Horton,® Talman and Shadwick® derived the OEP integral equation and
solved it in one dimension, enabling them to perform atomic calculations. It
was only very recently that Gérling® showed how to solve the OEP equation
in three dimensions, making OEP energy band calculations possible. Krieger,
Li, and Iafrate’~® (KLI) had previously discovered an approximation to the
OEP which makes energy band calculations straightforward and which is
extremely accurate for total energy calculations but which may not yield a
good approximation to the OEP energy bands.

It is well known that when exchange and correlation are treated on an
equal footing as in the local density approximation (LDA) or generalized
gradient approximation'®!! (GGA), their errors tend to cancel. It is the
purpose of this work to treat exchange essentially exactly with the KLI ap-
proximation in order to examine the effect of LDA and GGA correlation on
the four-fold ionization energy of Si and Ge and on the total energy, equilib-
rium lattice constant, bulk modulus, and cohesive energy of their crystals.
We shall also see their effect on the energy bands although this is less mean-
ingful since density functional theory does not yield excitation energies. We
will also compare all these results with those obtained when both exchange
and correlation are treated in the LDA or GGA.
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2. KLI METHOD AND ATOMIC ENERGIES

The derivation of the OEP integral equation is straightforward and may
be found in ref. 5 and in spin polarized form in refs. 8a and 12. By replac-
ing an energy denominator with a constant which then dropped out of the
integral equation, KLI were able to obtain an approximation to the OEP.
They also obtained the KLI approximation in an entirely different manner;
we now give a slight variation of that derivation.

In 1951 Slater!® obtained an average of the HF potential (in Ry atomic
units)

No
i@ = 23 [ 6, e (e =71 Yso @) ()

(where N, is the number of occupied states with spin o) by weighting (1)
with a factor ¥}, (r)¢is(r)/ps(r) where p,(r) = 21/) (r)¢is(r) to obtain

what we! have called the averaged Fock approxxmatlon (AFA) to distinguish
it from other approximations of Slater. We have

Viene) =<2 3 [ e Wil e — ¢ 5 ) ). ()

13,j=1

The KLI approximation is obtained by noting that vif:(r) + Ci,, where Ci,
is an arbitrary constant, also yields the 0 HF elgenfunctlon and then taking
the Slater weighted average to obtain

No—1
V() = Viea(®) + 3 Cionio(r)/po(r) (3)
i=1
where n;,(r) = ¥}, (r)¢is(r). Because an ¢ independent constant added to

each of the C;, has no effect on the r dependence of Vig;, any relationship
we find to optimize Vg ; must leave the Cj, linearly related. Therefore
one of them will remain arbitary and so we have set Cn_,, = 0. We wish
the eigenfunctions %, (r) of ViZ;;(r) to closely resemble those of the v}p(r).
If one takes (wleKLlldlw) = (Yic|vifp + Cislthic) or, in briefer notation
Ciy = VKLI — 0%, this will be the case. Substituting for Ci, in Eq. (3) we
have .
No—-1
ViLi(r) = ViR (®) + Y (Vi1 — 0ife) o (1) / 0o (x). 4)

i=1
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Because symmetry requires that degenerate states (other than accidental
degeneracies) have the same Cj, to remain degenerate, the n;, of those de-
generate states have been added to give the 7;, of which there are Nw in
Eq. (4). Because iy, is not included in the sum, ViZ; ;(r) — 0 as 7 — oo.
This choice of C,, = 0 can also be shown®®!2 to cause the KLI potential
in the local density approximation to be

6
it = —2[ S0 (] " = vipa = Zygon (5)

where the last two Vs are the Kohn-Sham? and Slater'® LDA. To obtain
the Vii9; in Eq. (4) one multiplies Eq. (4) by 7,(r) and integrates over r to
obtain after a little algebra

Vil —Be = > (D7 — M) ;k D (Viga — OF) (6)
where D? is a diagonal matrix of the degeneracies and

e = [ dtigo (0o (1) s 1), ™

It may be possible to avoid using a plane wave expansion when using the
KLI potential in a crystal, but we do not advise it. Thus we here discuss the
construction of our ionic pseudopotentials together with the calculation of
the atomic total valence energies, i.e. minus the four-fold ionization energies
of Si and Ge. Wel® first performed an all electron Dirac atom calculation
in which each electron sees a HF potential from the core electrons and an
LDA exchange-correlation (xc) potential from the valence electrons where
V2 = vy e(Protal) — Uxc(Peore)- The core electrons are then taken to be rigid
and the Dirac equation solved twice again, with the valence electrons seeing a
HF potential from the core and either an LDAxc potential v = vyc(pyar) Or
KLI exchange plus LDA correlation among themselves. Because our valence
electrons see a HF potential from the core, only the valence charge density
enters a GGA calculation. Because |Vpyai|/pval becomes huge at the first
node of the valence s functions, the GGA becomes unphysical and we must
wait until we have a pseudopotential at which point we can apply the GGA
to the pseudofunctions. (Very recently a simplified GGA has been obtained'®
which can be applied when |V pyq1]/pvat becomes huge.)

The four-fold ionization energies for these two full potential rigid core
calculations are listed in the first row of Tables I and II. The relaxation
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energy, obtained by calculating the difference between the total energy of
the rigid and self-consistent ions is listed in the second row. This energy is
almost identical in the atom and crystal and therefore will not contribute to
the cohesive energy.!” In earlier work!®9 we took the KLI average of the total
exchange seen by valence electrons, i.e. the sum over ¢ in Egs. (2) and (4) was
over valence electrons whereas the j summation in (2) was over all electrons.
However almost all of the difference with the earlier calculations can be
attributed to using different LDA exchange and correlation functionals, which
are now taken from ref. 11 where nonrelativistic exchange is employed.

The pseudofunctions are obtained by extending the large component of
the Dirac eigenfunctions from some cutoff radius 7. back to r = 0 in a smooth
and norm conserving manner. The pseudopotentials are obtained by insert-
ing the pseudofunctions and their Dirac eigenvalues into the Schrodinger
equation and inverting it. Then the ionic pseudopotential is obtained by
subtracting off the contribution of the valence pseudofunctions to the atomic
pseudopotential. There are two sources of error in pseudopotentials which
are not usually discussed. One is that they are constructed to yield exact
eigenvalues but do not yield correct total energies and the other is that they
may not equal the true potential for 7 > r.. When they overlap neighboring
atoms in the crystal, these pseudopotential “tails” can cause substantial er-
rors. They are usually negligible because the pseudofunctions are identical to
the eigenfunctions for r > r. and have the same total charge for r < r.. Thus
the pseudo and true valence charge densities result in the same Coulomb po-
tential for r > r. as long as they are spherical for r < r.. The LDA or GGA
xc potentials, being local, also are identical for » > r.. Note however that the
integrals in Egs. (1), (4) and (7) depend upon whether true or pseudo wave
functions are used and these integrals effect the KLI exchange potential due
to the valence electrons for all . Thus when the potential arising from the
valence pseudo electrons is subtracted from the atomic pseudopotential, the
ionic pseudopotential which is obtained differs from the true ionic potential
for all r. We were able to reduce these pseudopotential tails to negligible
size by using a method used by Rappe, et al.?° to minimize fso ?|p(q)|?dq
where ¢(q) is the fourier transform of a pseudofunction and the integral rep-
resents the momentum content of @(r) above some cutoff . One writes
Pe(r) = wo(r) + 3 g bije(kr) where @4(r) is the original pseudofunction and
the spherical Bessel functions 7¢(kr) vanish at r.. The by are chosen to main-
tain the norm conservation and derivative continuity, and to minimize the
momentum content and, in our case, the magnitude of the pseudopotential
tail.
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The third rows of Tables I and II list the valence electron total energies
obtained from the pseudopotentials which have been spin-orbit averaged.
The HF potential that the valence electrons see from the core electrons is
subsumed into the pseudopotential and the xc potential that they see from
themselves head the four columns: LDAxc, GGAxc and KLI exchange with
LDA or GGA correlation. The fourth row lists the discrepancy Apgs between
the pseudo and full potential total valence energy calculations. In the LDAxc
and GGAxc cases a particular choice of . causes the error to vanish (because
of the discreteness of our integration mesh it does not exactly vanish). No
matter what 7, was chosen Aps could not be made to vanish when we forced
the KLI pseudopotential tails to be negligible. We previously found!? two
pseudopotentials with different r.’s gave atomic total energies differing by
19.0 mRy but their cohesive energies differed by only 0.9 mRy. Even if the
atomic total energy error were made to vanish, one would expect the crystal
total energy error to be at least that large because pseudopotentials created
in one system are only approximately transferable to another. Thus we will
assume the Apg for the crystal is identical to that calculated for the atom.
One third of the spin-orbit splitting of the p-electrons obtained from the
Dirac equation (shown in row 5) is the spin-orbit contribution to —E(11),
the four-fold ionization energy of the spin polarized pseudoatom shown in
row 6 with the core relaxation added and the pseudopotential energy error
corrected.

We note for Si that gradient corrections to LDAxc increase the four-
fold ionization energy but gradient corrections to the LDA correlation, when
exchange is calculated essentially exactly, decrease the ionization energy. In
both cases this causes the agreement with experiment to be quite good. For
Ge the signs of the gradient corrections are as in Si and cause the GGAxc
and KLI-GGA total energies to agree to better than one part in 10 but their
agreement with experiment is only fair. Some or most of this error may be
due to treating the Ge d electrons as core electrons. We did not include any
core-valence correlation energy (other than core relaxation) in the calculation
but an LDA estimate of its contribution shows it accounts for less than 256%
of the error. The error is not a result of approximating the OEP with the
KLI potential. We have compared KLI (with no correlation functional) and
HF calculations and found the HF four-fold ionization energy to be only 0.18
and 0.20 mRy larger for Si and Ge. All-electron calculations® indicate that
ony 25% of this arises from approximating the OEP with the KLI potential.
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Table I. Four-fold ionization energy — Erp(j) of Si obtained from a rigid core
full potential Dirac equation calculation. Agiy is the reduction of Epp(j)
when the core relaxes. —E(j) is the ionization energy obtained from a pseu-
dopotential calculation and Aps = Epp(j) — E(j). Aso is the spin-orbit
splitting obtained from a pseudopotential calculation. —E(11) is the ion-
ization energy obtained from a pseudopotential calculation for parallel spin
valence electrons and —(E(TT) 4 ARix + Aps) is compared with experiment
for four different exchange-correlation potentials. All energies are in Ry.

LDAxc GGAxc KLI-LDA KLI-GGA

—Erp(j) 7.46411 7.63139

ARix —0.00811 —0.00811 —0.00811 —0.00811
—~E(j) 7.46404 7.51391  7.62361  7.50786
Aps 0.00007  0.00007 0.00778  0.00778
Aso 0.00204 0.00211 0.00215  0.00216
—(E(11)+4A) 7.50491 7.56250  7.66083  7.55534
—Epxp 7.578 7.578 7.578 7.578

Table II. Same as Table I but for Ge.
LDAxc GGAxc KLI-LDA KLI-GGA

—Fpp (]) 7.44580 7.61273
Arix —0.04524 —0.04524 -0.04524 —0.04524
—E(j) 7.44578  7.49694 7.60990 7.49337
Apg 0.00002  0.00002 0.00283 0.00283
Aso 0.01172  0.01273  0.01218 0.01199
- (E(TT) + A) 7.40447  7.45490 7.57155 7.45496
—FEgxp 7.624 7.624 7.624 7.624

3. GRADIENT CORRECTIONS IN CRYSTALS

We expanded our crystal pseudofunctions in all plane waves with k2 < 60
Ry using a conjugate gradient scheme for solving the secular equation.?! This
high cutoff was required because in the LDA case a small r. was needed to
obtain the correct atomic total energy and the reduction of the KLI pseu-
dopotential tail increased the high & content of the pseudofunctions in that
case. Convergence errors, determined by expanding the atomic pseudofunc-
tions in spherical Bessel functions up to 60 Ry were 0.36 and 0.09 mRy for Si
in the KLI-LDA and LDAxc cases while for Ge these were 0.16 and 0.17mRy.
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The most time consuming part of the calculation is the evaluation of
VZpa because of the double sum in Eq.(2). Taking advantage of symmetry,
one may restrict one of the k’s to being one of the ten sampled in the irre-
ducible wedge of the Brillouin zone (BZ) but the other is one of the 256 in
the full BZ. With four bands at each k, there are 40,960 integrals to be evalu-
ated in every iteration toward self-consistency. The integrals can be simplified
with the help of fast fourier transforms (FFT). Let 1;, = e ™™ Ty, (r) where
;o (r) is a periodic function and let F7;(K) be the FFT of u;, (r')uj,(r') in
Eq. (2) which then becomes

VEpa(r1) = -2 Z f%(K)/ei(KJrki_kj)'r”?”;_zldrlzuja(rl)uia(rl)/Pa(rl)

1,5, K
(8)
where the K are recriprocal lattice vectors. Performing the integration over
ri2 yields a factor of 8w F7(K)/|K + k; — k;|* and defining T'%;(r) to be its
FFT yields

Vira(r) = EF i (X)uj0 (r)uic (r)/ po (r)- (9)

Note that the k; = k; and K = 0 contribution to T’ f](r) appears to be sin-
gular. However because of the orthonormality of the v;,(r), F (0) vanishes
when k; = k; unless ¢ = j. The BZ is sampled on a mesh of m k-points. Each
point represents all the k’s in its proximity volume. Thus when 7 = j and
K = 0, we average k; over a sphere with the proximity volume of k; to ob-
tain a constant contribution of —4(6/mm )3 where € is the unit cell volume.
Because the #i;,(r) contain contributions from all states degenerate with a
state in the irreducible wedge of the BZ, the matrix MJ; is 37 x 37. There
are two pairs of degenerate states sampled in the wedge, leaving 38 separate
i of which that of the highest lying states is not included. Inserting Eq.
(7) into (6) and Egs. (6) and (9) into (4), we have Vg ;(r).

We calculated the total energy, self consistent to 2 uRy, for lattice con-
stants differing from the experimental value in steps of one percent and fit
two points on one side and one on the other of the energy minimum with the
“universal” curve®? to obtain the total energy, equilibrium lattice constant,
and bulk modulus for each of the four xc¢ potentials. In the first row of Table
III we list the total valence energy per atom for Si, including the relaxation
energy and pseudopotential total energy error correction. The second row
lists the equilibrium lattice constants and the third the bulk modulii. For
Si our fits were all made at 0.99a5%F, af*P, and 1.01a§**. For two of the
cases ay is closer to 1.01a5*F than to a§X¥ so one could argue that 1.02a5%F
should replace 0.99¢EXF in their fit. E, is independent of which set of lattice
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constants are used in the fit and the equilibrium lattice constant depends
by no more than one in the last decimal place. The bulk moduli, however,
are quite sensitive to the lattice points used in the fit (but less so than if
the “universal” curve is replaced by a parabola). For example, if 1.02(10EXP
is used in the GGAxc fit, the bulk modulus becomes 9.330 x 10’ N/m?2. To
obtain accurate numerical values for the bulk modulus at the calculated equi-
librium lattice constant a¢ one should perform a second fit using ag, 0.99ao,
and 1.0lag. Because the KLI calculations are very computationally inten-
sive, this was not done. We note that, just as for the atomic energy, applying
the GGA to LDAxc and KLI-LDA makes the larger numerical value smaller
and the smaller one larger whether it be for Ey, ag, or B. These changes
are fairly small but note the changes in E.o, = [E(1T) + A] — [Eo + A].
Adding GGA corrections to LDAxc decreases Eon by 498 meV so that it is
in near perfect agreement with experiment while adding them to KLI-LDA
increases E.on by 489 meV, reducing the error by 40% but still leaving it
731 meV below the experimental value. Although the GGA corrections had
the same effect on the LDAxc and KLI-LDA results for Ge (in Table IV) as
they did for Si, all the results save one are in much poorer agreement with
experiment. The equilibrium lattice constants all have errors a factor of 2 or
3 times those of Si and were all obtained by fitting at a5*F 1.01af*F, and
1.02a5%F. Nevertheless the largest error in ag is 1.57% which is not atypical.
Whereas the GGAxc cohesive energy error for Si was only 12 meV, for Ge
it is 653 meV. The only number in Table IV which is closer to experiment
than the corresponding number in Table IIT is the KLI-GGA E 4.

Band energies at symmetry points in the Brillouin zone are listed in
Tables V and VI for Si and Ge. We see in every case, for both valence and
conduction bands, that GGA corrections cause a lowering of the KLI levels
and a raising of the LDAxc levels relative to the top of the valence band. We
note that the Ge direct gap to I'j,, which was negative in our earlier LDA
calculation,'? where the total (valence plus core) charge density was used to
calculate the xc potential, is reasonably satisfactory in every case here, where
the core presents a HF potential to the valence electrons. This is because
the LDA exchange potential in the core is appropriate for core electrons
and thus too strong for valence electrons. Furthermore the GGA corrections
improve both the LDAxc and KLI-LDA results. The LDAxc indirect gap to
L§, although much improved over the old LDA result by the use of the HF
core potential, is in pretty poor agreement with experiment. The addition of
GGA corrections reduces the discrepancy by 30%. On the other hand, the
excellent agreement of the KLI-LDA L§ gap with experiment is completely
ruined by GGA corrections to the correlation potential. For Si the I'§; direct
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gap is in neither very good agreement with experiment nor very sensitive to
the xc potential but the GGA corrections slightly improve the LDAxc and
worsen the KLI-LDA agreement with experiment. The indirect gap at A§ is
close to X§ where the GGA corrections improve the LDAxc and very severely
worsen the KLI-LDA agreement with experiment.

Table III. Minus the total Si crystal valence electron energy per atom with
relaxation energy and pseudopotential corrections included, along with the
equilibrium lattice constant, bulk modulus, and cohesive energy calculated
with four different exchange-correlation functionals (defined in the caption
of Table I) are compared with experimental values. The experimental total
energy is the sum of E.., plus the four-fold ionization energy.

LDAxec GGAxc KLI-LDA KLI-GGA EXP
—(Eq + A)(Ry) 7.8827 7.9037 7.9115 7.8419 7.918

ao(bohr) 10.309 10.325 10.328  10.289  10.261
B(10'°N/m?) 9.743 9.691 10.779  10.884 9.88
Eoon(eV) 5140 4.642 3410  3.899 4.63

Table IV. Same as Table III except for Ge.

LDAxc GGAxc KLI-LDA KLI-GGA EXP
—(Eg + A)(Ry) 7.7633 7.7859 7.7785 7.7097 7.907
ag(bohr) 10.819 10.845 10.785 10.733 10.677
B(10'°N/m?) 8.752 8.656 9.774 9.845 7.72
Econ(eV) 4.881 4.503 2.816 3.466 3.85
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Table V. Band energies of Si calculated at the experimental lattice constant
and compared with experimental values in eV. The column headings are
defined in the caption of Table L.

LDAxc GGAxc

Iy —12.186 —12.108
Iy, 0 0
IS 2570  2.655
TS, 3176  3.275
Xy —7.990 —7.940
Xy -2.951 —2.900
X¢ 0599  0.803
LY —9.820 —9.771
LY =7.152 —7.057
LY —1.246 —1.230
LS 1428 1563
LS 3371  3.493

KLI-LDA

—12.050
0
2.871
3.738

—7.857
—2.864
0.935

—9.694
—6.997
—1.200
1.818
3.650

KLI-GGA

~12.232
0
2.633
3.474

—7.981
~2.988
0.492

—9.818
—7.215
—1.245
1.506
3.352

EXP

—12.5
0
3.4
4.2

—2.9,-3.3+0.2
1.3

—9.31+0.4

—6.7+0.2

-1.2+0.2,—-1.5
2.1,2.4£0.15
4.15+0.1

Table VI. Band energies of Ge (in eV) calculated at the experimental lattice
constant and compared with experimental values. The column headings are
defined in the caption of Table I. The experimental values have been spin-
orbit averaged.

LDAxc GGAxc KLI-LDA KLI-GGA EXP

v
1_‘1
A’
Iy,
re,
C
15

-12.721 -12.661 —12.646

0 0

0

0.820  0.873 1.261

2.538 2.614

- 8.769 — 8.734 — 8.676
— 3.106 — 3.058 — 3.084
0.565 0.778

—10.586 —10.551 —10.501
— 7.570 — 7.494 — 7.483
— 1.395 — 1.381 — 1.383
0.424  0.552
3.607  3.730

2.796

0.871

0.772
3.869

~12.788
0

1.085

2.594

- 8771
- 3.192
0.429

—10.597
— 7.656
— 1.421
0.477
3.584

—12.61+0.3
0
1.00
3.2540.1

- 9.3£0.2
— 3.154+0.2
1.3+0.2

—10.610.5

- 7.7+0.2

— 1.440.2
0.84
4.3+0.2
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4. CONCLUSIONS

Stidele et al.?® have recently reported the gaps to the conduction band
minima at ', X and L in Si and Ge from a full OEP calculation with LDA
correlation, but with a pseudopotential obtained from an LDA atom. They
repeated their Si calculation using our KLI pseudopotential which reduced
all of the gaps slightly.2* For Si their ' and X gaps are 3.25 and 1.49 eV
which are larger than experiment and the L gap of 2.26 eV is slightly smaller.
Their Ge gaps were quite sensitive to the choice of pseudopotential. Using
our KLI pseudopotential, these gaps were all larger than experiment but were
not quite converged in that they used fewer plane waves than they did for Si.
Assuming that the effect of replacing LDA correlation with GGA is similar to
that which we found for KLI calculations, the OEP gaps will not be in good
agreement with experiment but still will be in much better agreement than
LDAxc or GGAxc calculations and also better than our KLI calculations.

Because the exact KS eigenvalues do not represent excitation energies,
the OEP with the exact KS correlation potential will not yield correct energy
gaps. Whether the gaps will all be much smaller than experiment, as are the
LDA and as was previously believed, we now doubt. Godby, Schliiter and
Sham?® found the exact KS potential resulted in only small improvements
over the LDA using an exact expression involving two Green’s functions and
the self energy. The approximations they made in evaluating the Green'’s
functions and self energy make their result suspect. Because the dielectric
function is a ground state property which must be given correctly by an exact
KS calculation and because it can be obtained by perturbation theory, we
find it hard to believe that every energy gap can be too small.

We do not understand why the GGAxc and KLI-GGA total energies
are in such remarkable agreement in the atoms. What we believe we do un-
derstand is why, irrespective of the atomic and crystal total energy errors,
the KLI-LDA and KLI-GGA cohesive energies considerably underestimate
the experimental value. Since the KLI approximation for HF total energies
is near perfect agreement with the OEP, the error resides in the correlation
functional. The exchange functional is the expectation value of the Fock op-
erator with the ground state KS eigenfunctions but the correlation functional
cannot be simply written in terms of the KS ground state charge density or
eigenfunctions. Because the correlation energy results from an expansion in a
complete set of Slater determinants, the correlation functional of the ground
state charge density must contain information about the excited state Slater
determinants, at least in some average way. No simple functional can contain
this information and if one should yield the correct total energy for an atom,
it should not be expected to do so for the crystal where the excited state
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spectrum will be different. For example, in the semiconductors a large part
of the correlation energy comes from the low lying antibonding states. There
are no corresponding states in the atom and therefore any density functional
which is incapable of “knowing” that the crystal has these excited states
whereas the atom does not will underestimate the magnitude of the crystal’s
total energy relative to that of the atom. That GGA correlation is a marked
improvement over LDA in this regard may be its strongest recommendation.

Things will become much worse when one considers magnetic systems,
although these calculations may not be made for some time because accu-
rate calculations for metals require about eight times more BZ points to be
sampled then need be for semiconductors. Thus the double sum in Eq. (9)
will require about a factor of 50 more time?® to evaluate. We?” have argued
that a HF core, LDA valence exchange potential should be superior to a full
LDA exchange potential because if one expands the latter in a Taylor series
where the core charge density is large, one obtains

1 1 2 1
VIS m —2(6/m) [plorec + 3 (Prato/ Prores) ¥ Pluts])- (10)

Thus the exchange interaction between valence electrons in the core region
is vastly reduced by the factor % (Pvale/ pcorea)% from its HF core, LDA va-
lence value. This reduction is unphysical because the core electrons cannot
reduce the exchange interaction between a pair of valence electrons. We??
obtained a surface magnetization of 1.8up per Rh(001) unit cell extending
over the first two surface planes. A full LDA calculation®® results in no
surface magnetization although experiment?® indicates about 0.2up at room
temperature and a recent GGA calculation® suggests it maybe 0.5u5 at low
temperatures. Thus for Rh(001) as well as other systems?® the HF core, LDA
valence exchange potential overestimates the ferromagnetism. Because the
core electrons do not reduce the exchange interactions between valence elec-
trons in the OEP or KLI approximation, we also expect them to considerably
overestimate ferromagnetism when used with LDA or GGA correlation. We
can suggest an ad hoc correlation functional and potential to be used with

OEP or KLI exchange:

1 1 1
Vca = §(V16 - Vza) + §(stac - V;;) + ’Z'(VCU + VCf_’) (11)
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with a similar equation for the energy functional. Here VS is a screened
exchange which in the KLI case would be obtained by replacing I'y; (r) in Eq.
(9) by

I (r) = FFT{8nF5(K) /(1K + ki — kj|* + K1)} (12)

where K, could be taken to be the Thomas-Fermi wave vector or simply a
parameter chosen to yield the correct magnetization. Note that when V.,
is added to Eq. (11), Vi, contains the spin averaged exchange plus half
the screened spin difference exchange. Since this screening accounts for the
effect of correlation on the spin difference, we have added a spin averaged
correlation potential. While all this is very physical and should even lead to
reasonable results for a magnetic crystal it is not very physical for an atom
and if it were to be used for an atom, a different K, would be required,
making the cohesive energy calculation meaningless. This.is just another
example of how difficult it will be (if not impossible) to find an exact or even
nearly exact correlation functional and potential, applicable to both atoms
and crystals, to accompany the exact KS exchange functional and potential
which is now coming into use.
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QUANTUM CHEMICAL MOLECULAR DYNAMICS
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ington, DC 20375-5342

ABSTRACT

Two new methods of performing ab ¢nitio molecular dynamics calculations
are discussed. The first method is a completely general approach requiring vari-
ational fitting of the exchange-correlation energy density on a grid of points.
The second method avoids the grid of points, but is restricted to the X«
functional. These methods are based on Kohn-Sham density functional the-
ory in which the charge density is fitted variationally. The linear combination
of Gaussian-type orbitals approach is used to construct the orbital and local-
potential basis sets. Variable occupation numbers for the Kohn-Sham orbitals
are used to model the configurational mixing which occurs upon bond forma-
tion/dissociation. Applications to the reaction of two linear ozone molecules,
a collinear (NO);, system, and the excited state dynamics of halide photodis-
sociation are presented.

1. INTRODUCTION

The study of chemical reactions has profoundly affected quantum chemistry.
There are certain dynamical processes, such as the hindered internal rotation
of ethane, that can be accurately computed from first-principles using quan-
tum chemical methods that include no electron correlation. For the most part,
however, even a qualitative description of a chemical reaction requires corre-
lated methods. The breaking of any single covalent chemical bond involves a
transition state in which two singlet-coupled electrons have begun to localize
in different parts of the molecule. Ultimately the two unpaired electrons are
completely isolated on different molecular fragments. The minimal pure-state
description of this process involves two electronic configurations. Greater ac-
curacy requires higher levels of correlation. As a consequence, quantum chemi-
cal descriptions of bond breaking and bond formation must include correlation
from the outset. This drawback of Hartree-Fock theory is so great that today
many quantum chemists are reluctant to use it as a terminal level of theory
even when it would be appropriate.

The best traditional quantum-chemical descriptions of chemical reactions
involve three different demanding calculations. First, one performs correlated
electronic structure calculations at a few most important geometries, minimally
those of the reactants, of the transition state, and of the products. The results
of these few calculations are then fitted to extrapolate a full potential-energy
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Copyright ©1999 by Academic Press. All rights of reproduction in any form reserved.
0065-3276/99 $25.00 167



168 B. I. Dunlap and R. W. Warren

surface (or surfaces) of the chemical reaction. Next dynamical calculations
are performed on the surfaces, and finally the results analyzed statistically to
compare to experiment [1,2].

Using density-functional theory (DFT), Car and Parrinello [3] showed that
an adequate first-principles description of at least some chemical reactions can
be achieved on-the-fly in a single type of calculation, ab-initio molecular dy-
namics (AIMD). As reactions become more and more complicated, involving
more and more atoms, or the relevant portions of the potential energy sur-
face(s) become more difficult to determine @ priori, AIMD becomes the only
practical method. These two approaches can be combined to a degree, by do-
ing molecular dynamics on a small region of the potential energy surface (PES)
where a Taylor-series expansion of the potential is adequate and as the system
leaves that region generating a new Taylor-series expansion of the potential
that is appropriate in the new region [4].

AIMD need not be based on DFT and the treatment of correlation in density-
functional theory is not, yet at least, exact. Thus AIMD based on traditional
quantum chemistry is being developed in parallel. To study chemical reac-
tions using such methods, treating more than one electronic configuration is
essential and treating a very large number of configurations is prohibitive; thus
the generalized-valence-bond (GVB) or other similar multiconfiguration self-
consistent-field (MCSCF) method appears most appropriate [5]. Within DFT
the best description of two electrons singlet coupled in two orbitals, which
provides the minimal description of covalent bond rupture or formation, is not
practical. The simplest, and only practical, approach for this case is an unre-
stricted calculation that assigns different spins to the two electrons. A more
rigorous approach notes that this configuration is half singlet and half triplet
and thus projects out the triplet component of the wavefunction to obtain the
singlet energy [6]. This more sophisticated approach does not yield a smooth
PES at the seam where the unrestricted and restricted surfaces are degener-
ate. Smooth potential energy surfaces require that this projection be done
self-consistently, which leads to a coupled set of MCSCF-like equations [7].
The MCSCF-like approach to DFT may be practical for pure states, but not
for the ensemble of electronic states populated at finite temperature. In finite
temperature DFT, one occupies the spin-unrestricted but usually symmetry-
restricted Kohn-Sham one-electron orbitals [8] according to a Fermi distribu-
tion. In the limit as the electronic temperature goes to zero, finite-temperature
DFT becomes the fractional-occupation-number (FON) method [9]. Varying
the orbital occupation numbers during the course of a density-functional AIMD
simulation is a practical way to study chemical reactions.

The Gaussian basis set is the basis set of ab initio quantum chemistry. It
is rapidly becoming the basis set of choice for density-functional treatments
of finite systems [10-13]. Gaussian-based density-functional AIMD is being
established [14-15] using an accurate and efficient method to fit the charge
density variationally [16]. In general, the exchange-correlation (XC) energy
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operator or kernel can also be fit variationally {17]. For the special case of
Xo the exchange energy density can also be fit analytically [18-21]. Complete
variational fitting of the local potential of DFT leads to a 3-center quantum
chemistry with all the chemically meaningful characteristics of traditional 4-
center quantum chemistry yet enabling facile molecular dynamics calculations.

Our AIMD simulations are all-electron and self-consistent at each 0.4 fem-
toseconds (fs) time step. Variational fitting ensures accurate forces for any
finite orbital or fitting basis sets and any finite numerical grid. These forces
are used to propagate the nuclear motion according to the velocity Verlet algo-
rithm [22]. The accuracy of these methods is indicated by the fact that during
the 500 time-step simulations of methyl iodide dissociation described below,
the center of mass moved by less than 107¢ A.

Section 2 reviews the linear-combination-of-atomic-orbitals AIMD forces
when the orbital occupations are allowed to vary [23]). Section 3 considers
the effect of constraints on orbital occupancy on the dynamics of reaction
between two linear O3 molecules [24]. Section 4 considers larger 1-D molecu-
lar collisions, the symmetric collision between two twelve-atom collections of
van der Waals bonded NO dimers. Section 5 considers the role of bending in
organic halide photodissociation using 3-D AIMD.

2. FORCES AND FRACTIONAL OCCUPATION NUMBERS

We use fractional occupation number solutions to describe the configura-
tional mixing which occurs in molecules upon bond formation or fissure. A
simple example is found in the diatomic species, Cy, which has two low-lying
12; states that differ in having either two or four electrons in ¢, molecular
orbitals. The latter configuration is lower in energy at internuclear separations
less than about 1.55 A, whereas the 72 configuration is the more stable singlet
at larger bond lengths. This discontinuity in the ground-state surface can be
treated smoothly using FON solutions [25].

The question arises whether there exists any contribution to the force result-
ing from variations in orbital occupation numbers in those regions of configu-
ration space where FON solutions occur. Alternatively expressed, we seek to
determine whether a term arising from the implicit dependence of the occupa-
tion numbers on the nuclear coordinates contributes to the analytic derivative
of the electronic energy. This question is of concern also when implementing
molecular dynamics using a finite-electronic-temperature formalism based on
Fermi broadening.

Consider the total nonrelativistic fitted electronic energy [26] functional, &,
which in Kohn-Sham density functional theory takes the form (in atomic units)
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7.7, )
£= 3 G+ mcucuHu +2(olF) d
shite T )

+(pG) - [GEG]™ - [Gp] - d- (FIF) - d.

Here, R, is the scalar distance between nucleus a and b, n; and c,; are the occu-
pation number and the uth LCGTO coefficient of the ith molecular orbital, and
H,, is an element of the one-electron (kinetic energy and nuclear-electron at-
traction) matrix in the primitive basis. F and G are the Gaussian fitting bases
for the charge density, p (= Y, n:$;¢:), and XC operator, U, respectively. In
this equation square and angular braces indicate, respectively, numerical and
analytic integration over all space. Curved braces indicate Coulombic integra-
tion. For analytic X« the term involving numerical integration is replaced by
the completely analytical expression,

Co(pG) - x — Coxx : (GGY) - (YY) ' - (YGG) : xx/4, (2)

where Y is the basis for fitting the 2/3 root of the charge density and

3 3 1/3
Ca = “CMZ (2—71'-) 5 (3)

for a spin-restricted calculation.

These energy functionals are made variational by requiring they be station-
ary with respect to variation of the orbital coefficients, occupation numbers, x
for analytic Xe, and d subject to the constraints that the orbitals be orthonor-
mal and the sum of the occupation numbers be the total number of electrons,
N,, and optional constraints on the fits.

Differentiation of this energy functional using the chain rule with respect to
an arbitrary component of a nuclear coordinate, R,,, yields several terms which
can be grouped conveniently as containing either derivatives of the orbital
coefficients, i.e. Oc,;/OR, = cj;, derivatives of the fitting basis expansion
coefficients for the charge density and exchange-correlation energy, derivatives
of the orbital occupation numbers, and finally, terms which result from any
explicit dependence on R,,. These latter are straightforward to obtain, whereas
a brute force approach to compute the former kinds of terms, those with an
implicit dependence on R,, require solution of the coupled-perturbed Kohn-
Sham equations (CPKS). Fortunately, it has been shown that the variational
condition (and the appropriate constraint equation) allow the derivatives of
the orbital coefficients [27] and the fitting coefficients [17] to be replaced by
expressions which do not require an iterative, and thereby costly, calculation.
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In the case of variable occupation numbers, we are interested in the term

Z(g—i)nf = ;ein?‘ . 4)

)

The variational condition, together with the constraint >, n; — N, = 0, allows
one to show that the energy eigenvalues of the fractionally occupied orbitals
are degenerate [28], and thus for an FON solution, the above summation van-
ishes. Gradients calculated analytically and numerically (using a three point
central difference formula with the functional, £) agree to within 10~ atomic
units (au) for a FON solution in C; over a range of appropriate internuclear
separations [23]. There is no contribution to the force from the variation of the
occupation numbers with nuclear configuration in the FON formalism. Note
that this result is distinct, for example, from the case of the orbital coefficients.
Terms containing the derivatives cj; do not vanish; rather they are replaced
by a computationally more convenient expression containing the perturbed
overlap matrix, Sp,,.

When the occupation numbers are given by a Fermi distribution

ne=[1+ emplole—en))] (5

characterized by a width, o, and Fermi energy, €z, orbitals with non-integer
occupations need not be degenerate. This property means that the sum of
terms given in Eq. 2 does not vanish identically. Evaluation of n{ for Fermi
broadening requires solution of the CPKS equations to obtain the perturbed
eigenvalues, € [23]. If one considers rather the modified energy functional
E'=E+ N, where £ is given by Eq. 1 and the term, A, is defined [29]

N = %;{(1—ni)ln(l—n,-)-{-nilnni} , (6)

then the property, ON/On; = ep — ¢; , leads to a cancellation of all terms
involving n{. Gradients for a Fermi broadening solution (¢ = 0.025 eV) in C,
analogous to those discussed above, show poor agreement, only to the order
of 1072 a.u., between the analytic and numerical results computed using the
functional £. Use of the modified functional, &', leads to agreement between
the analytic and numerical forces to within 107° a.u. Clearly, the difficult terms
containing n{ are of appreciable magnitude, and it is a distinct advantage to
avoid their calculation using the free energy functional, £'.
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3. COLLINEAR OZONE COLLISIONS

The ozone reaction is a challenge to DFT. The ground state of ozone is sin-
glet and has a bent geometry. The ground state of two such ozone molecules is
thereby necessarily singlet. The oxygen molecule however, has a triplet ground
state. How best to describe the product state of three oxygen molecules singlet
coupled is an open question in DFT [30]. The exact Kohn-Sham potential is
symmetric and thus commutes with the total spin operator [31]. The way cur-
rent functionals are derived, however, is most consistent with broken-symmetry
calculations [32]. Thus the most accurate DFT description of the ozone reac-
tion currently available probably comes from allowing the spin of the system
to be variationally determined as the reaction proceeds. This approach neces-
sarily involves fractional occupation numbers when applied to the 20; — 30,
gas-phase chemical reaction.

The selection of a model system for initial studies of chemical reactions
using AIMD and variable occupation numbers was influenced by several con-
siderations, including the requirements that the system be reactive, sample
significant regions of the XC potential, avoid the nonessential complications of
a large number of internal degrees of freedom, and be nontrivial. The collinear
reaction of two linear O3 moieties is such a system; the collinear reaction
203 — 30 is characterized by the creation of a bond to form dioxygen and
the breaking of an O-O bond in each ozone. Performing the calculation in Dg
symmetry avoids the complexity of rotational motion and allows the trajecto-
ries to be described completely in terms of three degrees of freedom. Although
the reaction of two linear ozone molecules is somewhat less complex than is the
case for the bent system, nevertheless the orbital occupation numbers must be
allowed to change for the reaction to occur. Thus, we believe that the colin-
ear ozone reaction captures the essential physics necessary to examine reactive
molecular dynamics using DFT.

Orbital occupation numbers define the electronic state in Kohn-Sham den-
sity functional theory. As discussed above, we model the configurational mix-
ing which occurs upon bond formation or rupture using fractional occupation
numbers. Changes in spin state which could occur in a complex reaction such
as 203 — 30, are implemented using an iterative procedure which establishes
a common Fermi (CF) level for - and S-electrons in each SCF cycle. In this
way, electrons can change spin orbitals to minimize the electronic energy at
each step in the dynamical trajectory. The software includes an option that
allows the orbitals to be reoccupied (including fractionally) with a Separate
Fermi (SF) energy for each spin to hold constant the number of electrons for
that spin. The occupation numbers also may be held fixed throughout the
dynamics and such trajectories are referred to as fixed occupation (FO) tra-
jectories.

The orbital basis set for oxygen [33] is 9s5/5p contracted to 4s/2p according
to a same-orbitals-for-different-spins atomic calculation using the appropriate
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Table 1. Linear O3 Energies and O — O Bond Lengths in a.u.

Functional Electronic  Atomization O-0
Energy Energy®  Length (ag)
PZ -223.839535  0.253087 2.417
GGA -225.383253  0.174291 2.498
Xa -222.176913  0.245724 2.473

% 3E(0) ~ E(O3)

functional and augmented with a d exponent of 1.154 atomic units [34] The
contractions are not segmented, but are the cores of the occupied atomic or-
bitals together with the appropriate number of uncontracted diffuse Gaussians.
The s orbital exponents were scaled by factors of 2, 4/3 and 2/3, respectively,
to obtain the s bases for fitting the charge density (CD), its 2/3 power, and
the XC operator. The Gaussians with the five largest exponents in these fits
were contracted. Three p exponents, 7.8, 1.56, and 0.39 a.u. [35] were added
to all auxiliary bases. Bond-centered s exponents of 1.0, 0.65, and 0.3 a.u.,
respectively, were added to the CD, its 2/3 power, and XC bases. The grid
of points used was one with 30 different radial points and approximately 590
total points about each symmetrically distinct atom and 4 additional points
about each bond center; this set of points is essentially equivalent to the course
option of the DGauss code [36).

The trajectories presented here have certain common features. The collision
is collinear between two linear ozone moieties and the calculation is performed
in Dg, symmetry. The optimized O—-O bond length for linear ozone was calcu-
lated for each functional and these data are found in Table 1. The trajectories
begin with the distance between the interior oxygen atoms of each ozone moi-
ety set to 2.00 A. The internal O-O bond lengths are set to those of the
isolated O3 species or suitably compressed or expanded relative to that length.
The ground state for the O3 — O3 system in this arrangement is the S = 2
(quintet) configuration 7o, 1 7o, | 70, 1 70, | 6m, T 47, { 6741 47y | (where
Oy = @1y, Ty = €14,0, = dgy, and T, = ey,). Bach oxygen atom within a Oj
molecule is given the same initial velocity, vy, so that they begin the dynami-
cal path with no internal vibrational motion. The velocities for the second O;
moiety are equal but opposite by symmetry. Due to the enforced symmetry,
there are three independent degrees of freedom that define the potential en-
ergy hypersurface of the collision. For simplicity, the trajectories are plotted
using only two of these, specifically the distance between the interior oxygen
atoms, R, and the distance between the interior and the central oxygen atom,
r, within an O3 moiety. The reaction 20; — 30, (303 — 20,) is characterized
by bond formation in the coordinate, R (r), and bond fissure in the coordinate,
7 (R). The position of the exterior oxygen atom is updated at each time step,
but its position is not indicated by the plots. It undergoes vibrational motion
relative to the central atom as the dynamics proceed.
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(1a) (1b)
—— vp=00015au. | || vy = 0.0015 a.u.
6k 4} --—- v, =0.0012 a.u. .
—-l r |'—‘ “o v =0.0010 au.
r O-O---0-0---0-0 1t 1
—~JR}-
5} -+ - ~
o |
£
S 4 1l ]
’_ 4
44 .4 fs
3 L e 1F 4
384fs —.
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2t 16.0 fs 0-0-0- --0-0-04 .
__| R |.__
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R (bohr) R (bohr)

Figure 1. (a) Representative LDA trajectory with time points indicating
significant changes in electronic structure. (b) Effect of initial velocity, v,.

A representative trajectory obtained using the Perdew-Zunger (PZ) param-
eterization [37] in the local density approximation (LDA) is found in Figure
la. As indicated by the diagrams, the lower right hand portion of the plot
corresponds to separated Oj species, whereas the upper left hand section is
characteristic of three separated molecules of dioxygen. The trajectory begins
in the lower right, plotted as a solid line. The calculation is of the Common
Fermi type described above. The initial velocity for each oxygen atom was
0.0015 a.u. and the interior O — O bond lengths were set to 1.015 times that
of the isolated O3 moiety (ry). The distance, R, between the interior oxy-
gen atoms of each ozone is plotted along the abscissa and the internal O — O
separation, r, is plotted along the ordinate.
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Until the 16 fs time point, the ozone molecules approach one another, but
decelerate since the intermolecular potential is repulsive. There is little change
in the internal bond length, r. At the 16 fs time point however, the interior
oxygen atoms are seen to reverse their direction and the internal O — O bond
is compressed; the ozone moieties “bounce off” one another. This initial scat-
tering event continues until R = 3.4 a3 when the interior O atoms essentially
stop (R varies only slowly) whereas the central and exterior oxygen atoms
continue to move outwards. At 38.4 fs into the dynamics, the geometrical ar-
rangement of the nuclei is such that a FON solution is obtained; the orbital
reoccupation occurs over 3 steps (1.2 fs) resulting in a state where an electron
has been transferred from an orbital of 7,1 symmetry to one of 5,1 symme-
try. The trajectory propagates in this new state until at 44.4 fs a spin flip
(vide infra) occurs to an (S=1) state via the transfer of the electron remain-
ing in the partially filled 7, 1 orbital to a o, | orbital. After this change of
electronic state, the interior oxygen atoms rapidly move inwards whilst the
outer oxygens continue outwards. The remaining part of the trajectory can be
considered as the oscillation of a vibrationally hot central O, species with O,
fragments departing the collision region.

The solid trajectory in Figure 1b is the same as that given in Figure la.
The other trajectories shown are for different values of the initial velocity,
Uy, beginning from the same starting configuration. The dynamics with vy
= 0.0010 a.u. are unreactive with the ozone molecules scattering intact with
some vibrational excitation. Interestingly, the slower reactive collision, vy =
0.0012 a.u., leads to a greater degree of vibrational excitation in the central
O, product fragment.

The trajectories plotted in Figure 2a indicate the effect of the electronic
state on the dynamics of the collision. All trajectories were computed using
the LDA with vy = 0.0015 a.u. Again, the solid curve is the same trajectory
as presented in Figure 1a. Note that curves SF and CF diverge at the 44.4
fs point indicated in Figure la, namely where the spin flip in the latter oc-
curs, but that both trajectories are reactive. A trajectory during which the
occupation numbers are held fixed to the initial values corresponding to the
ground state of the initial configuration is labeled as FOQ (Fixed Occupation
Quintet). Curves CF and FOQ diverge at 38.4 fs, at the point where a FON
solution is obtained in the CF (and SF) calculation, and exhibit a dramatic
difference in dynamics — the former being a reactive trajectory whereas the
latter is not. The curve labeled FOT (Triplet) is a fixed occupation calcula-
tion similar to FOQ, but with the initial occupation numbers corresponding
to the lowest energy S=1 state; this state is excited relative to the S=2 state
in the initial configuration, but is the ground state for the products. This
significantly changes the dynamics, in particular the interior oxygen atoms do
not bounce off before “reacting”. In this context, “reacting” means the six
oxygen atoms attain a configuration which looks more like products (three
molecules of dioxygen) than reactants (two molecules of linear ozone). The in-
terior oxygen atoms are accelerated inwards smoothly approaching each other
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Figure 2. Effect of electronic structure constraints on LDA trajectories. (a)
0-0 length set to 1.015r;. (b) O-O length set to ro.

to a distance of 1.8 ay before recoiling; the overall atomic arrangement thus
resembles the final products very much earlier in the dynamics. The interior
O, moiety vibrates over several periods in the coordinate R , as the exterior O,
fragments move outwards from the collision center. This vibrational motion
oscillates about a mean distance of (R =) 1.3 A, very close to the equilibrium
bond length for O,.

Figure 2b presents trajectories analogous to those found in Figure 2a, but
beginning from a starting configuration in which the O — O bond length is
set equal to the calculated monomer equilibrium distance. Again, the FOQ
trajectory is unreactive. From this starting geometry however, the CF and SF
trajectories exhibit reaction during the initial collision event (somewhat like
the FOT trajectory in Figure 2a rather than after an initial unreactive recoil.



Quantum Chemical Molecular Dynamics 177

r (bohr)

R (bohr)

Figure 3. LDA trajectories (CF) for a range of starting configurations. All
have vy = 0.0015 a.u.

Common Fermi trajectories starting from a variety of initial configurations
with vy = 0.0015 a.u. are given in Figure 3. By expanding or compressing the
O -0 bond in this way, a kind of phase was imparted to the internal dynamics.

We also investigated the dependence of the trajectory on the nature of the
approximation to the XC energy. The generalized gradient approximation
(GGA) was developed to correct the overbinding often seen in calculations
using the LDA. In Figure 4a are shown CF trajectories using the Perdew-Wang
(PW) GGA functional [38]. The initial velocity of 0.002 a.u. is different from
that used for the LDA results because an initial velocity of 0.0015 a.u. is just
at threshold for reaction when using the PW-GGA. None of the trajectories
exhibit the curious behavior of reacting after an initial scattering, although
that behavior is seen when vy is very close to the threshold value. Shown in
Figure 4b are analogous trajectories using the analytic X o functional, with «
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Figure 4. (a}) GGA trajectories. (b) Analytic Xa trajectories.

set (to four significant digits) to the Gaspar-Kohn-Sham value of two thirds
[39]. This functional requires no numerical evaluation of the XC energy, thus
the method is very efficient computationally. For direct comparison with the
LDA results, these trajectories were performed at vy = 0.0015 because the X«
threshold velocity is on the order of 0.0008 a.u. [24]. All of the trajectories
are reactive during the initial approach of the reactants. For this system,
the efficient analytic X« approach appears to reproduce well the trajectories
attained using the more sophisticated GGA, albeit that there is a distinct
difference in the threshold velocity required to initiate reaction.

4. COLLINEAR (NO),, COLLISIONS

The code can be used to study large collections of atoms. At one time it
held the record for the largest number of contracted orbital basis functions,
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4560, used in an ab initio or first-principles SCF calculation [40]. Of course
AIMD requires hundreds of SCF calculations and the size of system that can
treated with similar computational effort is significantly smaller, but fitting the
local potential of density-functional theory should provide the same relative
advantage in AIMD as it does in single-point calculations.

The nitric oxide system has also been studied as a model explosive [41-
43]. The NO dimer, ONNO, is slightly bent, with a weak NN bond. The
bond is weakened only slightly more by constraining it to be straight. Under
this approximation one can make one-dimensional models of the solid nitric
oxide explosive that are clearly tractable using AIMD, yet that allow energetic
chemistry.

It is energetically favorable for the atoms of the NO dimer to rearrange to
form O, and N,. Thus under the right circumstances a collection of dimers
would be expected to explode giving predominantly molecular nitrogen and
oxygen. This might be particularly facile for a linear array of dimers, which
has oxygen atoms from adjacent dimers as nearest neighbors. Thus chemical
reactions could sustain a linear explosion simply by having each oxygen atom
break a bond to its neighboring nitrogen atom and form a bond in the other
direction to a neighboring oxygen atom.

The obvious problem with this picture concerns end effects. The oxygen
atoms at both ends must either break away free or become attached to its
neighboring nitrogen molecule. If the chains are made long enough, then what
happens to the ends should not matter. In a sense, however, these end effects
propagate inward, necessarily affecting the dynamics. Only in a concerted
reaction can all the atoms be viewed as reacting simultaneously. A concerted
reaction can only involve a few atoms. That concerted reaction propagating
down a linear chain of ONNO molecules will necessarily have an endothermic
leading edge, which results in the oxygen atom or N,O molecule when the
concerted reaction reaches the end of the chain.

These edge effects do not prohibit chemical reaction on energetic grounds. It
is endothermic to convert two dimers into two NyO molecules and two oxygen
atoms, but it is exothermic to convert them into two NoO molecules and an
oxygen molecule. Thus independent of chain length, the creation of two termi-
nal N,O molecules and everything else into oxygen and nitrogen molecules is
significantly exothermic. A linear array of six NO dimers is clearly big enough
to contain any concerted reaction that might be involved in a linear (NO),
explosion, The collision can be exothermic by 10 eV or more. Estimating the
barrier to reaction is far from obvious, however. Is the barrier to more or less
complete reaction the creation of the first oxygen atom or molecule or some
larger number of oxygen and nitrogen molecules? This is a question that can
be studied with AIMD.

The O basis set is the same as that used in the ozone study. The N basis set
is the same apart from adjusting the values of each exponent where necessary;
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those of 9s/5p orbital basis [33], the d polarization exponent to 0.864 a.u. [34],
and the p fitting exponents to 0.32, 1.28, and 6.4 a.u. [35]. The calculations
are analytic Xa, a = 0.6667 and no grids of points are necessary. With this
basis and the Xo functional, changing each NO dimer to O; and N; releases
1.58 eV. The optimized structure of the isolated system of three van der Waals
bonded NO dimers in Dg, symmetry is given in Table 2. The N-N distances
are 1.15 A, the N-O distances are 1.25 A and the O-O distances are 2.88 A.
The AIMD calculations were of the CF type; spin unrestricted to allow for the
possibility of of forming paramagnetic oxyen.

Table 2. Symmetry inequivalent (ON,0); distances in A.

Element Distance from Center

0.574
1.818
4.696
5.941
7.088
8.334

0zz00%Z2

Two of these (ON,O)3 ‘solids’ were placed 3.0 A apart and fired towards
each other at a relative velocity of 5 km/sec or 0.05 A/fs. It takes quite a
long time for all the separate dimers to bounce off of each other and exit the
collision zone. In the process the two interior dimers have collided three times.
After one thousand time steps all dimers have velocities opposite their initial
velocities. During this time no chemical reaction was seen, and afterward no
further chemical reactions are possible. Doubling the relative velocity to 10
km/sec leads to the same qualitative result. Quadrupling the original velocity
leads to the breaking of the outer ONN-O bond, but all other bonds remain
intact.

The dynamics is quite similar if internal potential energy is added to the
two collision partners. For a fixed relative initial velocity of 5 km/sec, internal
energy can be added to the system by compressing or expanding various bonds
from their equilibrium values. Moving each oxygen atom 0.04 A towards its
nitrogen neighbor has the effect of raising the energy of the colliding system
1/40 eV per degree of freedom which if equilibrated would give room temper-
ature vibrational motion. The collision of two such compressed moieties at
5 km/sec relative velocity results in no reaction. Doubling and quadrupling
the compression similarly does not lead to reaction. During the course of the
latter trajectory various N-O bonds become extremely elongated before being
pulled back by the density-functional forces.
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It is not clear why this linear NO system is so unreactive. While analytic Xo
was shown to reproduce accurately the dynamics of the ozone system, perhaps
it is the problem in this system. We are looking at these same dynamics using
the GGA, which unfortunately requires more than a factor of two increase in
computer time.

5. HALIDE PHOTODISSOCIATION

A halogen atom lacks a single electron to complete its p electronic subshell.
As it interacts with a ligand, a bonding p, molecular orbital drops in energy
while an antibonding p, molecular orbital rises relative to the nonbinding p,
halide orbitals. Assuming the ligand is not a chromophore, the first electronic
excitation then corresponds to exciting a halide 7 electron to the anti-bonding
p, (0*) orbital [44]. This will break the bond formed by the p,-containing
molecular orbital, and the molecule will dissociate. This ¥ to II transition
of the total molecular wavefunction breaks axial symmetry. As symmetry no
longer requires the bond to remain straight, it will bend.

In both ICN [45] and ICH; [46,47], as well as other cyanohalides (48-50]

this excitation is called the A continuum. The existence of highly rotationally
excited CN fragments in ICN photodissociation suggests that there are strong
bending forces on at least some of the excited PES’s in the Franck-Condon
region relevant to photodissociation [51]. Heavy halogen photodissociation is
complicated by the fact that the atomic halogen wavefunction can have large
spin-orbit splitting.

For chlorine the spin-orbit splitting is not significant, and a fitted Xa CICN
photoexcited-state potential energy surface with strong bending forces [52]
gives good agreement with the experimental data [50,53,54] showing high rota-
tional excitation of the CN fragment. In contrast, ICH; shows little rotational
excitation of the methyl fragment. The electronic structure of these molecules
is similar and one should expect similarity in their photodissociation dynamics.

Accurate theoretical treatment of the photodissociation of ICN [55] and
ICH; [56] requires spin-orbit-split potential energy surfaces and a model of how
the molecule hops from one spin-orbit surface to another as it dissociates to
produce spin-orbit split J=1/2 and ground-state J=3/2 iodine atoms. Ref. 57
points out that there are two 7 to o* transitions to a bent upper state in CICN
that are Renner-Teller paired to correlate to a Il state in the linear geometry
and that there are many other still higher lying, but still close in energy, states
in the Franck-Condon region. It is possible that the interference of multiple
potential energy surfaces leads to the very different rotational distributions
in XCN and XCH;. The best traditional molecular dynamics studies [55,56]
based on fits to ab initio PES’s suggest, however, that bending forces are
important the photodissociation of both molecules. Such forces should be
apparent in spin-free (and thus spin-orbit-interaction-free) AIMD simulations
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of these photodissociation processes as such effects will change slowly on any
diabatic potential energy surface.

For ICN the Renner-Teller states have A’ and A” symmetry in C, symme-
try. AIMD can be used to follow the dynamics of these states in ICN and
the corresponding states in ICH;. The A” state of both molecules are the
ground electronic states of that symmetry, thus even though they photodisso-
ciate, DFT can in principle exactly provide the relevant PES [58]. There is no
tendency for broken-symmetry solutions {30], thus one should expect reliable
DFT descriptions of the A” dynamics. The A’ states are first excited states of
their symmetry, but it is hard to imagine that if DFT is appropriate for one
member of a Renner-Teller pair of electronic states that it is inappropriate for
the other or by analogy the corresponding states of ICH;

For use with analytic Xa, the orbital basis set for I was 18s/14p/8d [33]
modified to 19s/15p/9d by replacing the most diffuse s orbital exponent by
two exponents 0.05 and 0.12 a.u. and the third and fourth most diffuse s or-
bital exponents by 0.5 and 1.0 a.u. exponents. The p and d exponents were
augmented with exponents 0.03 and 0.2 a.u., respectively. The orbitals were
contracted to 10s/8p/6d. The Iodine p orbital exponents numbered 4, 8, 10,
and 13, ordered least to greatest, were doubled to get 72 fitting functions.
The N, C, and H, orbital basis sets were 11s/7p, 11s/7p, and 6s [33], aug-
mented with polarization functions 0.6, 0.78, and 1.0 a.u. [34], respectively,
and contracted 53/3p/1d 5s/3p/1d, and 35/1p For N p exponents 4 and 6
were doubled to get r? fitting exponents. All s orbital exponents were scaled
properly to obtain the s functions for the auxiliary bases. The 7, 5, 4 tightest
s CD fitting exponents; respectively, for I, N, and C as well as the tightest
r?2 CD fitting exponent on I were contracted Five p and d exponents were
added to both auxiliary bases for I, N, and C. For I the exponents were 0.01,
0.07, 0.2, 0.7 and 3.0 a.u., for N and C they were 0.25, 0.37, 0.7, 2.0 and 5.0
a.u., and for H the single auxiliary p exponent was 1.0 a.u. Bond-centered s
exponents of 1.0, 0.65 and 0.3 au, respectively, were added to the CD, its 2/3
power, and the XC bases.

Basis sets of this size are highly accurate, capable of obtaining exact DFT
binding energies to 0.1 eV /atom. Calculations of such accuracy left little doubt
that local density functionals significantly overbind [59]. For molecular dynam-
ics, where relative energies are the only quantities of interest, smaller Gaussian
basis sets, such as used in the calculations described above, probably strike a
better balance between accuracy and computer resource usage. (This ICN
basis was designed to study higher lying Rydberg states.) Highly contracted
basis sets are inappropriate for reactive AIMD, which must necessarily treat
the great amount of change in the valence region during the breaking and for-
mation of chemical bonds. Similar care should be taken in designing auxiliary
bases. A single bond-centered fitting function can affect the energy as much
as an entire set of d fitting functions; d fitting functions are not essential if
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Figure 5. AIMD on the A’ (above) and A" (below) surfaces of slightly bent
ICN. I is grey, C black, and N lightest. The structure of these two states evolve
in time; from left to right immediately after, 28 fs into, and 120 fs into the
dynamics.

bond-centered functions are used. Variational fitting is stable if bonds become
break with bond-centered fitting function remaining in the basis.

Vertically excited in a linear configuration, ICN cannot bend because bend-
ing in either direction is equivalent by symmetry. Thus we chose to start our
dynamics with the I atom displaced from equilibrium in a direction perpen-
dicular to the C-N bond to make the ICN angle 175°. At this geometry the
A" state lies higher than the A’ state, which has the excitation in the plane of
the molecule, by 600 cm™!. The the A’ and A” states were then propagated
from rest. Three snapshots of the motion are given in Figure 5. The initial
configurations are almost linear. A short time later, both states are quite
bent. The bending forces gradually die out on the A’ surface, but continue
on the A" surface, ultimately giving a bimodal rotational distribution like the
experimental rotational distribution.

ICH; photodissociation is similar to ICN, except that bending is allowed
upon any vertical ‘o’ to ‘n’ excitation preserving Cj, symmetry. The molecule
does not have to be bent slightly to enable it to experience bending forces,
yet high end-over-end CHj rotation is not seen in any of its photodissociation
decay channels. Like ICN, the A’ state, with a hydrogen atom in the plane
containin§ the excitation, is the lowest-energy excitation. The A" state lies
5200 cm™" higher in energy, however, almost ten times more so than the cor-
responding bent ICN state. This great energy difference prevents the methyl
group from rotating freely after photoexcitation, consequently the molecule
can and will immediately bend. This is seen in Fig. 6 which compares A’ and
A" dissociation. The significant difference between ICN and ICH; photodisso-
ciation is that the methyl group is too big to keep on rotating throughout the
dissociation. Instead the methyl group bounces off the I atom and ultimately
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Figure 6. AIMD on the A’ (above) and A" (below) surfaces of slightly bent
ICH;. I is grey, C black, and H llghtest The structure of these two states
evolve in time; from left to right immediately after, 34 fs into, and 200 fs into
the dynamics.

dissociates rotating in the opposite sense to its initial rotation on in both sur-
faces. Thus the end-over-end rotational distribution of the methyl fragment
from ICH; is much colder than the hot component of the CN rotational distri-
bution from ICN, but the axial rotational temperature of the methyl fragment
is even colder than the end-over-end rotational distribution because the initial
photoexcitation locks to the methyl rotation.

Snapshots of ICH; photodissociation can be seen in Figure 6. The maximal
amount of bending in the two decay channels do not occur at the same time
step. The upper-state dynamics is ahead of that of the lower. The middle
snapshots show both CHj fragments bent near the maximal amount in the
initial direction. The upper state is bending in the opposite sense and the
initial rotation is about to stop in the lower state. The right-hand panels
of the figure show the CHj fragments bent in the other direction. In both
molecules and both photoexcited states the initial motion is the same in the
sense of involving strong bending.

5. CONCLUSIONS

The FON method enables the study of complex chemical reactions in Kohn-
Sham DFT. In order for ground-state singlet ozone to react and form ground-
state triplet oxygen molecules in DFT AIMD the occupations of the Kohn-
Sham orbitals need to change from being all doubly occupied to having six
half-filled orbitals. The situation is less dramatic for two linear ozone molecules
reacting to form oxygen, but the orbital occupation numbers still must change
for a ground-state to ground-state reaction to occur. The FON method can be
used to change orbital occupation numbers smoothly during a complex chem-
ical reaction. Exactly how the FON method is applied and which exchange-
correlation functional is used can dramatically affect the course of an AIMD
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simulation of a chemical reaction. The dynamics with analytical X« is rather
similar to that with the GGA exchange correlation functional, which is ex-
pected to be more accurate. Because it avoids numerical integration of the
exchange-correlation energy, analytic Xa is less expensive computationally
than either the LDA or the even more demanding GGA.

Variational fitting enables a completely analytic treatment of the Xo ex-
change correlation functional. This practical first-principles AIMD method
enables studies of detonations, photodissociation, and ultimately the even more
complex chemical reactions that can be driven tribologicially.
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Abstract

We present a new method for realizing the adiabatic connection approach in density func-
tional theory, which is based on combining accurate variational quantum Monte Carlo cal-
culations with a constrained optimization of the ground state many-body wavefunction for
different values of the Coulomb coupling constant. We use the method to study an elec-
tron gas in the presence of a cosine-wave potential. For this system we present results for
the exchange-correlation hole and exchange-correlation energy density, and compare our
findings with those from the local density approximation and generalized gradient approx-
imation.
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1 Introduction

Density functional theory (DFT) (1, 2) is the main computational tool for
the treatment of many-body effects in solid state electronic structure calcula-
tions and 1s now widely used to determine ground-state properties of atoms
and molecules (3). In the Kohn-Sham formulation of DFT (2) the problem of
finding the ground state energy and density of an interacting N-electron sys-
tem is tranformed into an equivalent problem involving non-interacting elec-
trons. The central quantity in this formulation is the exchange-correlation
energy F,., which is a universal functional of the electron density n(r). The
exchange-correlation energy functional, a complicated many-body object, is
the big unknown of the theory and the core problem in the density functional
approach is to find accurate approximations for E,.. The most frequently
used approximations to date are the local density approximation (LDA) (2)
and various generalized gradient approximations (GGA) (4, 5, 6).

An entirely different approach to the ground-state many-body problem is
quantum Monte Carlo (QMC) (7). QMC calculations are computationally
more demanding than density functional calculations. However, unlike the
density functional approach, in which the ground-state density is the basic
variable, quantum Monte Carlo methods focus on sampling the full ground-
state many-body wavefunction of the system under consideration and hence
yield a more detailed description of many-body effects. Quantum Monte Carlo
calculations can therefore be used to investigate density functional theory from
“outside” and to test the performance of approximations to E,.. In the last
few years a number of quantum Monte Carlo investigations of DFT have been
reported for atoms and molecules (8, 9), model solids (10, 11) and silicon (12}.
Most of these investigations focused on extracting the exchange-correlation
potential and components of exchange-correlation energy from accurate elec-
tron densities obtained from Monte Carlo calculations. Except for a very
recent calculation by Hood et al.(12), other key quantities in DFT, namely
the exchange-correlation hole n,. and the exchange-correlation energy density
€zc, have not been investigated with Monte Carlo methods. These quantities,
however, are important in understanding the success of the LDA beyond its
formal limits of validity, and play a key role in constructing more accurate
approximations to F,.. A better knowledge of these quantities is therefore
crucial for a better understanding of the performance of the LDA and various
corrections to it such as GGAs, and can guide the construction of more accu-
rate functionals. Unlike V. which can be directly obtained from the electron
density (by inversion of the Kohn-Sham equations (10, 8)) evaluating e,. and
Nae 1s more demanding. These quantities are derived from an adiabatic con-
nection procedure in which one scales the Coulomb interaction by a factor A
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while keeping the density fixed at the ground state density of the system un-
der consideration. To extract ng. and e, from Monte Carlo data one therfore
needs to calculate not only the ground state many-body wavefunction of the
fully interacting system (A = 1), but also the many-body wavefunction in the
range 0 < X < 1.

Within variational quantum Monte Carlo, we have developed a new scheme
for realizing the above adiabatic connection procedure which allows us to ex-
tract n,. and €. from Monte Carlo data. Our method is based on a constrained
optimization of the many-body wavefunction at different Coulomb coupling
constants using the technique of variance minimization (13, 14). In this paper
we will discuss aspects of our method and illustrate it with a first application
to an electron gas exposed to a cosine-wave potential. For this system we
calculate the exchange-correlation energy, exchange-correlation energy density
and exchange-correlation hole, and compare our findings with those obtained
from the LDA and the most commonly used version of GGA (6, 15).

2 The Adiabatic Connection

The idea of an adiabatic connection to determine E,. has been developed by
several authors (16-18). Here we closely follow the review by Parr and Yang
(3). We consider a system of N interacting electrons in the presence of an
external potential V,,(r) and characterized by the Hamiltonian (atomic units
are used throughout, with e =A =m = 1)

ﬂ:T‘f“};e‘f'f/ez (1)
with
LA |
Py -Lee B
i=1 2
‘/ee =3 (3)
2;; [r; - rjl
. N
1/61 = Z‘/er(ri) (4)
=1

In the Kohn-Sham formulation of DFT the problem of finding the ground state
energy of this system is exactly mapped onto one of finding the electron density
which minimizes the total energy functional

En(r)] = To[n(r)] + Enln(r)] +/ drVee (v)n(r) + Exe[n(r)] (5)
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Here Tj is the kinetic energy of a fictitious non-interacting system of NV elec-
trons having the same electron density n(r) as the interacting system and
FEuln] is the Hartree (electrostatic) energy. The exchange-correlation energy
functional E.[n] is usually defined by equation (5) and contains all the many-
body terms not considered elsewhere in (5).

An exact expression for E,. is obtained by scaling the electron-electron
interaction with a factor A and varying A between 1 (real system) and 0 (non-
interacting system). The exchange-correlation functional £, is then given

by (3)
Euln] = [ dh < W0 > Byl (6)

where U* is the anti-symmetric many-body wavefunction which minimizes
Fr*=<T+ W, > (7)
under the fixed-density constraint
< UMNa(r)| ¥ >= n(r) (8)

and A(r) is the density operator

N
ZZ:(S(I‘—I‘,*). (9)

A minimum for F* always exists (20) and, except under some unusual condi-
tions (21), ¥* can be obtained from the following Schrédinger equation

[T+ AV, + VO = A0, = EA0 (10)
with
N
A=V (11)
=1

The potential V*(r) at point r is a Lagrange multiplier corresponding to the
fixed-density constraint at that point. As A varies between 0 and 1, V*(r) must
be adjusted such that the electron density remains fixed at n(r). At A =1, V*
coincides with the actual external potential V,,(r) while at A = 0, it coincides
with the Kohn-Sham effective potential,

VA=) = Veps(r) = Veo(r) + Var(r) + Vie(r) (12)

where Vi is the Hartree (electrostatic) potential

/d ) (13)

r— x|
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and
0 Ec[n]

Veel®) = 50
is the Kohn-Sham exchange-correlation potential. Note also that U*=° corre-
sponds to the Slater determinant of the exact Kohn-Sham orbitals correspond-
ing to the density n(r).

The adiabatic expression (6) allows us to obtain several useful decomposi-
tions of Fy.. Inserting (3) in (6) gives

/dr/d'——”—“rﬂ (15)

r — '}

(14)

where n,. is the density-functional exchange-correlation hole defined by (3)
a(r,r') = n(r)n(r') + n(r)ng(r,r’) (16)

Here i{r,r’) is the diagonal part of the two-particle density matrix averaged
over A,

N = /01 d\ i \(r, 1) (17)
and
N N
2 M e, ) =< TN (e —r)d(r — )|t > (18)
=1 j#i

Integrating (15) over r’ yields

)] = /dr ezc(n{r],r) (19)

where e, is the exchange-correlation energy density derived from the adiabatic
connection procedure

el 1) = [ X e (ln(r), ) (20)

with e}, given by

N N n(r'
SO EEEAES 3 phi LIS UL CY
11];61 II‘ I.| 'I' I‘|

For further reference we note that n}=° corresponds to the density func-

tional exchange hole n,. The correspondmg excahange energy density is e; =
€}=0 and the correlation energy density is given by e. = e, — €;. Note, how-

ever, that the excahnge-correlation energy density, and hence its exchange and
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correlation components, are not uniquely defined guantities since we can al-
ways add to e;. any function which integartes to zero without affecting the
exchange-correlation energy. Our definition of these quantities emerges in a
natural way from the adiabatic connection. An alternative definition of the
correlation energy density has been suggested by Baerends and Gritsenko (22)
and by Huang and Umrigar (23).

3 Quantum Monte Carlo realization

Given an interacting many-body system with ground-state density n(r), the
main ingredient for evaluating n,. and e, is the many-body wavefunction
U* for a number of systems corresponding to different values of the coupling
constant A satisfying the fixed-density constraint. In this section we describe
our variational quantum Monte Carlo algorithm for obtaining W,.

3.1 Variational Monte Carlo

In variational Monte Carlo calculations (7) one starts off with an explicit
parameterized Ansatz for the ground-state many-body wavefunction of the
system under consideration. The total energy of the system is then calcu-
lated as the expectation value of the Hamiltonian A with respect to the vari-
ational wavefunction ¥7. Monte Carlo integration is used to perform the
multi-dimensional integrals required for evaluating this expectation value and
the variational parameters in Uy are adjusted until an optimized wavefunc-
tion is obtained. The state-of-the-art method for performing the optimization
procedure is the variance minimization scheme (13, 14). In this scheme one
minimizes the variance of the local energy HWy /Wy (rather than expectation
value of ]:I) with respect to variational parameters over a set of particle config-
urations. The use of energy optimized wavefunctions may give unsatisfactory
results when quantities other than the energy are evaluated, while minimiza-
tion of the variance tends to give a better fit for the wavefunction as a whole,
so that satisfactory results are obtained for a range of quantities including both
energy and electron density. The electron density plays a central role in the
adiabatic connection procedure making variance minimization a more suitable
choice for optimizing ¥*.

3.2 Fixed-density variance minimization

We consider an N-electron system having ground-state density n(r). At a given
coupling constant ) the corresponding many-body wavefunction ¥* satisfies
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equation (10). Therefore, at an arbitrary point R = (ry,rs,...ry) in the 3N
dimensional configuration space of electron coordinates, we have

HMU(R)

A= By

In conventional variance minimization calculations (14) (i.e. the unconstrained

= 1 case), the above property is used to find an overall fit to ¥ (we drop the A
superscript for simplicity). The procedure is to determine the parameters {a}
in the trial function W7 (R, {a}) by minimizing the variance of local energy o>

" 2
o= [ iR { Py~ pto)| pwr(yr (23)
where E[7] is the expectation value of the Hamiltonian.

The above unconstrained optimization cannot be directly applied at inter-
mediate values of A for which the Hamiltonian contains the unknown potential
V. We found, however, that a simultaneous determination of ¥y and V) can
be achieved by performing the following constrained optimization. We assume
that the trial many-body wavefunction ¥} results in the electron density n*(r)
and expand both n*(r) and the ground state density n(r) in a complete and
orthonormal set of basis functions {f,}

Nag
= ZnsfS(r) (24)
Na
n(r) = Y n) filr) (25)

where Ny is a cut-off chosen such that the above expansions converge to n(r)
and n,(r) within a specified accuracy. Subsequently, we define the modified
penalty function pu?
Ng
=+ Wy, [ns - nir (26)
s=1
where W is a weight factor the magnitude of which determines the emphasis
laid on the fixed-density constraint. The above penalty function reaches its
lower bound (of zero) if and only if ¥* is the exact many-body wavefunction
satisfying the fixed density constraint (within the accuracy set by Ny) and V* is
the corresponding exact potential. Hence minimization of u? will, in principle,
result in the simultaneous determination of ¥* and V*. In practice, however,
our constrained search is restricted to a sub-space of many-body wavefunctions
and minimization of 42 yields an optimal fit to ¥* and a corresponding optimal
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fit to V*, the deviations of which from the exact V* reflect the errors in the
many-body wavefunction.

Our numerical implementation of the above scheme works as follows. We
start off with an initial guesses U} for the many-body wavefunction and a
corresponding guess for V*. A fixed number N, of statistically independent
configurations R; are then sampled from |¥3|? and the Monte Carlo estimator
of u? over these configurations is evaluated

=Z EL(R)— < EL >)2{

]+WZ (27)

Yo w
with HUAMR))
EL(R)) = HETA (28
) = 1wy )
| A
w; = ‘D—g (29)
< E; > the average energy
wi
< Ep >=Y Ei(R)) [ } (30)
; Z 1‘*’1

The expansion coefficients of the electron density, n}, are evaluated from

Ne
=553 e[| 1)
i=1k=1 ]~1 ]

where 1% denotes the coordinates of the electron k belonging to configuration 1.
Finally, we vary the parameters in ¥ and V?, using a standard NAG routine
for optimization, until ©? is minimized. We found that setting W equal to
the number of configurations results in a satisfactory minimization of both the
variance in energy and the error in electron density.

Following (14) we set the reweighting factors w; in equations (27) and (30)
equal to unity in order to avoid a numerical instability in the variance mini-
mization procedure which occurs for systems with a large number of electrons
(these factors, however, are included in calculating the expansion coefficients
of the electron density). The above fixed-density variance minimization is then
repeated several times until the procedure converges.

4 Cosine-wave jellium

We performed adiabatic connection calculations for the inhomogeneous spin-
unpolarized electron gas with average electron density ng = 3/(4wr?) corre-
sponding to ry, = 2. In the QMC simulations we model this system by a finite
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system of N = 64 electrons satisfying periodic boundary conditions in a FCC
simulation cell. Density modulations can be induced by applying an external
potential of the form V{ cos(q.r) where, because of periodic boundary condi-
tions, q is restricted to be a reciprocal lattice vector of the simulation cell.
Alternatively, we can fix the ground-state electron density a priori and use
our fixed-density variance minimization method to obtain the corresponding
many-body wavefunction at a given Coulomb coupling constant which pro-
duces the specified density. In the calculations reported here we chose this
second option, with the “target” electron density for the system generated in
the following way. We expose the non-interacting electrons (i.e. the A = 0
system) to the potential V(r)

V(r) = Vycos(q.r) (32)

with Vy = 2.084€% and q = 2B;3 . Here €% is the Fermi energy of the un-
perturbed electron gas, Bj is a primitive vector of the reciprocal (simulation)
cell with |2B3| = 1.11k%, and k% is the Fermi wavevector. We then solve the
following self-consistent single-particle Schrodinger equations

[‘%Yﬁ + Versloi = €idhs (33)

with
Vog(r) = V(r) + Vi (r) + VEPA(r) (34)

to obtain the electron density

N/2

n(r) = 22 i () (35)

We define this density to be the exact ground-state density of our interacting
system. In this way, the single-particle orbitals ¢; are by construction the ex-
act Kohn-Sham orbitals and their Slater determinant corresponds exactly to
the many-body wavefunction at A = 0. Having obtained this non-interacting
v—representable density we then perform fixed-density variance minimization
to produce variational many-body wavefunctions at non-zero Coulomb cou-
pling constants (including the ground-state many-body wavefunction at A = 1)
which reproduce this density and (variationally) satisfy the Schrédinger equa-
tion (10). Once the ¥ys are obtained, we use the Monte Carlo Metropolis
algorithm to evaluate the required expectation values and perform a numeri-
cal coupling constant integration using Gaussian quadrature.



198 M. Nekovee et al.

4.1 Many-body wavefunction

The quality of a variational quantum Monte Carlo calculation is determined by
the choice of the many-body wavefunction. The many-body wavefunction we
use is of the parameterized Slater-Jastrow type which has been shown to yield
accurate results both for the homogeneous electron gas and for solid silicon
(14) (In the case of silicon, for example, 85% of the fixed-node diffusion Monte
Carlo correlation energy is recovered). At a given coupling A, ¥* is written as

¥ = pTp* exp —Zu;\“%(ﬁj) + ZXA(IV) (36)

i>7 i

where r;; = |r;—r;| and D' and D+ are Slater determinants of spin-up and spin-
down Kohn-Sham orbitals respectively. u;\i’ . 1s the two-body term correlating
the motion of pairs of electrons and o; denotes the spin of electron i. Finally,
x* is a one-body function which is absent in the homogeneous electron gas but
is crucial for a satisfactory description of systems with inhomogeneity. Both

u” and x* contain variational parameters. We write u* as (14)

u'(r) = up(r) + f(r), (37)
where uj is a fixed function and f* is given by
) = B’\(ﬂ’?ﬁ-S + ) (Lws — )2+ r*(Lws — r)? oM, o Ty(7) 0<r <y
- r> Lws
(38)

where B* and «] are variational coefficients, 7} is the [th Chebyshev polyno-
mial, and

_ 2r— Lws
7=

Tors (39)

In the last two equations Lwg is the radius of the sphere touching the Wigner-
Seitz cell of the simulation cell.

The fixed part of © at full coupling constant A = 1 is the short-ranged
Yukawa form (14)

Al T 7?
ug(r) = - (1 — exp(~ﬁ ) exp (———g> , (40)

where A! is fixed by the plasma frequency of the unperturbed electron gas

1

Al = —
. (41)
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and F is fixed by imposing the cusp condition (7) leading to Fal,-,a] = \/EQAl)
for parallel spins and F(,l”oJ = \/EAI) for anti-parallel spins. Lg is a cut-off pa-
rameter chosen so that ug(Lws) is effectively zero and is set equal to 0.25 Ly s
in the present calculations. In the case of the unperturbed electron gas, scaling

arguments (24) applied to the Hamiltonian (10) result in the following relation
for the exact many-body wavefunction at coupling constant A

U (ri,To, ... Tp) = CA\D;\?I(Arl, Arg,...Ar,) (42)

where W' is the ground-state wavefunction of a homogeneous electron gas
with the density parameter v, = Ar, and C* is a normalization constant. For
the unperturbed electron gas (x = 0) imposing condition (42) on the fixed-part
of our Slater-Jastrow wavefunction yields

Al r?
ué(r) = (1 - exp(—%)) exp (—L—S> , (43)

where A = A/2AY F* = A"Y/4F', We note that with the above choice for
A* and F* the A—dependent cusp conditions are automatically satisfied. The
electron density is modulated only in the Bj direction and hence both the
one-body part of the Jastrow factor and V* can be expanded as

M

XMr) = Z x*(mB3) cos(mBs.r) (44)
M

Vi(r) = Y V(mBs) cos(mBs.r) (45)

The electron density is expanded in a similar way (with the inclusion of the
m = 0 term). We use 7 Fourier coeflicients in the expansion of electron density,
6 Fourier coefficients in the expansions of x) and V3 (only the first four coefhi-
cients turned out to be significantly different from zero), and 8 coefficients (for
each of the spin-parallel and spin-antiparallel cases) in the two-body term.

5 Results and discussion

We performed adiabatic connection calculations for cosine-wave jellium us-
ing six values of A: 0,0.2,0.4,0.6,0.8,1. The many-body wavefunctions for
A > 0 were optimized by fixed-density variance minimization using 10000 in-
dependent N —electron configurations at each A. These configurations were
regenerated several times. The weight factor in expression (27) was set equal
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Figure 1: (a) Electron density for different values of A plotted along ¢ (the direction
of inhomogeneity). (b} The A—dependent spherically averaged exchange-correlation
hole for an electron sitting at { = 10.85 a.u.

to 10000 in order to obtain a satisfactory minimization of both the variance in
energy and the error in electron density. Once ¥, was optimized, guantities of
interest were accumulated with the Metropolis Monte Carlo algorithm using
500000 statistically uncorrelated configurations.

We found that our method results in electron densities n*(r) which deviate
from the reference density by less than 1%. This is shown in figure 1(a) where
the density is plotted as a function of A along a line parallel to the direction in
which the external potential varies (we call this the ¢ direction). While the den-
sity is fixed, all other physical quantities vary smoothly and monotically with
X. As an example we consider the spherically-averaged exchange-correlation
hole

1
i(rys) = o= [armi(ex), Qilr—v|=s (46)
as a function of A. In figure 1(b) this quantity is shown around an electron

sitting at one of the maxima of the electron density (¢ = 10.85 a.u.). The
A = 0 curve corresponds to the spherically-averaged exchange hole. The ex-
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change hole is relatively shallow and negative everywhere. As the interaction
is switched on, the hole around the electron becomes gradually deeper. The
spherically-averaged hole obeys the sum-rule (3)

4#/5275;\(1',3) = -1 (47)

and the deepening of the hole for A > 0 is compensated by the fact that the
hole becomes slightly positive far away from the electron. Note that the hole
does not “narrow” as it deepens, but actually broadens. In evaluating 7, we
expanded the exchange-correlation hole in a double Fourier series, sampled the
corresponding expansion coefficients and subsequently performed the spherical
averaging. Our calculated p), does not satisfy the Kimball cusp-condition (25,
29) because of the finite number of plane-waves in its Fourier expansion. As
a result 5, has zero slope at s = 0. We note, however, that this deficiency
does not affect E,, and e}, because these quantities are evaluated directly from
equations (6) and (21).

Before discussing our findings for this system, we would like to pause and
give a short outline of the errors present in our simulations. First of all, the
small (< 1%) deviations of the electron density at different A from the refer-
ence density n(r) will induce errors in the adiabatically calculated quantities
such as the correlation energy density. By recalculating the exchange energy
density with a density which deviates from the reference density by 1% and
extrapolating the resulting deviation e;[n(r)] — e,[n(r) 4+ én(r)] to the correla-
tion energy density, we estimate the errors in e, due to these density deviations
to be also ~ 1%.

Further, there are two other kind of errors in our calculations: (i) statistical
errors; and (ii) finite size errors (i.e. those caused by the fact that we are
using a finite number of electrons to model a supposedly infinite system).
With 500000 configurations used in sampling all physical quantities, we found
statistical errors to be unimportant, except for the exchange-correlation hole.
By evaluating the exchange hole both directly and by Monte Carlo sampling,
and assuming that the errors in ng. for A # 0 are similar, we estimate the
statistical error in this quantity to be less than 7%. Another source of errors
1s finite size effects. These errors occur because a finite simulation cell is used
to model an infinite system, with the Coulomb interaction energy evaluated
using the Ewald formula (26). The use of a finite simulation cell with periodic
boundary conditions affects the wavefunction, of course, and the use of Ewald
interaction also produces a Coulomb finite size error in the interaction energy
(26, 27). We found the effect of the finite cell on the exchange-correlation hole
to be unimportant, except for the asymptotic behavior of this quantity which
cannot be correctly described with the present system size. Coulomb finite size
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Figure 2: (a) VMC (solid lines) and LDA (dashed lines) sfg.(r,s) plotted for an
electron moving along ¢. Arrows on the electron density (plotted on top), mark the
position of the electron. (b) Exact sfi.(r,s) plotted in the same direction and at
the same points as in (a) (solid lines) and the corresponding LDA approximation
(dashed lines).

effects do not significantly affect the many-body wavefunctions, and hence their
effect on quantities such as the electron density and the exchange-correlation
hole is negligible. The exchange-correlation energy density, however, is directly
affected by Coulomb finite size effects since in evaluating e}, the 1/|r —r'|
Coulomb interaction in (21) is replaced by the periodic Ewald interaction. By
calculating the exchange energy density of the homogeneous electron gas using
our finite simulation cell and comparing it with the exact result (28)

e, = _0.45805 - (48)

Ts

we estimate the total finite-size error in e, to be of the order of —2 x 1074
a.u; the errors in the correlation energy density e, is expected to be somewhat
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Figure 3: Exchange (solid line) and correlation (dashed line) contributions to e,
plotted along ¢.

smaller.

We now turn to our results for n,. and e;.. The spherically averaged
exchange-correlation hole, 7} (r,s), obtained from our adiabatic calculations
is shown in figure 2(a) together with the LDA approximation (28) to this
quantity

REPA(r, 5) = n(r)(g"™ (n(r), ) — 1) (49)

where g"°™ is the M-averaged pair-correlation function of a homogeneous elec-
tron gas with density n(r) (we use the Perdew-Wang parameterization of g
(29)). In this figure we plot n,.(r, s) for an electron moving along ¢, and hence
fully experiencing the strong variations in electron density. The hole is shown
multiplied by s so that the area under each curve is directly proportional to the
exchange-correlation energy per electron e,./n. At ( = 1.30 a.u. the electron
density is very low and n,. is shallow. As electron moves to higher densities
(¢ = 5.6 and ¢ = 10.85 a.u.) the hole becomes deeper and its asymptotic tail
less pronounced. Unlike the LDA hole which depend only on the local density
n(r) and is dug out of a homogeneous electron gas of that density, the VMC

m
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hole depends on the density everywhere in the vicinity of r. At { = 1.30 a.u,
where the electron density is very low, the LDA “probes” ounly this density and
for this reason the LDA exchange-correlation hole is very different from the
VMC hole, even close to the electron. As the electron moves to the high den-
sity region, the LDA description becomes more satisfactory and at ¢ = 10.85
a.u., where the electron density has a maximum, the agreement between the
LDA and the VMC hole is rather good. In figure 2(b) we compare the ex-
act exchange hole (obtained from our exact Kohn-Sham orbitals) for the same
electron positions with the LDA hole given by (28)

AEDA(y 5) = —gn(r) []ll(c’;F(i)iS>] (50)

where kp(r) = (372n(r))!/? is the local Fermi wavevector and j; the first order
spherical Bessel function. Once again, the LDA description is unsatisfactory
at low densities but improves as we move to the high density region.

Next we consider exchange-correlation energy densities. In figure 3 the
exchange and correlation contributions to this quantity are shown. The differ-
ences e/ MC — eLDA 3nd eVMC _ ¢LD4 3re shown in figure 4 (a). The difference
in e, foHows the variations in electron density and is largest at points where

n(r) has a maximum. The differences in e, shows a more complicated structure
and eYMC < eLPA everywhere in the system. This result is in line with the
well-known fact that LDA almost always underestimates the exchange energy
of an inhomogeneous system. However, because of the finite size errors, we
expect the true e, to be slightly (~ 2 x 1074 a.u.) less negative than eVMC
that e, < ef;DA must holds in most points of the structure but not necessarily
everywhere,

The GGAs for exchange and correlation of a spin-unpolarized system are
written as (15)

B, = / dr n(r)e™ ! (n(r))Fa(s) (51)
Ee= [ drn@m)em (n(r) + Hin(x), 0)] (52)

In the above equations €2/ and ¢“/ are the exchange and correlation energies
per particle of a uniform electron gas with density n(r), ¢ = [Vn|/2k,(r), s =
|Vn|/2kp(r) with k, the local Thomas-Fermi wavevector k,(r) = {/4kr(r)/m.
In analogy with (19) one may define the GGA ¢, and e, as

e 4 (r) = n(r)e™ (n(r)) Fu(s) (53)

and

g 4(r) = n(r)[e"/ (n(r)) + H(n(r), )] (54)
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Figure 4: (a) The differences ey MC — P4 (solid line) and eV M — eLPA (dashed
line) plotted along ¢. (b) The same as (a) but for ¥ MC egGA and eVMC eGGA,

We note that the above quantities do not directly correspond to the physi-
cal e, and e, as defined by equation (21) (i.e. via the exchange-correlation
hole). Nevertheless, they present pointwise corrections to the LDA exchange
and correlation energy densities and for this reason we found it interesting to
compare them with our VMC results. In figure 4(b) we show e/M¢ — G64
and eVMC — ¢FG4 The GGA results were obtained from the ground state den—
sity n( ) usmg the Perdew-Burke-Ernzerhof scheme (15), which we found to
give results slightly different from PW91 (6). Note that the difference between
the VMC and the GGA exchange energy densities is significantly smaller than
that between the VMC and the LDA exchange energy densities, indicating
that the GGA improves upon the LDA in describing this quantity. As for e,
the differences are of the same order as for the LDA, although the shape is
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different. It is interesting that the LDA errors in e, and e, partially cancel
each other, even on a local scale, but that these cancellations do not occur for
the GGA. In summary, the GGA seems to do a good job in improving the LDA
description of the exchange energy density but is less successful in the case of
the correlation energy density. The resulting exchange correlation energy per
electron obtained from VMC, LDA and GGA are EYMC/N = —0.328 +0.009,
ELPAIN = —0.3296, ECS4 /N = —0.3347 a.u.
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Abstract

The importance of relativistic exchange-correlation effects for the de-
scription of 5d transition metals is examined by application of a relativis-
tic extension of the Perdew-Wang generalized gradient approximation
to Pt and Au, using a full potential linearized-augmented-plane-wave
approach. It is found that the relativistic corrections to exchange affect
both the band structure and the cohesive properties on the 1% level,
while the relativistic corrections to correlation can be safely neglected.

I. Introduction and Summary of Results

Establishing fully relativistic methods for ab-initio electronic structure calcula-
tions in atornic, molecular and solid state physics has been as a major activity
during recent years. As density functional theory (DFT) has proven to be
rather successful in nonrelativistic applications [1-3], its relativistic version
[4-8] is a promising tool for the investigation of systems with heavy elements.
The crucial quantity of the DFT formalism is the exchange-correlation (zc)
energy functional E,.[n], which, together with the corresponding single par-
ticle zc-potential vyo(r) = §E;[n]/dn(r), provides the DFT description of
zc-effects.

A considerable amount of work has been devoted to the development of suit-
able approximations for E,.[n], which are efficient and at the same time reliable

ADVANCES IN QUANTUM CHEMISTRY, VOLUME 33
Copyright ©1999 by Academic Press. All rights of reproduction in any form reserved.
0065-3276/99 $25.00 209



210 R. N. Schmid et al.

and sufficiently accurate. For a long time, the nonrelativistic local density ap-
proximation (LDA), based on the homogeneous electron gas (HEG), has been
the standard for E,.[n] in both nonrelativistic and relativistic calculations.
During the last years, gradient corrections to the LDA have attracted wide-
spread interest. Nonrelativistic generalized gradient approximations (GGAs)
[9,10] have improved the quality of DFT results for a variety of systems, most
notably for the structural properties of small molecules [11,12] and metallic
iron [13]. However, it has become clear by now that for solids GGA function-
als are not systematically superior to the LDA [14-20]. In particular, while
GGA functionals are remarkably successful for 3d transition metals [13,14],
they overcorrect the LDA’s errors for 5d transition metals {17,18,20]. This
even worsens the agreement with experiment for some systems, with Gold
being the prime example.

On the other hand, Gold shows large relativistic effects (the Gold mazimum
— see eg. [21]). In fact, it has been explicitly demonstrated that for Au rela-
tivistic and zc-effects are nonadditive [22]. This is most obvious for its electron
affinity: While a nonrelativistic Cl-calculation [23] gives a value of 1.02 eV and
a fully relativistic Coupled-Cluster calculation [22] yields 2.28 eV, the corre-
sponding nonrelativistic and relativistic Hartree-Fock values are 0.10 eV [22]
and 0.67 eV, respectively. Thus immediately the question arises to which
extent the GGA’s failure for metallic Au is due to the neglect of relativistic
ze-contributions in E..[n].

In the atomic context the need for relativistic corrections to E,.[n] is obvi-
ous and has led to the development of the relativistic LDA (RLDA) [5,6,24].
On the basis of RLDA calculations for metallic Au and Pt, MacDonald et al.
[25,26] have concluded that in solids relativistic contributions to E.[r] can
produce small but significant modifications of measurable quantities, as eg.
the Fermi surface area. On the other hand, it has been shown [7] that the
RLDA suffers from several shortcomings, eg. from a drastic overestimation
of transverse exchange contributions, thus making the RLDA a less reliable
tool than its nonrelativistic counterpart. As relativistic corrections are clearly
misrepresented by the RLDA, it seems worthwhile to reinvestigate the role of
relativistic zc-effects in solids on the basis of a more accurate form for Fg.[n].

For this purpose, the generalization of the GGA approach to the relativistic
domain (RGGA) [27,28] offers itself. An z-only form of the RGGA [27], based
on the Becke GGA [9], has been shown to correct the RLDA’s failure for the
description of transverse exchange, thus leading to rather accurate results for
atomic systems. Recently, also a relativistic extension of the Perdew-Wang
GGA (PW91) [10] has been derived [28], including a relativistic form of the
correlation energy functional. The latter RGGA thus provides an ideal starting
point for the study of the importance of relativistic zc-effects in solids.
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In this contribution we present a comparative analysis of (R)LDA and
(R)GGA results for both the band structure and the cohesive properties of
metallic Au and Pt, as examples for systems for which relativistic zc-effects
are expected to be prominent. We find that the relativistic corrections resulting
from the RGGA are smaller than those produced by the RLDA. Nevertheless,
the corrections are still visible in the band structure, the changes of the va-
lence levels being of the order of 1%. On the other hand, the predictions for
lattice constants are only marginally affected when going from the nonrela-
tivistic to the relativistic form of a given type of zc-functional, in contrast to
the well-known lattice expansion due to the inclusion of gradient corrections.
Cohesive energies experience somewhat larger shifts, i.e. they are reduced by
about 1% for both Au and Pt. These relativistic modifications are not only
too small in their absolute magnitude in order to close the gap between non-
relativistic GGA results and experiment {17,18,20}, but even go into the wrong
direction. The results are in agreement with a recent, weakly relativistic study
of diatomic molecules involving Au, which has led to the conclusion that rela-
tivistic corrections to E.[n] have only a very limited impact on the structural
properties of molecules [29].

The inclusion of relativistic corrections in the GGA thus does not resolve
the problems of the GGA with the 5d transition metals, suggesting that the
nonlocal contributions to E,.[n] beyond the first density gradient are impor-
tant in these systems. In addition, the spin-orbit coupling of the valence elec-
trons, neglected in this work, could be partially responsible for this discrepancy
[25,30].

II. Theoretical background

An extensive review of relativistic DFT has recently been given in [8]. For
this reason we restrict ourselves to presenting only the relevant details of the
zc-functionals used in this work. Among the various zc-functionals proposed
for DFT calculations the nonrelativistic LDA,

BEP4 = [ dr eBE9(n) (1)

plays a central role as it is the most simple approximation and also serves as
basis for the construction of most nonlocal functionals. While the exchange
contribution of the HEG can be calculated exactly, the correlation energy of
the HEG is only known from Monte-Carlo studies [31,32], for which a number
of slightly different parametrizations have been suggested {31-34]. As nonrela-
tivistic LDA correlation functional we here use the Vosko-Wilk-Nusair (VWN)
parametrization [33].
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The RLDA is obtained from the relativistic HEG [5,6,24] and can be written

as
ERLDA[] = / &r RHEG(,
= [&r efEG(nm,o(ﬂ) + e (m)deo(8)] . (2)
where 3 is defined by
37?2 1/3
p= BT Q

and both the exchange and correlation energy densities of the relativistic HEG
have been decomposed into their respective nonrelativistic limits and relativis-
tic corrections factors @,/,0(3). While &, has been known for quite some
time [35],

B0(0) =1 - 5[V - 2 (@

.0 has only been evaluated within the RPA [24,7]. We have parametrized
the resulting correction factor as

1 +alﬂ31n(ﬂ)+a2ﬁ4+a’3(l +ﬁ2)2184 (5)
145,83 In(B) + b26% + b3[AIn(B) + B|F" ’
utilizing the known high-density limits of both the relativistic RPA (RRPA)

[36] as well as its nonrelativistic counterpart,

0554 (8) =

232
eRRPAIL .y — (.197464 (L%f—)— (6)

— [Aln(8) + B] . (7)

With the parameters given in Table 1 the numerical data for ®£F4 are repro-
duced with an accuracy better than 1072. Note that for small 3 the numerical
results clearly allow the extraction of a 8% In(#)-dependence of the lowest order
weakly relativistic contribution, rather than a 32-dependence which one might
have expected. To further check the accuracy of the parametrization (5) we
have applied both (5) and a direct spline interpolation of the numerical data
to atoms, finding differences for eigenvalues to be on the 0.1mRy-level. The
form (5) is thus sufficiently accurate for the present purpose. Lacking the full
density dependence of all contributions to e#FC beyond the RPA we have
used @RP 4 with the complete nounrelativistic eZ¢ for the RLDA, utilizing the
VWN-parametrization for eHEG [33].
In the z-only limit the general form of the RGGA is [27]

BRS04 = [ &1 HF9(n) [@00(B) + 9(6)02a(B)] (8)

efPA/n

n—oo
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Parameter Exchange Correlation

o, o, o o794
a; 2.2156  3.5122 | —2.44968  1.9407
as 0.66967 0.62525 | 1.91853 0.14435
as — — 0.0718854 —
b, 1.3267 1.3313 | —1.59583 0.28142
by 0.79420 0.10066 | 1.29176  0.004723
ba — —_ 0.364044 —

Table 1: Parameter sets for the relativistic correction factors (5,9,10).

with € = [Vn/(2(37%n)'/3n)]? and g(£) being the gradient part of the corre-
sponding nonrelativistic GGA. In [27] the longitudinal (L) and transverse (T)
contributions to the z-only energy (compare [7,8]) have been separated, lead-
ing to a corresponding decomposition of @, 5 = &7, + ®T,. For both %, and
ng sufficiently flexible Padé approximants have been used,

o _ltafitappt o alBtalft o
S N O N 7 N NN T

The coefficients have been determined by a least squares fit to the exact rela-
tivistic z-only energies of a number of closed subshell atoms keeping the form
of g(€) fixed. For the PW91 GGA this procedure leads to the parameters
listed in Table 1 [28]. As has been demonstrated in [28] the resulting RGGA
produces much more accurate atomic results than both the RLDA and the
corresponding nonrelativistic GGA.

The correlation energy requires a slightly different scheme, as on the one
hand ®. is not known completely, and, on the other hand, some GGAs for
correlation [37] are not even based on the LDA. Therefore only one overall
correction factor for the complete GGA has been used in [28],

ERSOAln] = [ #r 9% (n, (V) ..) 05°4() (1)

keeping the nonrelativistic form eZ%4(n,(Vn)?...) fixed. In view of the fact
that the relativistic corrections to atomic E. are much smaller than those to
atomic F, this less sophisticated approach should be sufficient (compare Sec-
tion IV). Using again a Padé approximant of the form (9) as ansatz for 5G4
and fitting its coefficients to the most systematic set of atomic relativistic
correlation energies available to date (second order perturbation theory re-
sults for the Ne isoelectronic series on the basis of the Dirac-Coulomb-Breit
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Hamiltonian [38]) one finds the parameters of Table 1 for the PW91 correla-
tion GGA [28]. Again, compared with the RLDA or the nonrelativistic GGA
atomic correlation energies are clearly improved by this RGGA.

Eqs.(8-10) with the PW91 parameters of Table 1 define the RGGA used
in this work (the longitudinal and transverse components of the z-only GGA
have always been combined).

II1I. Computational details

The calculations for solids have been performed using a full potential linearized
augmented plane wave (LAPW) code (WIEN95 {39]). For an extensive discus-
sion of the LAPW method the reader is referred to [40,41]. We only comment
on the handling of the Kohn-Sham kinetic energy of the electrons. In the
calculations a fully relativistic core is used, whereas the valence electrons are
treated in a scalar relativistic approximation (see [42] for details) inside the
muffin tins and completely nonrelativistically in the interstitial regime. As for
Pt spin-orbit coupling has been shown to be important near high-symmetry
lines in the Brillouin-zone [25] this neglect of spin-orbit coupling for the va-
lence electrons may not be justified. However, one would expect the small
relativistic zc-contributions studied in this work to be additive to the spin-
orbit effects. Thus, while eg. the bands will change when including spin-orbit
coupling, our conclusions concerning the size of the relativistic zc-corrections
should be unaffected.

For transition elements like Pt and Au the linear orbital extension to the
LAPW method [43] has been used. We have employed the procedure proposed
in [20], in which the 5p-states for Au and Pt are included in the core for total
energy calculations, but corresponding local orbitals are also included in the
basis for the valence states in order to allow the basis functions for the actual
valence electrons to orthogonalize to the extended core states.

The convergence of the calculations has been carefully checked by varying
the plane wave cutoff and the number of k-points used for the Brillouin-zone
integration. Employing (BK )min = 10 our results were converged to m Ry-
accuracy. The k-integration has been performed using 165 k-points in the
irreducible Brillouin-zone. Adding further k-points affected the total energy
by less than 0.1mRy. All zc-functionals have been treated identically, so
that the differences between the results obtained with the various functionals
should be even more accurate than the corresponding absolute values. For the
calculation of the cohesive energy of Pt the required atomic ground state energy
has been obtained by solving the fully relativistic Kohn-Sham equations for
the occupation [Xe]4 f1*5d°6s, using a spherical average for the density. The
equilibrium lattice constant has been derived via the standard fitting procedure
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Level Functionals

z: LDA z:RLDA z: GGA z:RGGA z:RGGA
¢ LDA c¢RLDA ¢ GGA ¢ GGA ¢RGGA
1s1/2 | 5923.193 5885.536 5928.439 5901.832 5902.042
2s1/2 | 1044.186 1038.687 1045.009 1040.946 1040.999
2pl/2 | 1001.487  996.678 1001.983  997.494  997.553
2p3/2 | 866.695 863.557 867.011  863.952  863.999
3s1/2 | 246.250 245.104  246.479  245.656  245.670
3pl/2 | 227.035 226.109 227.162  226.304  226.318
3p3/2 | 197.296 196.702 197.378  196.799  196.810
3d3/2 | 165.328 165.043 165.356  165.051  165.061
3d5/2 | 158.932 158.686 158.956  158.690  158.699
451/2 53.238 52.980 53.348 53.172 53.175
4pl/2 45.049 44.860 45.113 44.940 44,943
4p3/2 37.899 37.786 37.969 37.860 37.863
4d3/2 24.486 24.457 24.511 24.478 24.479
4d5/2 23.155 23.133 23.181 23.155 23.157
4f5/2 5.933 5.959 5.924 5.947 5.947
47/2 5.652 5.679 5.644 5.667 5.667
5s1/2 7.767 7.724 7.763 7.737 7.737
5pl/2 5.099 5.074 5.093 5.070 5.070
5p3/2 3.869 3.857 3.875 3.864 3.864

Table 2: Core levels (—en;) of solid Au relative to the Fermi level for various
ze-functionals (in Ry).

to the Murnaghan equation of state [44]. The speed of light has been set to
a = 137.0359895 and point nuclei have been employed.

IV. Results

We start with a discussion of the role of relativistic zc-contributions for the
band structure of Au and Pt on the basis of the RGGA, thus repeating the
analysis of MacDonald et al. [25,26] with a more appropriate form for E,.[n].
As relativistic effects are most important near the atomic nucleus, first the
core levels are analyzed (on the basis of the Kohn-Sham eigenvalues, as usual).
Table 2 shows the core levels of Au (relative to the Fermi level) for several ze-
functionals, i.e. the nonrelativistic LDA, the RLDA, the nonrelativistic GGA,
the RGGA for both exchange and correlation as well as a combination of the
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Level Functionals Ref. [29]
z: LDA z:RLDA z: GGA z:RGGA z:RGGA || =z: LDA
c: LDA c¢RLDA ¢ GGA ¢ GGA c¢RGGA || ¢ LDA
1s1/2 | 5923.389 5885.733 5928.619 5902.013 5902.223 || 5893.484
2s1/2 | 1044.379 1038.880 1045.185 1041.122 1041.175 || 1040.889
2p1/2 | 1001.679  996.870 1002.160  997.670  997.729 || 905.731
2p3/2 | 866.887 863.750 867.187 864.128  864.176
3s1/2 246.449  245.303  246.662 245.839 245.853 245.782
3pl/2 | 227.234 226.308 227.345 226.486 226.500 206.230
3p3/2 | 197.495  196.901 197.560 196.981 196.993
3d3/2 165.526  165.241 165.538 165.232 165.243 161.632
3d5/2 159.130 158.884 159.138 158.871 158.881
4s1/2 53.441 53.182 53.533 53.357 53.360 53.314
4pl/2 45.251 45.062 45.299 45.126 45.129 40.233
4p3/2 38.101 37.989 38.155 38.046 38.049
4d3/2 24.688 24.659 24.697 24.663 24.665 23.901
4d5/2 23.357 23.335 23.367 23.340 23.342
415/2 6.135 6.162 6.110 6.133 6.133 5.953
4f7/2 5.855 5.881 5.830 5.853 5.853
5s1/2 7.976 7.933 7.954 7.927 7.928 7.952
5pl/2 5.310 5.285 5.286 5.264 5.264 4.442
5p3/2 4.084 4.072 4.073 4.061 4.061
5d5/2 0.594 0.596 0.580 0.581 0.581 0.511
5d7/2 0.481 0.483 0.468 0.470 0.470
6s1/2 0.448 0.445 0.430 0.428 0.428 0.442

Table 3: Single-particle levels (—e,i;) of atomic Au for various zc-functionals
(in Ry). Also given are the j-averaged weakly relativistic LCGTO results of
[29].

RGGA for exchange and the GGA for correlation. All these calculations have
been performed for the experimental lattice constant. A comparison with the
corresponding single-particle energies of the free Au atom, listed in Table 3,
demonstrates immediately that the atomic eigenvalue shifts by relativistic zc-
corrections are essentially transferred to the solid without any modification:
This is not only true for the innermost levels, but also for the relative stabiliza-
tion of the 4 f-eigenvalues with respect to the 5p-levels. Consequently also the
overestimation of relativistic effects by the RLDA can be observed: Eg. for the
551/3-level the RLDA shift of 43m Ry with respect to the nonrelativistic LDA
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is almost twice as large as the 26m Ry difference between the RGGA and the
GGA eigenvalues. Comparing the results obtained with the full RGGA with
those from the combination of the z-only RGGA with the correlation GGA
demonstrates that at least on the present level of sophistication relativistic
corrections to the correlation energy functional can be neglected. Even for the
innermost levels the corresponding shifts are rather small.

On the other hand, the shift induced by inclusion of relativistic corrections
in the z-only GGA is larger than that resulting from the addition of gradient
corrections to the LDA: Even for the 5ps/;-level the eigenvalue difference of
11mRy between RGGA and GGA is larger than the 6m Ry difference between
GGA and LDA (for solid Au). The eigenvalues for Pt, which are not explicitly
given here, show a similar picture. In view of the fact that in the z-only
limit the atomic RGGA eigenvalues are much closer to the exact Kohn-Sham
single particle energies [27] than the GGA eigenvalues these substantial core
level shifts indicate that an accurate microscopic description of solids requires
relativistic contributions to E;[n].

A similar analysis of the relative importance of gradient and relativistic
contributions has been presented by Mayer et al. [29] on the basis of weakly
relativistic LCGTO results. The various relative atomic eigenvalue shifts given
in [29] are consistent with those extracted from Table 3. The absolute size of
the eigenvalues of Ref. [29], on the other hand, allows to estimate the impor-
tance of higher order 1/c-corrections to the kinetic energy. In Table 3 we thus
also list the j-averaged LCGTO eigenvalues for the nonrelativistic LDA, which
is the only functional used in both [29] and this study. For all core levels the
differences between the weakly relativistic LCGTO data and the fully rela-
tivistic eigenvalues are of the same order of magnitude as the contributions of
the relativistic zc-corrections. On the other hand, for the valence levels the
higher order 1/c-corrections to the kinetic energy lead to roughly 3-5 times
larger shifts than the relativistic zc-corrections.

The valence levels for Au obtained with the various xc-functionals for a
number of selected k-points in the Brillouin-zone are given in Table 4 (all re-
sults for the experimental lattice constant). In contrast to the substantial mod-
ifications of the core levels, only small effects of the relativistic ze-corrections
on the valence levels are found. For instance, at the I-point the d-bands are
lowered with respect to the s-band by about 2.5m Ry when going from the
GGA to the RGGA. On the other hand, the nonrelativistic gradient correc-
tions, which set the scale for judging the importance of this shift, lower the
d-bands with respect to the s-band by about 8m Ry (see Tables 4a,4c). While
the eigenvalue shifts are different at other k-points, the relative impact of rela-
tivistic and gradient corrections is roughly the same. Although the importance
of the latter becomes larger if the lattice constant is relaxed, i.e. if the bands
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k €nk — €F
a) z: LDA, ¢: LDA
W | —-454 -393 -—-393 —253 —123 344
L | —558 —360 —360 —148 —148 84
r|-750 —-357 —357 357 -—240 -—240
X | —538 —514 —150 —123 -123 63
K| —-492 -444 -293 -218 —158 277
b) z: RLDA, c: RLDA
W | —456 —-395 -395 —255 -—125 349
L | —-559 —-362 -362 —150 —150 —83
' { —748 —-360 —-360 —360 —242 —242
X | =540 517 —-153 —125 -—125 64
K | —494 —446 —-295 —220 —160 281
c) z: GGA, e GGA
W | —456 —395 -—395 -—256 —127 349
L | —557 -363 —-363 —152 —152 —80
| —745 —-360 —-360 —360 —244 —244
X | -539 -516 —155 —127 —127 68
K | —493 —446 -—294 -—-222 —162 282
d) z: RGGA, c: GGA
W | —457 —396 -—-396 —258 —129 352
L | -559 —-364 -364 —154 —154 79
| -744 -362 —-362 —362 -—246 —246
X | —541 518 -—157 -—129 -—129 68
K | —495 —447 -296 -224 —164 285
e) z: RGGA, ¢ RGGA
W | —457 —396 -—-396 —258 —129 352
L |-559 —364 —364 —154 —154 79
| -744 -362 —-362 —362 —246 —246
X | —541 518 -—157 —129 -—129 68
K | —495 —447 —296 —224 —164 285

Table 4: Valence levels of Au at selected k-points relative to the Fermi level
for various zc-functionals (in mRy).

corresponding to the lattice constants which give the minimum total energy
for the functional of interest are compared, this nevertheless indicates that
relativistic ze-corrections are not completely negligible even for valence levels.

Similar to the core levels, the relativistic corrections to eigenvalues calcu-
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Functionals ag —Een  —Eo(solid) —FEg(atomn)

z ¢ | [bohr] [eV] (Ry] (Ry]
LDA LDA 7.68 4,12 38075.445  38075.132
RLDA RLDA 7.68 4.09  37997.970  37997.669
GGA GGA 7.87 2.91 38100.029  38099.815
RGGA GGA 7.88 2.89  38048.438  38048.225
RGGA RGGA | 7.88 2.89  38049.253  38049.040

expt 7.67 3.78

Table 5: Lattice constants and cohesive energies of Au obtained from LAPW
calculations with various zc-functionals in comparison to experiment [45,20].

Functionals ag —E.;n —Eq(solid) —Ej(atom)

e ¢ |DBobr) [V [Ry [Ry]
LDA LDA 7.36 6.76  36873.465 36872.968
RLDA RLDA 7.37 6.73  36799.369 36798.875
GGA GGA 7.51 5.34  36897.502 36897.109
RGGA GGA 7.52 5.30 36848.219 36847.829
RGGA RGGA 7.52 5.30  36849.005 36848.616

expt 7.40 5.85

Table 6: Lattice constants and cohesive energies of Pt obtained from LAPW
calculations with various zc-functionals in comparison to experiment [45,20].

lated with the RLDA are too large by a factor of 1.5 to 2. Moreover, the
inclusion of relativistic corrections in the correlation energy functional has al-
most no impact on the valence states as can be seen from a comparison of
Tables 4d,4e. This then a posterior: justifies the rather crude treatment of
these contributions in both the RLDA and RGGA.

The situation is somewhat different for Pt, for which the relativistic zc-
corrections only affect the s-band in the interior of the Brillouin-zone: Its
bottom is shifted upwards by 3mRy. The absolute and relative positions of
the d-bands remain more or less unchanged.

The limited importance of relativistic zc-potentials for the cohesive prop-
erties of Au and Pt is demonstrated in Tables 5,6: Lattice constants remain
nearly unchanged when one replaces the LDA by the RLDA or the GGA by
the RGGA. Also, only a small reduction is observed for the corresponding
cohesive energy F.., (evaluated at the lattice constant corresponding to the
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energy minimum for the functional of interest). While the total ground state
energies change by almost 50 Ry, the energy difference between the solid state
and the free atom experiences only a 1 m Ry shift, which represents roughly 1%
of the total cohesive energy. This percentage correction is on the same level
as the shifts observed for the valence bands and for the dissociation energy of
the Au-dimer [29].

Like its nonrelativistic counterpart, the RGGA predicts lattice constants
which are too large by 0.21 bohr for Au and 0.12 bohr for Pt. The correspond-
ing RGGA cohesive energies are roughly 25% too small for Au and 10% below
the experimental value for Pt. Thus the reduction of E.,, which is always
found when going from the LDA to the GGA, by far overcorrects the LDA’s
error, in particular in the case of Au for which the LDA result is fortuitiously
close to the experimental energy. In fact, the inclusion of relativistic correc-
tions in the GGA even worsens the agreement with experiment, although only
marginally. The nonadditivity of relativistic and zc-effects [22] is thus not
responsible for the GGA’s failure for some 5d transition elements.

In summary, there can be little doubt that for the cohesive properties of
solids the relativistic contributions to E..[n] are much less important than
the 'nonlocal’ contributions to F,.[rn] not contained in the LDA. It should be
pointed out, however, that the RGGA is as efliciently applied as the GGA,
so that there seems to be no reason to rely on error cancellation in the cal-
culation of E. Moreover, at least for some systems (as Au) the relativistic
re-corrections are visible in the band structure, indicating that a complete
description of these systems requires a relativistic form for E,.[n]. Finally, if

relativistic xc-corrections are to be included at all this should be done on the
GGA- rather than the LDA-level.
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Abstract

Interatomic Force Constants (IFCs) are the proportionality coefficients
between the displacements of atoms from their equilibrium positions and the forces
they induce on other atoms (or themselves). Their knowledge allows to build
vibrational eigenfrequencies and eigenvectors of solids. This paper describes IFCs
for different solids (SiOp-quartz, SiO;-stishovite, BaTiO3, Si) obtained within the
Local-Density Approximation to Density-Functional Theory. An efficient variation-
perturbation approach has been used to extract the linear response of wavefunctions
and density to atomic displacements. In mixed ionic-covalent solids, like SiOy or
BaTiO3, the careful treatment of the long-range IFCs is mandatory for a correct
description of the eigenfrequencies.

1. Introduction

In the present paper, a particular technique for the computation of the
Interatomic Force Constants of periodic solids in the framework of Density-
Functional Theory (DFT) will be described, as well as some of its applications.

In the description of the technique, the particular aspects that make it
different of other schemes aimed at the computation of IFCs in solids or molecules
[1-9] will be emphasized. These aspects are connected to the central use of a
variational principle in order to find the changes in the wavefunctions due to atomic
displacements, on one hand, and to find the change in electronic energy due to the
changes in wavefunctions, on the other hand. Some technical details, related with
the presence of relatively long-ranged interatomic force constants, caused by
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226 X. Gonze

dipole-dipole interactions will also been discussed. In SiO3 or BaTiO3, these are
the leading terms in the asymptotic behaviour of the IFCs. Since they can be
parametrized exactly in terms of Born effective charges (also called atomic polar
tensors) and the macroscopic dielectric tensor, their separate treatment allows to put
the major computational effort on the short-range IFCs, and generate a tractable
scheme.

The analysis of the IFC behaviour, for the different solids, will proceed
along two lines : the comparison of the strength and anisotropy of the potential well
that each atom feels when the other atoms are kept fixed; and the decomposition of
the IFCs in their dipole-dipole part and the remaining part. Each material has its
own characteristics, in term of the respective strength of ionic and covalent
bonding, and their balance.

More details on the formalism and results can be found in Refs. [10-21].
Atomic (Hartree) units are used throughout.

2. Formalism
As usual in the treatment of dynamical properties of nuclei-electron systems,
the Born-Oppenheimer potential energy is expanded with respect to the

displacement of the N nuclei around their equilibrium positions (where the energy
is minimal) as follows :

ER,,.Ry) =ERg;,..Rgp)

1 d’E
+a K%K, 2 (R—RO)QK(R—RO) B m(RO 1> 'RO N) + ... (D

R is the position of atom ¥, while o and B label directions in the three-
dimensional space. The interatomic force constants appear in the second-order term
of this expansion,

; o’E
D (KK )= Ry-R . 2
op(KK) oR,, .ER_BK’( o1--Row) )

and relate linearly the force on one atom to the displacement of other atoms {or
itself) with respect to their equilibrium position :

Feom — K% DK )RR - 3)
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The knowledge of these quantities, coupled with the equation of motion, allows to
find the vibrational eigenfunctions and eigenvalues, in the harmonic approximation.
In order to compute the IFCs, a variation-perturbation approach to the DFT has
been used.

In the Kohn-Sham approach to DFT, the energy of the electronic system can
be written as

N
Egl¥ol=s 02—-:1 <WYo | T+v Iy >+Ey,[n] @

(o runs from 1 to N, where N is the number of occupied orbitals, s=2 stands for
the spin degeneracy), where the "interaction energy" Eyy, [} is the sum of Hartree
and exchange-correlation parts :

Eyx[nl =Eyin] + E, [n] . (5)
Ej,c[n] depends on the occupied Kohn-Sham orbitals | Y > through the
density

N
nr)=s 2 Vo) Vo) (©6)

Focusing on the variational principle present at the heart of the Density Functional
formalism (actually a minimum principle), Eq.(4) must be minimised with respect
to the variations of the wavefunctions, subject to the following orthonormalisation
constraints :

<Wo | Wp>=380 @
(o and B run from 1 to N).

The Lagrange multiplier method, applied to this minimisation problem,
allows to recover the usual Kohn-Sham equations, modulo an unitary transform

within the space of occupied orbitals, as follows. One Lagrange multiplier for each
orthonormalisation constraint is introduced, such that :

N
E;“l[\ya]=s§<\|1a I'T+v |y, >+Ey,Jn]

‘Sag=1£a5[<u’0ﬂ |I|IB>—8aB] (8)
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The corresponding Lagrange-Euler equation are
| S egp |
H Yo > = BE] Saﬁ IIIB > €

where the Hamiltonian

H=T+vgg=T+ v+ vy, (10)

is self-consistently determined : it includes the Hartree and exchange-correlation
potential (a local potential)

8Ech[n]

11
on(r) n

Vi) =

The Hamiltonian being hermitian, one can recover the canonical Kohn-Sham
equations from Eq.(9) by a unitary transformation on the wavefunctions, so that :

Hly >=¢, ly,>. (12)

Eq.(8) is the starting point for a direct variational approach to Density Functional
Theory, proposed by Teter, Payne and Allan [23,24], and called band-by-band (or
state-by-state) conjugate-gradient (CG) algorithm. By contrast, Eqs.(10-12) have
been in use since many years. They parallel the well-known SCF approach to the
Hartree-Fock approximation. In the spirit of Teter, Payne and Allan, a variational
approach to the treatment of perturbations within DFT is now presented.

The nuclei displacement perturbation Ky, is such that the nucleus labelled K
is displaced by the small amount A along the direction W (the unit vector along W is
written ey ). Supposing a nucleus with charge Z;, the change of potential operator
is:

Z Z

_ S K
avlr) = Tr—(Re+hey) | TTr=R_T 13

All quantities, like this external potential, the ground-state total energy of the
system (placed in the slightly perturbed external potential), or the corresponding
density, will be written as a perturbation series, as follows (for a generic quantity

X)) :
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XA =XO 4 AXD 4+ 2 XD+ W3 XO 4 .. (14)

In view of the applications, one can consider a general form of interaction between
nuclei and electrons, represented by a pseudopotential v(r). The first-order change
in atomic potential due to the atomic displacement of atom K in the direction o is

v)(r) =

(VK(I‘ - RK)) =- 'dT' (15)

d
dR al@-Ry

oK

When perturbation theory is applied to a quantity for which a variational principle
holds, like Eq.(8), an interesting mathematical structure is observed : there exist
variational principles for even orders of perturbation, as well as a generic "2n+1
theorem".

Be Emin(A) an "energy", function of A , obtained by minimisation of the
functional E())[Ptrial] in the space of possible wavefunctions Py, :

. (16)
Emin(%) = min {Eq)|@yrial]}
trial

The value of Pyyj,) at the minimum, for a given value of A, is written ®min(A).
The knowledge of the expansion of @min(A) up to order n allows to know the
expansion of Emin(A) up to order 2n+1. Explicitly [11]:

n . . (2u+1)
Egh = {E(MLZO A (Dr(rll)in]} . (17

At order 2n, one even finds a variational (minimum) principle :
E(Zn) o E nil ?\,i (I)(i) A" 5 (2n)
min = 6%1:9, Mo min trial . (18)
Tia,

At the minimum, &I)ma] is equal to the n-th order @i : a minimization
algorithm can be used to generate it.

The application of these results to DFT gives, at the second order,
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EQ = mip(E0%n A o)® 19

Byrial

More explicitely, one has to minimize -
EP=s £ (<oPIvl 00>+ <0l (He) | 0>

+< CD&O) VO | &0 >+ <@ [vD| @D >)

2
Wl
nD(r) =s Z w(")*(r) vih@) +yD"@) . yOrr) 1)

by varying the first-order wavefunctions, subject to the following constraints :
(@ 1Dy + {0 | =0 (22)

The state-by-state CG algorithm of Teter, Payne and Allan can now be
adapted to the variational principle Eq.(20), under constraints Eq.(22). By
construction, such an algorithm will be unconditionnally stable, since the second-
order derivative of the electronic energy is always decreased in the successive steps
of the CG algorithm. It is presented in detail in Ref. [13], where its specific
advantages are discussed. Now, let us turn to the specific features related to the
treatment of an extended system of electrons and nuclei [1,6,13,14].

In order to manage the infinite number of atoms contained in a periodic
solid, one has to take advantage of its translational symmetry. In short, instead of
trying to compute the interatomic force constants by considering the infinitesimal
displacement of one atom placed in a huge supercell (hoping that the images of the
displaced atom in neighbouring cells will not see each other), it is possible to use
Fourier's theorem to decompose exactly the infinitesimal displacement of one atom
in a sum of collective infinitesimal displacements characterized by different
wavelengths, then use Bloch's theorem to map each wavelength perturbation to a
problem with the periodicity of the small periodic unit cell. This leads to a
considerable gain in computing time. However, some care has to be taken in the
treatment of the long-range part of the IFCs, as I explain now.



IFCs in Periodic Solids 231

When an atom is displaced from its original position, in an insulating
material, a dipole is created. The proportionality coefficient between the dipole and
the displacement is the Born effective charge tensor (or atomic polar tensor). Such a
dipole will create a force field in the whole material, whose propagation is governed
by the macroscopic dielectric tensor. By this mechanism, long-ranged IFCs appear,
with an average 1/d3 decay (d being the distance between the atoms),
corresponding to dipole-dipole interactions, that are difficult to treat by a Fourier
decomposition. Interestingly, they can be parametrized in terms of Born effective
charges and the macroscopic dielectric tensor, and then separated from the
remaining short-ranged part of the IFCs. This separate treatment allows to put the
major computational effort on the short-range IFCs, and get an altogether tractable
scheme. The Born effective charges and macroscopic dielectric tensor can be
computed from first principles, in a way that is rather similar to the one used to
build the derivative of the energy with respect to atomic displacements.

3. Interatomic Force Constants in ijonic and covalent solids.

At this stage, the formalism can be implemented in a computer program.
The applications described below [15-21] rely on the expansion of the electronic
wavefunctions in terms of a large number of plane waves, as well as on the
replacement of nuclear bare potentials by accurate norm-conserving
pseudopotentials. The Local Density Approximation was used, with the Ceperley
and Alder data for the exchange-correlation energy of the homogeneous electron
gas.

The atomic geometries of Si (2-atom unit cell), SiOz-quartz (9-atom unit
cell), SiOy-stishovite (6-atom unit cell), and BaTiO3 (5-atom unit cell) can be found
in Refs.[18,21,22]. The characteristics of each material will now be described.

In bulk silicon, each silicon atom is bonded covalently to four other silicon
atoms, with a sp3 configuration. The large number of symmetry operations leaving
the silicon atomic sites invariant, coupled with the fact that only one kind of atom
make this solid imposes the Born effective charge to vanish. So, a dipole will not
be created when a silicon atom is displaced. A quadrupole can appear, but the
quadrupole-quadrupole interaction, with an average 1/d5 decay, can be considered
short-range for the present study.

In quartz, each oxygen atom is bonded to two silicon atoms, with a rather
open 145° angle between the vectors pointing toward these atoms. The silicon
atoms are bonded to four oxygen atoms, in a tetrahedral configuration. By contrast,
in stishovite, the high-pressure form of SiO, the silicon atoms are six-fold
coordinated, and the oxygen atoms are three-fold coordinated, with the oxygen and
three silicon atoms lying in a plane. In these materials, the Born effective charge
tensors do not vanish. The nominal charge of the oxygen and silicon ions
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(respectively) being -2 and +4 (resp.), the elements of the Bom effective charge
tensor should be on this order of magnitude. The environment of the silicon atoms
is rather isotropic, and their Born effective charge tensor also, with calculated
principal values ranging from +3.02 to +4.15 . The effective charge for a motion of
an oxygen atom towards a silicon atom is between -2.027 and -2.76, and less than
-1.345 in other directions : the effective charge tensor of oxygen atoms is rather
anisotropic. This dependence on the direction is a typical effect observed in mixed
ionic-covalent bonds. Also, from these geometrical considerations, one expect the
oxygen atoms in quartz to have a considerable freedom of displacement in a two-
dimensional plane, while their motion in stishovite will be restricted in a line
perpendicular to the plane containing its three nearest silicon atoms. By contrast,
the potential well of the silicon atoms should be rather isotropic. Because each atom
in stishovite is more coordinated than in quartz, each bond will be relatively
weaker.

Material (atom) Eigenvalues (Ha/Bohr2)
Silicon (Si atom) 0.139
Quartz (Si atom) 0.525 0.475 0.464

(O atom) 0.590 0.126 0.055
Stishovite (Si atom) 0.437 0.315 0.265

(O atom) 0.362 0.269 0.131
BaTiO3 (Ba atom) 0.081

(Ti atom) 0.152

(O atom) 0.127 0.067

Table 1. Eigenvalues of the potential well for each atom, in Hartree/Bohr2.
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In BaTiO3, one considers the high-temperature cubic structure as the reference one.
This ferroelectric material undergoes three phase transitions when the temperature is
lowered, with slight departure of the atomic positions from their reference ones. In
the reference structure, the titanium atom is at the center of an oxygen octahedron.
The oxygens are aligned in Ti-O-Ti-O-Ti linear chains, and also surrounded by 4
barium atoms, in the plane perpendicular to the chain, but at longer distances. The
barium atoms have twelve oxygen nearest neighbours. The mixed ionic-covalent
character is very pronounced in BaTiOs3. It is the source of so-called "anomalous”
Born effective charges, much bigger than the nominal charge of the ions. For the
titanium atom, the nominal charge is +4, while the Born effective charge (the
tensor is diagonal due to the highly symmetric enviroment of this atom) has the
value +7.29. For the oxygen atom, in line with two titanium atoms, the Born
effective charge tensor is strongly anisotropic : along the Ti-O-Ti chains, the Born
effective charge is -5.75, much higher than the -2 nominal charge, while
perpendicular to it, it is -2.13 . For the barium atoms, placed in a local site of cubic
symmetry, the Born effective charge is +2.74, for a nominal value of +2. As a
last, important, information, the bond lengths in BaTiO3 are significantly longer
than in Si, and SiO;, the smallest bond lengths being obtained in the quartz
polymorphs.

0.03 . T T T
g o e
[e]
& w03l i
)
IFCs in Silicon
S 006 ]
=
v
-0.09 : . : '
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Interatomic Distance (Bohr)

Fig. 1. Longitudinal interatomic force constants in Si, as a function of the distance
between the pair of atoms.
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Thus, in comparing these four materials, one will monitor the balance between
ionic and covalent effects, as well as the anisotropy of each local site. Let us now
focus on the potential well that each atom feels, and on the decomposition of the
longitudinal interatomic force constants in its dipole-dipole component and its short
range part. A more complete account of the results obtained thanks to the
application of the above-described formalism can be found in Refs.[15-22],
together with comparison with experiments. At the level of vibrational frequencies,
the LDA is consistently within 3-5% of the experimental data for all these materials.

0
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Fig. 2. (lower part of the figure) Oxygen-silicon longitudinal interatomic force
constants in quartz, as a function of the distance between the pair of atoms. The full
line is a guide for the eyes, and represents a decay proportional to the cube of the
distance. The arrow indicates values that are larger than the range allowed by the
coordinates.

(upper part) Filled triangles, the dipole-dipole part of the IFCs; empty triangles, the
short-ranged part of the IFCs. The full line is the same as in the lower part, and
arrows have the same meaning.
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Table 1 presents the characteristics of the potential wells. The largest potential wells
are observed in SiOj, for movements related with bond length changes. The
smallest is observed for the Ba atom in BaTiOs3. The anisotropy of the well is
particularly high for the oxygen in quartz, with a factor of 10 between the direction
parallel to the Si-Si nearest neighbour line and the out-of-plane direction. This

anisotropy is about 2...3 for the oxygen in stishovite or BaTiO3 . The potential well
of other atoms is rather isotropic.
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Fig. 3. The analysis of oxygen-silicon longitudinal interatomic force constants in
stishovite. See the caption of Fig. 2.



236 X. Gonze

The longitudinal IFCs (IFCs for displacement and forces projected along the line
connecting the two nuclei) are presented in Figs. 1-4 , as a function of the distance
between pairs of atoms. In SiO7, only the behaviour of the force constants between
Si and O has been monitored, while in BaTiO3, the Ti-O pairs were chosen. In Si,
the IFCs decrease rapidly. By contrast, due to the long range dipole-dipole
interaction, the IFCs are still sizeable for separations as large as 12 Bohr in all the
other materials. The decomposition of the total IFCs in their dipole-dipole and
short-range components is presented in the upper part of Figs. 2-4. The short-range
part tends rapidly to zero for most pairs of atoms. The nearest-neighbour interaction
is also worth to study. The short-range part is the largest one in quartz and
stishovite, by contrast, due to the large Born effective charges in BaTiO3, they
compensate, so that the sign of the IFC can be positive or negative. This is actually
connected with the ferroelectric instabilities of this material.
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Fig. 4. The analysis of longitudinal interatomic force constants in BaTiOs3. See the
caption of Fig. 2.
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Summary - Perspectives.

The present paper aimed at presenting a particular technique for the
computation of IFCs in solids, and its application to Si, SiO; quartz and stishovite,
and BaTiO3. The variational principle is used for two purposes : it determines the
response of the wavefunctions and density to the different perturbations, and also
gives an accurate evaluation of the second derivative of the total energy. The IFCs
in the above-mentioned materials were compared at the level of the potential well
that each atom feels and the decrease of the IFC longitudinal component with the
distance between the atoms.
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I. INTRODUCTION

In this article we describe the results and conclusions of recent work of
ours!”7 on the electronic structure of the many-electron nonuniform density
system at a metal surface®. These results are of significance from the perspective
of surface probes such as the scanning-tunnelling microscope, the interaction of
ions and positrons with the surface, and properties such as the surface energy,
curvature energy and work function. The surface is described by the jellium® and
structureless-pseudopotential10 models, so that the electrons are confined to within
the metal by a local effective potential. This local potential has a rigorous
mathematical definition within Hohenberg-Kohn-Sham!!:12 density-functional
theory!3. Recently, Kohn-Sham (KS) theory has also been provided a rigorous
physical interpretationi4-1% based on the original ideas of Harbola and Sahni®:17,
and of their extension by Holas and March!®, As such, our calculations are
performed both within conventional KS theory as well as in the context of its
physical description.

In KS theory'? a model system of noninteracting fermions is constructed
such that it possesses the same ground-state density p(r) and energy E[p] as the
interacting system described by the Schrédinger equation. As the fermions are
noninteracting, the corresponding electron-interaction energy functional
component of the theory is representative of correlations due to the Pauli
exclusion principle, Coulomb repulsion and the correlation contribution to the
kinetic energy. The local potential which incorporates these electron correlations
is then derived to be the functional derivative of the KS electron-interaction
energy functional. Within this framework, the dependence of this energy
functional and of its derivative on these correlations is not known explicitly. That
understanding is provided by the physical interpretation!415 of the theory. This
description is in terms of a field which is the sum of two fields, one
representative of the quantum-mechanical Pauli and Coulomb correlations, and
the other of the correlation-kinetic effects. The sources of these fields are
expectations of Hermitian operators taken with respect to the system
wavefunction. Thus, within this picture, the representation of these correlations
in the KS electron-interaction energy functional and of its derivative is explicitly
known. This then allows for the determination of the separate Pauli, Coulomb
and correlation-kinetic contributions to the energy and potential.

For the details and derivation of the physical interpretation we refer the
reader to the original literature!*15, Since the Coulomb self-energy component
of the KS electron-interaction energy functional and its derivative, the Hartree
potential, are known functionals of the density, we provide in Section ITA the
expressions governing the interpretation of the KS exchange-correlation energy
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component and its derivative. We note, however, that the functional derivative
of the Coulomb self-energy too has a rigorous physical interpretation. In Sections
IIB and IIC we provide the interpretation of the separate KS exchange and
correlation energy functionals and their derivatives (potentials). It can be
shown!? that the KS exchange potential is comprised of a Pauli component as well
as part of the correlation-kinetic contribution. The KS correlation potential is
therefore representative of Coulomb correlations and the remaining contribution
of the correlation-kinetic effects. In Section III we present and discuss the results
of rigorous analytical calculations of the asymptotic structure in the vacuum of
the Slater potential?®, the KS exchange potential, and of its Pauli and correlation-
kinetic components. If it is assumed that the asymptotic structure of the KS
exchange-correlation potential is the image potential, then the asymptotic structure
of the KS correlation potential is then also known exactly. These analytical
results are all valid for fully-self-consistently determined orbitals and for arbitrary
metal. In this section we also briefly describe the work of others?1-27 as well as
provide an alternate ‘classical’ description!'? of the physical origin of the
asymptotic structure of the KS exchange-correlation potential. In Section IV we
present the structure of the Pauli and correlation-kinetic components of the KS
exchange potential for a high and low density metal. These calculations are
performed for the highly accurate?! orbitals of the jellium and finite-linear-
potential models?® of a metal surface. In Section V we show how the exact
results described in Section III may be employed to improve upon existing
approximate functionals and their derivatives. We do this by constructing an
approximate exchange energy functional which improves upon the local density
approximation by ensuring that the latter has the correct KS asymptotic structure
in the vacuum. Concluding remarks are made and directions for future work
given in Section VI.

II. A. PHYSICAL INTERPRETATION OF KOHN-SHAM THEORY
EXCHANGE-CORRELATION ENERGY FUNCTIONAL AND ITS
DERIVATIVE

The KS theory exchange-correlation energy functional Eﬁs [p] and its
derivative (potential) v, (r) can both be expressed as a sum of two terms, one
representative of the quantum-mechanical Pauli and Coulomb correlations and the
other of the correlation-kinetic effects. Thus, we may write
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EXS[p] = B [p] + T,lp] , @
and
5EKS
Ve (@) = 5—’;(15;—] = W@+ W, @ . @

The quantum-mechanical exchange-correlation energy Exc [r] and the Pauli-
Coulomb component W,_(r) of the potential can be expressed in terms of a field
Z, . (r). This field is derived via Coulomb’s law from the quantum-mechanical
Fermx-Coulomb hole charge distribution p, (r, r ’y at ¥/ for an electron at r as

P, ) @ - 1)
/ |3

dar’ . )]

%m=j

[r-r

The Fermi-Coulomb hole o, (r, /) is in turn defined in terms of the density
o) = <\I'|E a(r}-r)|\If> and pair-correlation density
g(r, r)-<\If|}3,J¢S(r1 r)6(rj—r)|\I'>/p(r) a s
Pyc(T, T ) =g(r, r )-po(’), and where ¥(x;,...xyn) is the system
wavefunction with x = ra The total charge of the Fermi-Coulomb hole is
negative unityx:)ej Dy (r, T )dr = -1. Note that the density and palr-correlatwn
density are expectations of Hermitian operators. In terms of the field & (r), the
energy E, [p] may be written in virial form as

Eylo] = [ drp(r - Z,.@) , O

whereas W, _(r) is the work done to move an electron from infinity to its position
at r in this field so that

W, () = - j g @) -dl . ®)

o

The correlation-kinetic energy T [p] and potential component W, (r) are also
expressed in terms of a field Z, (r) The field Z, (r) is the dlfference of two
fields z(r;[v,]) and z(r; ['y]) for the KS nomnteractmg and Schrédinger
interacting systems respectively, each field being derived from the corresponding
system kinetic-energy-density tensor t,g(r). Thus
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1
Z(r) = m[l(l‘;[‘ys]) -z(r; V1] ©)
where

29
2,55 17]) = 2) oty YD) M

B=1 arB

1 3? 3? ;o
tg(rs [y = < + (", r") ,

s LY 4 l:ar{xar”ﬁ 6r’/33r”aj| Y |r’ " =y ®

and y(r,r'), 'ys(r,r/ ) are the spinless single-particle and Dirac density
matrices:

¥, ') = Ny j ¥ (rox,... .xN)\Il(r'ar,xz. XN)dxz Ldxy ©)
g

1@, 1) = Y Y ¢ co) g¢’o) (10)

where ¢, (x) are the KS orbitals with vy, (r, r) =p(r), and j dx = Ea J dr. Note
that the density matrices too can be expressed' ">~ as expectations of 4 Hermitian
operator. The energy T_[p] is written in terms of the field Ztc(r) in virial form
as

T.[p] = Jdrp(r)r ‘Z, ) ayn

and the component W, (r) is the work done to move an electron in the field
Z, (r):

r
W, (@) = - j ACORE: G (12)

@

Defining the field R(r) as the sum of the fields & _(r) and Ztc(r):
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RO = Z,0)+Z, (@) , (13)

the KS exchange-correlation potential v, (r) is then the work done in the field
R(r):

Vyo(D) = - [ R@y - dl . 14

-

This work done is path-independent since V X R(r) =0. For systems of certain
symmetry such as closed shell atoms or open-shell atoms in the central-field
approximation, the jellium and structureless-pseudopotential models of a metal
surface considered here, etc., the work W, (r) and W, (r) are separately path-
independent since for these cases VX & . (r) =V X Ztc(lg) =0.

B. PHYSICAL INTERPRETATION OF KOHN-SHAM THEORY
EXCHANGE ENERGY FUNCTIONAL AND ITS DERIVATIVE

Ks In conventional KS theory, the exchange-correlation energy functional
E,. [p] is normally split into its exchange E, [p] and correlationE_  [p]
energy components. The exchange energy functional E, ™ [o] is known in terms
of the K%(grbitals ¢;(x) and may be expressed viaS the corresponding Fermi hole
charge p, (r, r') through the Slater potential V, (r) as

Ex [o] = %jp(r)vf(r)dr : (15)
where
Vi@ = jp’i_lfff#dr’ , (16)
and
P, ) = ~ |yr,)|220() . a7

& s total charge of the Fermi hole is also (negative) unity:
py (T, r/ )dr/ =-1, and it satisfies the constraints of negativity
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pfs(r,r’ ) <0, and value at elecIErSon position pI:S @,r)=-p@/2. The
derivative v, (r) of the functional E, " [p] is then

KS S ./
_ OBl 1 s g INALLLR (18)
V) = e = g Va® g [ mar

Note that the leading term of the KS exchange potential is (1/2) sz r).

The physical interpretation of the derivative v, (r) iisthat it is the sum of
two1 terms, one representative of Pauli correlations W, (r), and the other
ch) () part of the contribution of the correlation-kinetic effects!’:

SEC ]

op(r)

v, () = - WS - W 1)

Here Wf S (r) is the work done to move an electron in the field
& (r) determined via Coulomb’s law from the Fermi hole chargep, ™ (r, r’)
so that

r

wX@) = - [ g5 ar (20)
with
KS / _
Z;(Ks(r) - f py (@, xr’)(-r )dr' . (1)
-/

The Pauli component Wfs (r) of the exchange potential vf S(r) may also be
expressed as

r 1 N KS¢ 7 0
KS 1.8 / " (v -v)o > (e )
W, ') = -V, @®~+|dl - |dr
X RS 6[ J ‘r/-l‘lll

22

so that the leading term of this work done is (1/2) V0 (r). The work W, (r) is
that done to move an electron in the field ch (r):
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wom = - 200 @3)
with
Zfl)(r) _ z(r; [vD ’ (24)
° o(r)

where 'yi (r,r’) is the first-order correction to the KS density matrixy,(r, r’)
as obtained via perturbation theory by an expansion of the system wavefunction
in terms of the electron-mteractlon coupling constant. Once a K§a.m the sum of the
work [W (r) W( (r)] is path-independent since V X { & (r) - Z (r)] 0.

For_systems w1th the symmetry discussed in the previous section, ‘the work
W_"(r) and W (r) are separately path-independent. The expregglon for
the functional denvatwe v,(r) of Eq. (19) in terms of the work W, (r) and
W (r) is exact'® because it incorporates all terms linear in the coupling
constant

There is no explicit correlation-kinetic contribution to the KS exchange
energy Ex [p] The contribution, however, is manifested via the KS orbitals, so
that Ex [p] which is related to its functional derivative VKS(I‘) by the virial
theorem?® is expressed entirely in terms of the field &, (r) as

B[] = - [o@r - Vv @dr = [p@r - £5mdr ,  @9)
with
Ip(r)r . chl)(r)dr =0 . (26)

In the KS representation of Hartree-Fock theory, an exchange energy
functional and its derivative which give rise to the Hartree-Fock density and
energy can also be defined!®. Once again this functional and derivative can be
described in terms of a field representative of Pauli correlations and one
representing the corres; %ondlng correlatlon-kmenc effects. A similar interpretation
can also be provided®® the exchange potential®! of exchange—only Kohn-Sham
theory, viz., that of the optimized potential method>2
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C. PHYSICAL INTERPRETATION OF KOHN-SHAM THEORY

CORRELATION ENERGY FUNCTIONAL AND ITS
DERIVATIVE

The KS theory Coulomb hole pfs (r, r ) is defined as the difference
KS
o (e, 1)) = p (e, ) - o (e, 1) @n

SO, ﬁ.hat it satisfies the constraint I o, (x,r )dr =0. The KS correlation energy
[p] is then the sum of the’Coulomb U_[p] and correlation-kineticT _[p]
energles

KS(p1 = U Lp1+ T.[0] , 28)
where
Uelol = 5 [pV @y 29
and
vim - [____"i(s(”/'l)dr/ : (30)
[r-v |

is the Slater correlation potential. The corresponding KS correlation potential
v (r) is the functional derivative

Ks[p] 1 1[ « )BV (r) dr/ BTc[p] . 3D

- 0E = 1ys r) +
V) = s T Ve ® 3 50 () 50 ®

With the KS theory Fermi and Coulomb holes defined by Eq. (27), the derivative
V(1) can also be expressed in terms of its separate Pauli, Coulomb and
correlation-kinetic contributions as

SE
M A A I A 32)
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where W (125 is the work done in the field Z (r) due to the Coulomb
hole charge po,” (v, r ’y:

pe @) -r))  (33)
/ |3

S = - [ e8¢y - ar; 8w - [

5 jr-r

Since V, (T) = v, (r) +v (r), where v,(r) is given by Eq. (19), the exact
expression for the derivative v (r) is then

KS
E,
Vo® = — ([)p ) W, @+ W) (34)

where W, (r) and W(l)(r) are as defined previously. Tll(\g Coulomb correlation
energy U [p] is also expressed in terms of the field &, (r) as

U,[p] = J drpmr - 50 . (35)

Perturbation theory expressions for W ), W, (r) U.[p] and T [p] can be
derived but we do not give these here We note, however that the KS
correlation potential v (r) commences!? in second order in the coupling constant.
The term quadratic in the coupling constant v, ,(r) is then

Ve 20 = WO - WP (36)

where the work W(l)(r) de; gends on the first-order correction to the pa1r-
correlation density, and W on the second-order correction y5(r,r Y of
the density-matrix y(r, r ’y. Slmllarly, it can be shown that for EKS [p] the term
quadratic in the cou?hng constant is due to correlation-kinetic effects arising from
the field of 'yZ @, r').

1II. ASYMPTOTIC STRUCTURE IN VACUUM REGION

In the jellium and structureless pseudopotentials models of a metal surface,
there is translational symmetry in the plane parallel to the surface and the
effective potential in which the electrons move is local. Thus, the structure of the
self-consistent XS orbitals for these models is of the form
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Yao) = J?e“" Mo @7

where &y, X| ) are the momentum and position vectors parallel to the surface,
and (k, x) the components perpendicular to it. The semi-infinite metal, assigned
the negative half-space, is defined by its Fermi energy ep =kg/2, where
kg = Varg is the Fermi momentum, ol= 9#/4)'3, and rg is the Wigner-Seitz
radius.

For the self-consistent orbitals, we have determined!* the exact analytical
asymptotic st%xcture in the classically forbidden vacuum region of (i) the Slater
potential V_'(r), (i) the functional derivative (exchange potential)
V() =8E, " [p)/ dp(r), () the Pauli co]r&ponent W. 7 (r) of the derivative
(exchange-correlation potential) v, . (r) = 3E. " [0]1/8p (r) (or of v, (r)), and hence
(iv) the correlation-kinetic component W ’(r) of v, (r). Further, if it is assumed
that the asymptotic structure of the functional derivative v, (r) is the image
potential -1/4x, tll%'se asymptotic structure of (v) the derivative (correlation
potential) v, =d0E_~[p]/8p(r) is then also known exactly.

The asymptotic structure of the exchange potential v, (r) was derived via the
relationship between density functional theory and many-body perturbation theory
as established by Sham?6. The integral equation relating v, (r) to the nonlocal
exchange-correlation component X, (r, r’; w) of the self-energy Z(r, r';w) is

I dr/vxc(r/)J. _(21_:.Gs(r, r/ ; w)G(r/ , T W)

= ldr’[dr” I.(l“_’Gs(r,r/;w)Exc(r/,r” ;w)G(r” , T W,
27T (38)

where G(r,r’; w) is the one-particle Green function and G(r, r; w) the KS
Green function. From this equation, Sham derived the asymptotic structure of
Vy () to be
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.1 / /. /
Vel®) = s [ ar’ e, 5 epWce
(39)
s [ gy OB )
2y ()

where the electron is at the Fermi level ex. The asymptotic structure of the
exchange component v, (r) is obtained by substituting the self~ener§¥
L, ') = -y (r,r)/2|r -r/| into the above equation. The result derived’
is

v, @ _ _ %s,xB) , (40)
X~» 00 X
where
_B-11,_ W@*-1 41
axsx® = S [1 1(32—1)1/2:| : “h

the parameter Bz =W/eg, and W is the surface barrier height.

Now if it assumed that the asymptotic structure of the exchange-correlation

potential v, .(r) is the image potential, the analytical asymptotic structure of the
KS correlation potential is

v _ _ o%s,cB)
X—> 00 X ’

ags o (B) = [1-dags ,(8)1/4 . 42)

The asymptotic structure of the Pauli component Wf S (r) is derived? to be

W)I((S(X) - _ aw(ﬂ)

X > 00 X

43

>

where the coefficient
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_B-1 2 @ -ninE*-1|  g2-2
ow(B) = 1- + . 48
W 2 {B_—“z 1 [ 62 62

M As such, the asymptotic structure of the correlation-kinetic component
Wtc (r) is also known to decay exactly as

(e}]
o, "(B)
Wl = (43)
X—> 00 x
where the decay coefficient is
2 _ 2 _ 132
(O Rty P Sk G S § At i Y(. Y

26° G S
(46)

Finally, the asymptotic structure of the Slater potential is derived!? as

Vi) = - ; ag(B) =2aks x(B) - “7)

ag(B) .
X

We refer the reader to the original literature for details of the derivation of these
results. What the derivations all show, however, is that the asymptotic structure
in the vacuum region is governed by and arises entirely from the orbitals deep in
the metal interior where the structure of ¢ (x) = sin[kx + d(k)]. The orbitals in
the regions at and outside the surface do not contribute to the structure far in the
vacuum.

The most significant point x?sf the results is that the KS exchgnge potential
v, (r), the Pauli component W, ™ (r), and the Slater potential V, (r) all decay
asymptotically as -x!. This is consistent with the work of Harbola and
Sahni?!-24 who also determined these structures but did so numerically and for
specific metals only. Furthermore, their calculations were performed for model
potential orbitals. The present results are valid for fully-self-consistently

determined orbitals, and the decay coefficients for arbitrary metal can be obtained
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exactly. It can also be shown!»? analytically that for jellium slab metal, these
potentials must decay as -x"2. This is consistent with the work of Eguiluz,
et al.27 who solved the Sham?6 integral equation numerically in the exchange-only
case for specific metals and slab metal geometry.

In Fig. 1 we plot the decay coefficientsa,(8), ags < (8), ew(®), o (®)
and agg . (B) as a function of the barrier height parameter 8. The corresponding
values of the Wigner-Seitz radius r, for both the jellium and structureless-
pseudopotential models are also given. The relationship between the parametersr,
and B is through fully-self-consistent calculations (see Appendix of Ref. 21 and
Ref. 10), within the local density approximation!?. The values of the coefficients
for jellium metal corresponding to r, =2, 4, 6 are given in Table I.

TABLE 1. The asymptotic structure coefficients of the Slater potential V S(r):
ag(B), the KS exchange1 potential v,(r): ogg 4(8), the potential Wx™ (r):
aw(B), the potential Wf )(r): a?) (8), and the KS correlation potential v (r):
ags,.B), as a function of the Wigner-Seitz radius r, for the jellium metal
surface. The parameter §=+/W/eg, where W is the barrier height and e the
Fermi energy. The relationship between the parameter 8 and r,, is determined
via a self-consistent calculation within the local density approximation.

Coefficients Wigner-Seitz radius r. (a.u.)
2 4 6
a (B) 0.390 0.496 0.548
aks x(B) 0.195 0.248 0.274
aw(B3) 0.217 0.315 0.368
o @) 0.022 0.066 0.094
aks ¢ B) 0.055 0.002 -0.024

The KS exchange potential coefficient agg () is essentially the image-
potential value of 1/4, ranging from 0.195 to 0.274 over the metallic range of
densities. Its value is precisely 0.250 for S8 =f2_ , which corresponds to a
Wigner-Seitz radius of r, ~ 4.1. The jellium model is stable for approximately
this value of ry. With the assumption that the asymptotic structure of v, (r) is
the image potential, we see that the correlation contribution to this structure is an
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Fig. 1  Asymptotic structure coefficients ag(8), ags xB), aw(8), afl) ®,
and agg .(8) as function of barrier height parameter 8 =+/W/eg,
where W is the barrier height and e the Fermi energy.
Corresponding values of the Wigner-Seitz radius rg for jellium and
structureless-pseudopotential models over the metallic range of
densities are also given. The relationship between r; and @ is via self-
consistent calculations in the local density approximation for exchange-
correlation.
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order of magnitude weaker, the coefficient akg .(8) ranging fropi 0.055 to
- 0.024. There is then no KS correlation contribution for stable jellium.

For finite systems, such as atoms and molecules, the asymptotic strpcture
of the KS exchange potential v, (r) in the classically forbidden region is due
entirely to Pauli correlations® as described by W, (). Thus,

vi® = W@ = Vi - —% : (48)

r—- o

where the equality between Wf S (r) and sz (r) is due to the fact that for
asymptotic positions of the electron the Fermi hole is essentially a static charge
distribution. The correlation-kinetic contribution ng)(r) is short-ranged5 for
these systems. In the metal surface case (see Eqs. 40 and 47), we have instead
the asymptotic structure of v, (x) to be

@ = Vi 49)

X—> 2

which is the same (see Eq. 18) as its leading term. It js also evident from
Fig. 1 asnd Eq. (43) that the asymptotic structure of W,I(( S (x) is not that of
A/ V, (x) which is its leading term (see Eq. 222. Thus, there is both a Pauli
W, (x) as well as a correlation-kinetic WE (x) contribution to the KS
exchange potential v, (x) in the asymptotic vacuum region. The correlation-
kinetic component is therefore long-ranged. The principal contribution to v, (x),
however, is still due to Pauli correlations, the correlation-kinetic contribution
being an order of magnitude smaller. (Compare values of o (8) ande; ’(B)
given in Table I). Note also that for high density metals the correlation-kinetic
contribution to v,(x) is small whereas for low density metals it is quite
significant. Thus, for high density metals (r, < 2), the asymptotic structure of v, (r)
in the vacuum is essentially that of W,Ifs (r) and therefore governed primarily by
Pauli correlations. This result is consistent with the fac®>3* that for slowly
varying densities for which the local density approximation is valid, the KS
potential v, (r) = 8E " [p1/8p (t) = WS> (r) = ~kg(r)/=. Finally, we note that
since the Fermi hole remains dynamic for asymptotic %sitions of the electron in
the vacuum, the asymptotic structure of the work W, (r) and Slater potential
V, (r) are not equivalent.

There is at present no rigorous analytical proof of the asymptotic structure
of the KS exchange-correlation potential v, (r) at a metal surface. For
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completeness we discuss here the work of others on this structure. In their paper,
Almbladh and von Barth® state without proof that for microscopic systems, the
exchange potential v, (r) decays exponentially to zero, and thus the asymptotic
structure of v, (r) is a Coulomb correlation effect. They then obtain the
asymptotic structure of v, (r) to be the image potential. The basis for the
exponential decay of v, (r) is not explained. The calculations of Sham?6 based
on Rudnick’s? thesis, involves approximations such as using the free-space one-
electron Green function to represent the electron in the classically forbidden
region. The subsequent result that v,(r) decays as -x "2 then leads to the
conclusion that the asymptotic structure of v, (r) is due entirely to v (r), and
that it is the image potential. As noted previously, the jellium slab-metal
calculations of Eguiluz et al.>’ show the exchange potential v, (r) to decay as
-x 2 as it must’"2, The calculations of these authors for v, (r) which are within
the GW and random phase approximations, and in which the one-electron Green
function is replaced by the KS noninteracting Green function, are performed
numerically for specific metals. With these approximations, and to a distance of
two Fermi wavelengths from the surface, they obtain the asymptotic structure of
v,.(r) to be the image potential. As such the -x 1 structure of Vv, (T) is again
attributed to Coulomb correlation effects. The conclusions of these various
authors based on approximate calculations thus differ from those arrived at via
our rigorous analytical derivations.

There is, however, another!-2 way of understanding the physical origin of
the asymptotic structure of the KS exchange-correlation potential v, (r) that is
more ‘classical’ in its description. Recall that the total charge of the Fermi-
Coulomb and Fermi holes is -e, whereas that of the Coulomb hole is zero.
Furthermore, the Fermi hole is delocalized®®3® in the metal for asymptotic
positions of the electron. Thus, for these positions, the Coulomb hole is
comprised of two components: one of charge (+e) delocalized in the metal
which screens out the field of the delocalized Fermi hole, and the other of charge
(-e) localized to the surface region. If there is no correlation-kinetic contribution
to the asymptotic structure of v, (r), then this structure is the work done in the
field of that part of the Coulomb hole that is localized to the surface region. In
this manner, the asymptotic structure of v, (r) will also be independent of the
metal parameters, and therefore the same for all metals.

IV. STRUCTURE OF THE PAULI AND CORRELATION-KINETIC
COMPONENTS OF KOHN-SHAM EXCHANGE POTENTIAL

In this section we present our results®3 for the Palgsli and cox;relation-ldnetic
component fields (& (r), zfc)(r)) and potentials (W, (r), wfc )r)) of the KS
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exchange potential v, (r) at a jellium-metal surface. Our calculations weilée
performed for the semi-analytical orbitals of the finite-linear-potential model".
These orbitals are extremely accurate and lead to results essentially equivalent to
those of fully-self-consistent calculations (see Appendix of Ref. 21). The KS
effective potential for this model is

Vetr(@ = Fz[0(2) - 0(z -2,) ]+ WOz -2;) (50

for which the orbitals ¢, (z) are

b (@) = sinflz + 500 (- 2) +[B, Ai(§) +C,Bi(5)][02) -0z - 2,)]
51)

+Dyexp(- 5, 2)0(z-2,) ,

where k =2E , i =V2(W-E) , =225 "~ {5, & = k222", F = (kp/2)/ 2,
Zg =(k12,/2)zb/W, E is the energy, W the barrier height, and Ai({;,) and
Bi($) the Airy functions. The phase factor (k) and the coefficients
By, Cy and D, are determined by the requirement of continuity of the

wavefunction and its logarithmic derivative at z=0 and z = z,.

To determine the correlation-kinetic field and potential we assume the KS
exchange-potential v, (r) to be that derived®’ by restricted differentiation of the
exchange energy functional E, " [p]. The resulting expression for the potential
which is in terms of the density o(r) and Slater potential V. (@) is

Oy = 1 d

VxS S am7dky dkp

(p@viw) (52)

Thg intrinsic nonlocality of the problem is thus incorporated ir(} the potential
v)(( )(r) through the dynamic Fermi hole charge. Furthermore, v,(( )(r) possesses
the correct asymptotic structure of v, (r) in the vacuum as given by Eq. (40), as
well as its correct limiting value of -kg/= in the met%l bulk. Now for the
orl%(igals of Eq. (51), expressions for the Slater potential V, (r) and the Pauli field
&, (r) are derived which each réeduce toa ﬁl%(ige-region momentum-space double
integral. Thus, the potentials v,(( )(r) and W, (r) can be dgtermine(}(gccurately
for arbitrary electron position. The differences [Vv,(( )(r) ~-& ()] and
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0 XS
[v,f ) (r) - Wx (r)] then represent the correlation-kinetic field Zfl)(r) and

potential Wgcl)(r), respectively.

In Fig. 2 we plot the Pauli field S;(Ks(z) in Fermi wavelengths about the
surface for ry =3.24 and 6.00. (The Fermi wavelength for r, =3.24 is 5.61A
and for ry =6.00 it is 10.39A). The barrier height parameter 8 = /W/ € inthe
orbitals is determined by energy minimization in the local density approximation
for the exchange-correlation energy functional. (See Appendix of Ref. 21).
Observe that the field is concentrated about the surface, and is greater for
r, =6.00 than for r, =3.24. The reason for this is that for electron positions
near the jellium edge, the Fermi hole for low density metals is more
localized>®-38 in that region than it is for high density metals. The amplitude of
the Bardeen-Friedel oscillations of the field within the metal are also greater as
expectedg'39 for the lower density metal. Observe that the field is long-ranged
decaying in the vacuum as oy ®)/22.

In Fig. 3 we plot the approximate KS exchange potential v,((o) (z) and the
Pauli component W_ " (z). The potential V,EO) (z) achieves the exact asymptotic
structure of v (r) in the vacuum by about one Fermi wavelength from the
surface. In the metal bulk, it has the correct limiting value ofﬁgB (in units of
3kg/27). For these metal d%nsities, the Pauli component W~ (z) is distinct
from the exchange potential v,(‘ (). It has a different asymptotic structure in the
vacuum as discussed in the previous section, but it is also differex}(tsabout the
surface and in the metal bulk. The fact that the limiting value W_~(-o) is
more negative for lower density metals is a reflection of the greater Pauli field
at the surface. Further, the asymptotic coefficient oy (8) is also greater for low
density metals (see Fig. 1.} Thus, in integrating from + oo to inside the metal
one obtains a greater limiting value in the bulk.

In Fig. 4 we plot the correlation-kinetic field Z?)(z) and observe that it
too is concentrated about the surface. It is long-Tanged in the vacuum,
decaying asymptotically as afl)(ﬁ)/ z2. In the metal, it exhibits the requisite
Bardeen-Friedel oscillations. © The field Z€1)(z), however, is an order of
magnitude smaller than the Pauli component field g (2.

In Fig. 5 the correlation-kinetic potential component Wsl)(z) is plotted. For
these densities, the potential is entirely positive, possesses thé correct asymptotic
structure of Eq. (45) in the vacuum, and exhibits the Bardeen-Friedel oscillations.
Once again, th% g)otential Wfl (z) is an order of magnitude smaller than the Pauli
component W, (z). For higher density metals (ry < 2), the correlation-kinetic
contribution to v, (z) will be less significant. It will vanish entirely for the very
slowly varying density case for which33-34 v, @) =W, " (2).
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Fig.2  The Pauli field Z,’(Ks(z) at the surface of metals of Wigner-Seitz radii

r, =3.24 and 6.00.
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Fig. 3  The Kohn-Sham exchange potential vio) (z), and the Pauli component

potential W,”(z) at the surface of metals of Wigner-Seitz radii
r, =3.24 and 6.00.
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Fig. 5  The correlation-kinetic components potential Wfl)(z) at the surface of
metals of Wigner-Seitz radii ry =3.24 and 6.00°
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V. CONSTRUCTION OF APPROXIMATE KOHN-SHAM EXCHANGE
ENERGY FUNCTIONAL AND DERIVATIVE WITH EXACT
ASYMPTOTIC STRUCTURE

In this section we derive a local density approximation-like expression for
the KS exchange energy functional and its derivative such that the latter possesses
the correct asymptotic structure both in the classically forbidden and metal-bulk
regions.

We begin by constructing an approximate expression VS P ) for the
Slater potential V (r) as

Sapp _ Ke [ 13 as(8)
Vi O = s | Py (0 - 5 ’ (53)
9]
p+1
where
as(8) = 191(62—1)1’2as(6) , (54)

ag(B) is the Slater asymptotic decay coefﬁment of Eq. (47), p,(r) is the electron
density normalized to the bulk value p = kg /312, g% = W/eF, and p is a free
parameter. Note that for p = -1, the potent1a1 VS %P (r) is equivalent to the
local density approximation of the Slater potential which is
-3kp{o @)} 27 = -@BRD[Be)]3.

It is easy to see that since , lim p,(2) =1, where z =kgx, then for any
value of the parameter p, the potent1a1 Vs app (r) reproduces the correct
asymptotic structure of the exact Slater potentlal Vs(r) in the metal bulk:

V@ | 3“F[p oty = -k (55)

Z->-00 2

In the classically forbidden region we can write the normalized density as
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pu(2) ~ exp[-2(A2 -1 z] (56)

where we have omitted the pre-exponential factor, which in general depends upon
Z. o This factor leads to higher order terms in the asymptotic expanswn of
V (r) in the vacuum region. Thus, in the asymptotic vacuum region we have
the result

viary kg as(B) 5B

- s (&¥))]
Z—> + 00 2r lnpxll/:;(z) X

for any value of p.

We next construct the approximate KS exchange energy E;7F[p] via the
approximate Slater potential V.**PP(r) as

EPLo] = 2 [ dre@ V™ @)

(58)

1t

3kg p .13 as(B)
— | d _r +
_’r J rp() =i (r) [p(r)]ll?'_as(ﬂ)
) p+l

The functional derivative of EX*P[p] which is the approximate KS exchange
potential v:*" (r) is then

4p 1By as(® ag(B)

3n - 2
1/3( " - as(ﬁ) \ [ o 358 ]
p

app . _
vy (r) =

_F
4r

P+l oy (@)~ T

(59

It is readily seen that the potential v,T¥(r) has the correct asymptotic structure
of ~[ag(B)/2)/x = -akg ,(B)/x of Eq. (40) in the vacuum for any value of the
parameter p except for p = -1. The parameter p is determined by the
requirement that v, 2P (r) have the correct asymptotic structure of -kgp/x of the
KS exchange potentlal v, (r) in the bulk. Thus
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AL B I SRR 13 Vi (. (60)
z—>-00 4x 3 3&8 ®) T
so that the parameter p must satisfy the equation
LI g (61)
@e+n|1-2_ | =0 .
[ as(B)

The first root of this equation p = -1 gives rise to the local density approximation
exchange energy functional and corresponding derivative. The second root is

p=-l+oa5(B) , (62)

which then leads to the following expressions for the exchange energy and
derivative:

. 3Ky _ _ ag(B)p, ()
opr 1 . _ ke _ a3, %s(B)py (63)
EZP[p] G I dr |:{I ag(@®)}e, (r) i —1npn1/3(r)] ’

B} 4{1-mp!?

N FTRE R PO S R 1
T 4{1 -1Inp, )}

(64)
A plot of v;TP(z) for 1, =3.24 employing the orbitals of the finite-linear-
potential model?® is given in Fig. 6. The corresponding local density
approximation (LDA) potential is also plotted. In the interior and about the
surface of the metal the two potentials are equivalent. But outside the surface
v; PP (z) improves upon the LDA significantly and approaches the exact structure
asymptotically. We thus expect that properties such as the surface energy and
work function obtained with E:pp [p] and v:p P (r) to be superior to those of the
LDA. Such self-consistent caiculations are in progress.

In a manner similar to that described above, it is possible to correct other
exchange energy functionals more accurate that the LDA, such as the generalized
gradient approximation#®. Similarly it is also possible to obtain the correction to
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Fig. 6  The approximate exchance potential v:" P(z) of Eq. (64) at the surface
of a metal of Wigner-Seitz radius 1 =3.24. The potential in the local
density approximation (LDA) is also plotted, as is the exact asymptotic
structure - agg (B)/z of the XS exchange potential.
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the LDA or other correlation energy functionals such that the correct asymptotic
structure is ensured.

VI. CONCLUDING REMARKS

In this paper we have described recent developments in our understanding
of the electronic structure of metal surfaces. These developments are based on
rigorous analytical derivations of properties within conventional KS density-
functional theory as well as its physical interpretation. The latter delineates
between the separate Pauli and Coulomb correlations and correlation-kinetic
effects incorporated in the KS exchange-correlation energy functional E, " [p] and
its derivative v, (r). The exget asymptotic structure, in the vacuum of the KS
exchange potential v, (r) = 6E,  [p)/dp(r), where E, "~ [o] is the exchange energy
functional, has been determined and shown to be image-potential-like. It is
precisely the image potential for a value of the Wigner-Seitz radius r, which
corresponds to that of stable jellium. If then it is assumed that the asymptotic
structure of the potential v, (r) is the imlg§e potential, then the contribution of
the KS correlation potential v (r) =6E_ " [p1/dp(r) to this structure is also
exactly known, and thereby shown to be weak. With a knowledge of the exact
asymptotic structure of these potentials in the vacuum and metal-bulk regions, it
is then possible to construct corresponding energy functionals such that their
derivatives possess this structure. An example of such a construction has been
provided.

The physical interpretation of the functional derivative v, (r) shows that it
is comprised of a term W,I((S (r) representative of Pauli correlations, and a term ng)(r)
that constitutes part of the total correlation-kinetic contribution W, (r). “The
exact asymptotic structure of these components in the vacuum has been
determined and shown to also be image-potential-like. Although the structure of
v, (r) about the surface and asymptotically in the vacuum and metal-bulk regions
is comprised primarily of its Pauli component, the correlation-kinetic contribution
is not insignificant for medium and low density metals. Itis only for high density
systems (r, <2) that v, (r) is represented essentially by its Pauli component
W, (r). Thus, we see that the uniform electron gas result of -kg/x for the
functional derivative v,(r), which is the asymptotic metal-bulk value, is not a
consequence of Pauli correlations alone as is thought to be the case. There is also
a small correlation-kinetic contribution. The Pauli and correlation-kinetic
contributions have now been quantified.

As discussed in the text, the asymptotic structure of v, (r) in the vacuum
can be thought of as arising from that part of the Coulomb hole localized to the



Electronic Structure of Metal Surfaces 269

surface, provided there is no correlation-kinetic contribution asymptotically. A
further understanding of the overall structure of v, (r) and properties such as the
surface correlation energy can therefore be achieved by determining the structure
of the Coulomb hole charge o, (r, r’) as a function of electron position. This
would also show how, for electron positions in the vacuum, the field due to the
Coulomb hole component delocalized in the metal bulk screens out that of the
delocalized Fermi hole. The work done in the field of the Coulomb hole
component localized to the surface region is then the asymptotic structure of the
Coulomb correlation part of v, (r) in the vacuum. One approach to determinin§
an accurate approximation to the Coulomb hole is to combine the random phase*
and generalized gradient expansion*? approximations. The former represents
long-range and the latter short-range correlations accurately. We are presently
investigating the feasibility of such a calculation.
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1. Introduction

In the 1963 Pearson introduced the concept of "hard and soft acids and bases"
(HSAB) [1]. The root of the idea lies in the simple acid-base view of chemistry of
Lewis and leads to the statement that "hard acids prefer to coordinate to hard bases
and soft acids prefer to coordinate to soft bases".

Starting from this pioneering work, in the last three decades, a number of
researches have developed and used Pearson's principle in order to explore its
potentials for studying molecular electronic structure and predicting basic chemical
features.

The HSAB principle can be considered as a condensed statement of a very large
amount of experimental information, but cannot be labelled a law, since a

quantitative definition of the intuitive concepts of chemical hardness (1) and
softness (S) was lacking. This problem was solved when the hardness found an
exact , and also an operational, definition in the framework of the Density
Functional Theory (DFT) by Parr and co-workers [2]. In this context, the hardness
is defined as the second order derivative of energy with respect to the number of
electrons and has the meaning of resistance to change in the number of electrons.
The softness is the inverse of the hardness [3]. Moreover, these quantities are
defined in their local version [4, 5] as response functions [6] and have found a
wide application in the chemical reactivity theory [7].

Different practical procedures for computing 1 have been proposed, that range
from the computation of the difference between the energy values of the highest
occupied (HOMO) and the lowest unoccupied (LUMO) molecular orbitals [8,9], to
the atom in molecules based models [10, 11], to the charge sensitivity analysis [12,
13], to the use of Slater transition state theory [14], to the Janak's extension of
DFT for fractional occupancies [15, 16]. Recently, Neshev and Mineva have
proposed a scheme for the construction of the internally resolved hardness tensor in

the framework of Xa [17] and DFT [18] formalism. This procedure was applied in
the study of the orbital hardness of the transition metal oxides [14, 17]. More
recently a very similar protocol was used for the water molecule [19]. A rigorous
procedure was proposed by Liu [20] for the molecular orbital hardness
determination that is unfortunately time consuming and until now has been applied
to the HCN hardness matrix computation.

The main goal of the present work is to formulate the relationship between the
intuitive chemical concepts and the theoretical computation of the reactivity indices,
in the dual space of the Kohn-Sham (KS) [21] eigenvalues (gi) and the occupation
numbers (nj), using the Janak theorem [22]. In this approach, the orbital reactivity
indices are calculated directly from the hardness tensor. This opens the way to a
more accurate analysis of the intrinsic properties of each orbital in chemical
reactions.

Applications presented here include the computation of total hardness values of
a selected number of atoms and molecules, orbital Fukui indices and orbital
softness tensor (polarization) for test systems. In addition, the change of the
hardness along the isomerization paths of HCN and O3HT is reported.

2. Method
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In the context of DFT the energy of a many-electron system can be expressed as
a function of a one particle density p(r):

E[p] = Ti[p]+ 3[p]+ Exc[p] + [o(rip(ridr W

where Tg[p], J[p] and Exc[p] are the kinetic, coulomb and exchange-correlation

energy terms, respectively. For a fixed external potential v(r) the true density
determines uniquely the minimum energy.

2.1 Orbital hardness tensor

The means to study the change from one ground state to another of electronic
systems, is introduced through the fundamental energy differential expression [5,
23]:

dE = udN + jp(r)du(r)dr )

where N is the total number of electrons and the chemical potential Y is the
Lagrange multiplier in the minimization procedure, satisfying the stationary
principle:

8{E[p]~uN[p]} =0 3)

| measures the sensitivity of the extremum E[p] to a change in N:

@)
=N,

Kohn et al. [23] have shown that "this result contains considerable chemistry.
characterizes the escaping tendency of electrons from the equilibrium system.
Systems (e.g. atoms or molecules) coming together must attain at equilibrium a
common chemical potential. This chemical potential is none other the negative of
the electronegativity concept of classical structural chemistry ".

Before proceeding, we should mention that the ground state energy E[N, v] is
assumed to be continuous and differentiable function of the number of electrons N

for a given external potential v(r), as discussed in details by Parr and Yang [5].
The next reactivity index in importance is the second energy derivative, the

absolute hardness [3, 24]:
n= ‘_—aZE o)
ENEON

The mean sum of the ionization potential (I) and the electron affinity (A) is the
approximation to p:
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I+A
=- 6)
K 2

and the corresponding finite difference approximation to 1 is:

[-A
=— )
2
In a simple orbital theory 1 becomes the HOMO-LUMO energy difference [8]:
€Lumo ~ €Homo
= 3
n 2

Softness is defined as the inverse of hardness:
S=— )

The chemical hardness measures the resistance of a system to charge transfer
and is directly connected to the degree of electron localization [3], while the
softness is related to polarizability.

The equations 7, 8 and 9 fail to operate when the HOMO - LUMO energy gap
becomes too small and do not consider the influence on chemical properties of other
orbitals, besides the HOMO and LUMO's. Moreover, it is not possible to study the
site selectivity of a chemical species considering only absolute hardness other than
space-dependent (local) versions of hardness/softness concepts [5]. Thus in

addition to the global definition of 1} and S, the local hardness [4] and local softness
[5] have been introduced as follows:

1, &%Fp]
= — r ) 10
n(r) N 8p(r)8p(r’)( )dr (10)
_ aP(lf)} I[BP(P)}
s(r)=| —+= =—| ==
) {3“ o MLON (b

where F[p] is the Hohenberg and Kohn universal functional {25].
These expressions are obtained through the integration of the hardness and
softness kernels:

2
nrr) = =)

S L . (12)
dp(r)dp(r')
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_ 8p(r)} _ l[ap(x“)}
W)=— =) = 2
s(r, 1) [au(l,) o Loum L (13)

where u(r) is the modified potential [5]:

u(r)=v(r)—p=-— il ] (14)
dp(r)
The local hardness and local softness are reciprocals in the sense:

js(rm(r) =1 (15)

The formalism of DFT allows one to introduce another important local variable,
the Fukui function f(r), originally defined by Parr and Yang [5] as the first

derivative of the electronic chemical potential |t with respect to the external potential

v(r):
ap(r)
f(r)= [Sn(r)} {BN l) 1o

The Fukui function measures how sensitive a system's chemical potential is to an
external perturbation at a particular point.

In order to compute local variables for a particular site in a molecule an
approach is used which is based on the fractional occupation number concept. The
original idea to exploit fractional occupation numbers in the framework of DFT is

due to Janak [22] who generalized the earlier work of Slater [26], using the Xo

approach. The validation of the Janak theorem in DFT for N- and v-representable
densities and the discontinuity of the energy functional versus the occupation
numbers are subjects of discussion in the works of Rajagopal [27], Perdew and
Zunger [28], Harris [29, 30], English and English [31], Valiev and Fernando [32]
and Whithead [33]. Very recently Warren and Dunlap [34] have treated fractional
occupation numbers in the computation of DF-energy gradient within the linear
combination of Gaussian type orbitals approach.

In the Janak's formulation of DFT, the KS one-electron orbital energies are
defined as the first derivatives of the total energy with respect to the occupation
numbers, nj, and can be interpreted as the orbital electronegativities [35]:

ai=(a—Ej i=l,y N a7
ani

The latter equation is obtained through the definition of the total electron density in
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terms of Kohn-Sham orbital ¥j.
2 N
p(r) =Y, n;| ¥ () 0<nm;<1 Y n =N (18)
i i=1

Now, in analogy with Slater's Xo, the total energy functional can be conveniently
expanded in a Taylor's series around the steady state calculated in advance by a
preliminary SCF procedure. This state is characterized by the set of occupation
numbers n0 (n?,n9,...,n%) and by the corresponding eigenvalues of the DFT

Hamiltonian £° = (e? ...... 82)

(19)

1 o°E
+—Y —————An.An:An +...
6z‘an-an-8nk ian;A
ijk L |

where An; =n,; — n?. The first derivative corresponds to the KS-eigenvalue (see
eq. 17), the second one

=T;; (20)

to the hardness tensor [35-37] and the third derivative describes the change in the
hardness with respect to the occupation number variation. For a nonsingular matrix

nij, the Mor's lemma [38] states that accounting for the higher order terms of

Taylor's expansion does not change qualitatively the properties of the function
defined by eq. 19.

In order to get the hardness tensor elements, one needs a second derivative of
the KS energy with respect to the occupation numbers. By taking the derivative of

€q. 12 with respect to the occupation numbers, at constant v(r), Mnij, becomes:
_ %3]+ Exl[p]] ap(r) 3ptr') _
Y dp(r)dp(r')  on; On;
J‘Pi*a)‘m(r)‘vf (r)¥(r')

Ir—r]

drdr’ + 2n

2 N EPRIP
JS E,.(p)¥ (¥, O¥ () ) ge
3p(n)dp(r')
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Following the work of Garza and Robles [39], the kinetic hardness term is zero and
the local hardness depends only on the second derivative of the Coulomb and

exchange-correlation energies. The exchange-correlation contribution to Tij is much

smaller than the Coulomb one, but neglecting ni}c term, for many systems, brings

wrong hardness values.
The Janak's theorem (eq.17) and the hardness tensor definition (eq. 20) allows

the calculations of njjj as the first derivative of the Kohn-Sham orbital eigenvalues
with respect to the orbital occupation numbers [17]:

_ 9%

o= —L 22
U=y (22)

Numerically, the latter derivatives can be computed using the finite difference
approximation:

_ ai(n~ - An-)—ei(n-)
Ny = : Arij J @

This expression takes into account the response of the i-th orbital to the change of
the occupation number of the j-th orbital.

For nonsingular nij matrix, the calculation of the softness matrix follows
immediately:
s =[]y} 24)
Since the local softness is related to the total one in the sense {5]:
J's(r)dr =S (25)
the approximation to S used in the present approach is:

S=3s;; 26)
i

Now it is easy to obtain the total hardness as:

1
S s @7

As motivated by a statement of Pearson {40] "there seems a rule of nature that
molecules arrange themselves so as 1o be as hard as possible”, the molecular
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hardness value can be conceived as a measure of the stability of a system. As a
consequence of this maximum hardness principle (MHP), since a chemical species
is most reactive at the transition state, hardness would attain a minimum there,
along a reaction path.

Parr and Chattaraj [41] have shown that if, a chemical species moves away
from its equilibrium position, its hardness value decreases. Their proof demands
that the chemical species in question maintains a constant chemical potential.

2.2 Orbital reactivity indices

It is well known that the algebraic theory of systems of non homogeneous linear
equations with N-variables is equivalent to the geometric theory of a plane in the N-
dimensional affine space [42]. Therefore the study of the total KS-energy variation
around the equilibrium state (see eq. 19) in terms of metric geometry enables the
calculations of orbital indices of reactivity. Both algebraic and geometric theories
describe the same phenomena, but with different formalisms. If the Taylor's
expansion of the energy functional is truncated up to the second order term and
Janak's theorem (eq. 17) is considered, the orbital eigenvalues become linear
functions of the occupation numbers:

g =¢&;(n;) (28)

In the geometry formalism, the latter equation is the so called state equation, which
defines a 2N-dimensional affine space with basis vectors €j and nj. Thus, the
energy functional E (eq. 19) appears to be a bilinear functional of the occupation
numbers and eigenvalues. The energy behaviour around the equilibrium state, (gi°,
nj%), can be studied topologically not as a function of the position in the real
molecular space, but as a function of the eigenvalues and occupation numbers in the
above defined 2N-dimensional affine space. The metric of this space is given
through the hardness tensor, as defined in eq. (22) [17]. Thus, the critical points of
the energy functional AE(n,e) with respect to the occupation number variation can
be found as follows:

DAE X -
an.“=€i+znijA“j=0 1=1.N @9
i i

The solution of eq. 29 at given ¢j and with Det(njj) #0 with respect to Anj gives:

An; = ’Z[Tﬂi_jlﬁj = ‘2 Sii€j (30)



Density Functional Orbital Reactivity Indices 281

Considering a "closed system" with a constant deviation of the i-th occupation
number from its equilibrium value, ZAni = AN, the set of equations (29) turns

into: l
N
8i+2nijAnj+K=O i=1,...,N
i=1 (31
Y An; = AN
i

In the last equation A is the Lagrange multiplier and can be interpreted, analogously
to the Slater transition state formula [26], as the effective electronegativity, or the
negative of the chemical potential. Using the set of equations 31, the response of
the charge deviation with respect to the external potential (u) measured relative to

the effective electronegativity A is found as follows:

on,
L= 32
pU auj ( )
where uj=gj-A.
Now, the solution of the system of eq. 31 gives Anj for a "closed system™:
N
Ani = —z p‘JSJ (33)
j=1

The orbital Fukui indices, defined through the eq. (16) can be also calculated
from eq. 31:

JA  on;
' 9g; ON 21‘ ' G4
The relation between the orbital Fukui indices and the orbital softness, s; = Esij ,
j
is:
on; Y ou

f. = —r = 1= S. 35
()2 -

Finally, the orbital polarization functions and the chemical potential can be
expressed as:

on;
L= 1 = . 36
KETY Ej i (30
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oE JE ( on;
=A== —= | —L = -1 37
H=A=0N Ziani(aN) L o7

1

It is worth noting that the chemical potential can be computed simply as a root
of the eq. 31.

Equations 29-37 provide a practical scheme to compute orbital reactivity
indices, in vicinity of the system equilibrium point in the parametric space of the
KS-eigenvalues and occupation numbers.

The relationship between pjj and sij

TC.TC;

— 17
_pij = Sij +——é_ (38)

is analogous to the relationship between the local softness and Fukui functions in
the work of Berkowitz and Parr [4], where all functions were defined in the real
space.

3. Computational details

The results presented here were obtained in the framework of DFT by using a
modified version of deMon code [43]. All calculations were performed within the
nonlocal density approximation employing the gradient-corrected functional of
Perdew [44] for correlation and that of Perdew and Wang [45] for exchange energy
(PPW) respectively. For some species test calculations using the local potential [46]
were carried out.

In order to locate the extreme points on the potential energy hypersurface, the
Broyden-Fletcher-Goldfarb-Shanno minimization algorithm [47] for the minima
was used. For the saddle points search the Abashkin and Russo [48] algorithm was
employed. Along the reaction path, critical points were classified as minima or
transition states on the basis of vibrational analysis. The point along the reaction
paths were obtained fixing the appropriate reaction coordinate and optimizing all the
other geometrical parameters.

The orbital and auxiliary basis sets used are of triple-zeta quality [49]:

The €i(nj) ensemble was obtained from the SCF procedure for the ground and
excited states (Anj=0.5). The choice of Anj value equal to 0.5 comes from the
Slater's transition state formula [26] for the computation of the ionization energies.
This enables one to compute the relaxed hardness tensor elements. If a very small
perturbation of the occupation number is used (e.g. 0.001) the unrelaxed hardness
(Nunrel) is computed. The unrelaxed hardness can be analytically calculated, as the
Slater's integral, F(, minus the exchange term. As previously shown [50], for the
first and second row transition metal, Nire] =.0.7Nunrel for 3d and 4d states and

Nrel =.0.9Munrel for 4s and 5s ones. Here, in the framework of DFT, we are
interested in rationalizing the relaxation effects on the absolute hardness values and
the other reactivity indices, derived from the hardness tensor.
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The computation of the hardness tensor elements and, consequentially, the
absolute hardness values, has been carried out by taking into account the valence
shell orbitals. The influence of LUMO on the global 1 values was found to be
negligible in many test cases.

By using the elements of the hardness tensor, calculated through eq. (23) for k

valence orbitals, as the coefficients of the equations (31) for a system with AN=0 is
obtained the following matrix:

M M2, T
L1735 PO Ty 1
LTS IO Mk 1
| DO 1 0
that by inversion gives:
P11 Pi2..... Pik fi
P2l rrees pak f2
Pkl vevereeens Prk Tk
o fin

4. Results and discussion

The performance of the method proposed above in the calculation of absolute
hardness values of a set of neutral atoms and molecules is investigated. The Fukui
indices and the polarization functions for the ¢-bonds of test molecules are also
reported. Finally, the maximum hardness principle was checked by studying the
"hardness profile" along the reaction path for the isomerization of HCN and O3H™*
systems.

4.1 Absolute hardness

Tables 1 and 2 list the absolute hardness values for a number of neutral atoms
and molecules.

The experimental hardness [3, 40] was obtained from the experimental values
of I and A by using the working definition of 1] given by eq. 7. In Table 1 are

reported also the results obtained employing the SCF procedure (NASCE) for the
calculation of I and A, compared with those previously computed at different levels
of theory [51]. Because they are very close to the experimental values, it is worth
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confirming the ability of the ab-initio calculations to reproduce the ionization

potential and electron affinity. Qur hardness values (1) were computed throu eq. 27
that is closer to the exact hardness definition of eq.5.

As an example of the application of the method for hardness calculation, the
coefficients of equations (31) matrix and the corresponding inverted one (in eV) are
reported for the occupied valence orbitals of HyO:

a; by

a, | 10.059

by| 9.340 9.300
a; | 8.504 8.027 9.293
by| 8.493 8.132 8.152 9.103

1

4
a| L678
b,| —1.336

1

b,

1.620

a;| —0.231 —0.041
by| -0.112 —0.243 —0.329 0.683

-0.493

0.719

a, b]

1 1 0

ay b,

0.601

0.391 0.383 —-8.334

Table 1. Theoretical and experimental absolute hardness values (in eV).

Aom -y NSlater MASCF MASCF TASCF  Texp?
B3LYPa CCSD(T)
a
H 9.50 6.40 6.53 6.42
Li 206 225 255 253 2.57 2.38
Be 371 435 594 4.67 4.88 4.50
B 532  4.63 416  4.17 4.02 4.01
C 633 650 515 5.10 5.00 4.99
N 997 9.04 739 726 7.45 7.27
0 7.64 995 645 628 6.09 6.08
F 8.58 1242 729  7.15 9.02 7.01

a) From ref. 40; b) From refs. 16, 28.
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Table 2. Theoretical and experimental molecular hardness (in e V).

Molecule NSlater MASCF M Nexp®
1313 11.35 9.07 9.21 11442 11.00
HCI 6.79 6.60 6.78 8772 8.00
HBr 5.44 5.70 6.05 7.792 /

HI 4.37 472 6.08 6.702 5.3
(00) 5.26 5.92 7.73 6.0b 7.9
H20 8.33 6.91 8.00 7.0b 9.5
H3S 5.00 5.40 6.20 5.3b 6.2
NH3 7.60 6.83 6.98 8.59a 8.2

a) From ref. 6; b) From ref. 16.

The values of absolute hardness, shown in the Tables, are highly satisfactory
when compared with the known chemical behaviour of the selected systems. The
expected chemical behaviour is well reproduced when the valence shell electrons in
the absolute hardness calculation are taken into account. As previously mentioned
[3], single atom chemistry is not so significant in terms of Lewis acid-base

interaction, though Table 1 is still useful in showing how 1 can vary from element

to element. More interesting are the reported molecular 1 values (Table 2) that can
accounts for the chemical properties for a given series of compounds. Indeed, we
found that absolute hardness of the halide acids follows the order of HF >> HCl >
HBr > HI. Analogously, water is harder than hydrogen sulphide. A hard base such
as ammonia has a larger hardness value than CO, which is classified as a soft base.
This trend occurs also when the Slater's transition state procedure is employed.

4.2 Molecular orbital reactivity indices

While the electronegativity and the absolute hardness are global properties of the
system, the reaction between two molecules depends on the properties of the
involved orbitals. In order to measure the chemical reactivity of a particular orbital

in a molecule, different local variables, such as orbital softness (sg) and Fukui (fg)
and polarization functions (ng), can be computed through equations 24, 34, 36.

Model test calculations were performed on the 6-bond of the same set of above
reported molecules (Table 3), except for CO for which the valence orbital analysis
is reported in Table 4.

Among the halide acids the o-bond Fukui function of HF is found to be the
smallest. This correlates well with the anomalous behaviour of hydrofluoric acid
with respect to the other acids of the series. In fact, HF is a weak acid, whereas the
other are strong (e.g. with about the same strength in water solvent). The Fukui
indices for HCl, HBr and HI fall almost in the same range. The polarization

functions ng indicates that 6-bond of HF is the less polarizable (0.051 eV), while
HI o-bond has a large values of the polarization function (0.165 eV). This

behaviour is confirmed by the corresponding orbital softness, that is found to be of
0.37, 1.11, 1.13 and 1.34 eV for HF, HCl, HBr and HI respectively.
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Furthermore, a good correlation between the orbital softness and the hydrogen
Mulliken net charge (qH) exists. Namely, as it is expected, the G-bond softness

increases with increasing of qi. Similarly, the fg and ng of water and H2S
indicates that the latter would be more reactive.

Table 3. Fukui indices, polarizability functions (eV) and
hydrogen Mulliken net charges for ¢-bond of studied

molecules.

Molecule fo g 102 qH

HF 0.58 5.1 0.26
HC1 0.77 8.8 0.57
HBr 0.80 14.7 0.64
HI 0.72 16.5 0.66
HO 1.02 12.8 0.38
H»2S 1.05 21.0 0.49
NH3 0.62 8.1 0.26

Table 4. Fukui indices, polarizability functions, local
softness (eV) and Mulliken net charge of carbon for valence

orbitals of CO.
Orbital i i 102 Sii qC
4G 0.17 3.31 0.49 0.40
51 0.62 11.80 1.53 0.55
n 0.55 10.46 0.36 1.87

A full orbital analysis for CO (see Table 4) shows that the n-bond posses the
highest Fukui index (0.62 eV) as well as the highest polarization function (0.118

eV). This agrees with the fact that carbon monoxide works most efficiently as a &t
acceptor when interacts with transition metal atoms.

4.3 Hardness profiles of reaction paths

Since it is well known that during a reaction the reactivity of a chemical species
changes, the study of the "hardness profile" along the reaction path would be of
great interest and numerical results have started accumulating [52-60]. In this
context we have considered different isomerization processes studying the hardness
values of the minima and the maxima (Table 5). In addition the value of M as a
function of various reaction coordinates for O3H* (Figure 1) and HCN (Figure 2)
isomerizations was calculated.

The reported results show that the inclusion of the gradient corrected nonlocal
effects is recommended to obtain data consistent with the maximum hardness
principle. In fact, in the case of isomerization of HSiN the calculated hardness
value for TS is higher than that of the minimum when local VWN potential is used.
The introduction of the nonlocal corrections removes this error. The results for all
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the studied reactions confirm that the hardness profile goes through a minimum at
the transition state. On the contrary, the 1 values calculated by using the simple
HOMO-LUMO approximation, 1 H-L, does not follow, in all the studied cases, the
maximum hardness principle. Moreover, results for O3H™* and S3H™ evidence that
this approximation gives zero hardness for TS.

As mentioned previously, the MHP can be rigorously applied only under the
condition of constant chemical potential. To check this aspect the variation of 1 for

the isomerization reaction of O3H* and HCN was examined in some detail. The
energetic and hardness profiles for the interconversion between trans and cis forms

of O3H™ are drawn in Figure 1a, as a function of the dihedral angle O10203H ()
(see Scheme). The trans isomer is more stable than the cis one by about 4 kcal/mol

and the transition state accours at a=90° and lies at about 21 kcal/mol above the

global minimum. Accordingly to this energy path, 1 decreases on going from its
maximum value of 6.54 eV, for the trans form, to 5.81 eV for the transition state.
Then, it increases and reaches the value of 6.45 eV which characterizes the cis
isomer. At the same time the computed chemical potential along the reaction path is
found to remain practically constant.

Table 5. Calculated hardnesses (eV) and energy differences (kcal/mol), for
minima and maxima, for different isomerization reactions.

System  nygp MLSD AELSD NMNLSD NMNLSD M AE
H-L H-L NLSD
TN 63T 119 00 636 127 1335 0.0
cNoHp 672 122 82 628 133  -10.0 48
TS 6.12 0.41 45.6 5.94 1.26 -16.5 53.6
HCN 649 396 00 696 392 -39 0.0
HNC 638 323 146 642 331 63 160
TS 636 264 464 635  2.65 -12.3  47.8
HSIN 3.97 1.82 71.1 4.48 1.72 2.4 66.5
HNSi 418 240 00 459 230 -48 0.0
TS 4.13 0.72 82.9 4.41 0.76 -4.9 78.5
LO3H* 654 088 -20.0 0.0
c-O3H+ 645 093 204 3.
TS 581 000 -198 211
+S3H* 337 058 -19.6 0.0
c-S3H* 326 061 -199 0.5
TS 302 000 201 18.2

The interconversion path for going from trans to open-chain (C2y) isomers of
O3H* was also studied.



288

a
8
20-; . AE »
] — M F75
4 3
= 164 »
g | 7
b ’ <
124 P
T4 Fes @
SIS AR X A S
g ¥ . 6
4 -S.5
] E
1)) I —————— A
0 30 60 120 150 180
o (deg)
b
90 -6,6
. <
75 — 1 fea
3 601 S
E ] " ':6;2 —
g 45- P 3
< 1 R
Y 309" . :
154 - . >,8
0- v L T v 5,6
1 1,2 1,4 16 1,8 2
r(A)

Figure 1. Energetic path for O3H* trans-->cis (a) and
trans-->C2v (b) isomerization together with hardness
profiles.
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In this case between the two minima there is an energy difference of about 46
kcal/mol and the trans--> C2y energy barrier is very high (about 80 kcal/mol).In
Figure 1b this path is depicted, together with the hardness profile as functions of
the bond length r (see Scheme).

02 r.9,
8/0 03 ol ‘\
01 1
W \0'03
TS H TS
H
02
o1 /0\83 %2) I o2
S sl T
cis " trans C2v
Scheme

_-4
—_ !
-g :3,5
X S
= 3 g
[44] (=
<
:—2,5
[
O T L] T L L] 6 FZ
0] 45 90 135 180

O(deg)
Figure 2. Dependence of relative energy (AE), valence shell hardness
(1) and hardness computed taking into account the HOMO and LUMO
orbitals (MHL.) of HCN isomerization.



290 T. Mineva et al.

It is evident that 1 goes through a minimum at the transition state and follows the

reverse behaviour of the energy variation. Also in this case p is constant throughout
the reaction path.

As a representative case of a reaction that does not fulfil the constant chemical
potential constraint, the 1,2-hydrogen shift in HCN was considered. The behaviour
of the hardness along the reaction path of HCN isomerization was previously
studied by Chattaraj et al. [57], Kar and Scheiner [59] and Ghanty and Ghosh [60].

The dependence of the total energy and the absolute hardness upon the HCN-

angle (0) is illustrated in Figure 2. Starting from HNC minimum, 1 (6.42) drops
until reaching a minimum (6.28 eV) at 6=35°, whereas the energy maximum

corresponds to a 0 value of 68.4°. Going to the most stable isomer, HCN, 1 climbs
to a maximum value of 6.96 eV. Also sketched, in the same Figure, is the profile of
hardness, computed as a HOMO-LUMO energy difference (eq. 8), that differs
significantly from that discussed above. In the cited work [59) an analogous
behaviour of the hardness, calculated using equation 8, was found.

In general, the results presented in this section support the statement that greater
hardness implies greater stability, however the MHP seems to be valid only when
chemical potential does not vary significantly during the reaction.

5. Conclusions

The performance of the method, recently proposed by Neshev and Mineva for
the computation of internal chemical hardness tensor and other reactivity indices,
was investigated considering different systems and three isomerization reaction
paths. Results indicates that:

i. absolute hardness describes satisfactorily the chemical behaviour of the
studied atoms and molecules;

ii. the calculated Fukui and polarization functions explain well the known
molecular reactivity;

i1i. the absolute hardness values along the reaction paths, here considered, are
consistent with the maximum hardness principle. On the contrary the conventional
HOMO-LUMO approximation fails in some cases. Having this indications we can
conclude that also in the calculation of the absolute hardness the valence electrons
should be taken into account;

iv. in order to obtain good correlation between energy and hardness profiles in
the reaction paths the use of nonlocal corrections is suggested.
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DENSITY FUNCTIONAL CALCULATIONS OF
REACTION ENERGETICS:
APPLICATION TO ALKYL AZIDE DECOMPOSITION

Peter Politzer and Pat Lane
Department of Chemistry, University of New Orleans, New Orleans, LA 70148

Introduction

A continuing challenge in computational chemistry is to achieve a capability
for calculating reaction energetics of practical significance with reliable accuracy. A
major problem is that the AE or AH of a chemical process is generally a very small
difference between numbers that are typically two or three orders of magnitude
larger; any errors in the latter may consequently be greatly magnified in the former.
While this might seem to suggest that the energies or enthalpies of the reactants and
products need to be calculated at the highest possible level, this is not necessarily the
case; what is important is that the maximum cancellation of intrinsic errors be
achieved in obtaining the energy or enthalpy differences, AE or AH. Even Hartree-
Fock resuits may be quite accurate if correlation effects change relatively little in
going from reactants to products, as may be the case when the number of electron
pairs remains constant [1].

Table I lists dissociation energies computed by a variety of methods for the
four indicated bonds. Experimental data are included for comparison purposes. For
these processes, the Hartree-Fock values are much too low, because the effects of
electronic correlation, which are being neglected, are significantly greater in the
molecules than in the fragments [1]. The correlated ab initio results demonstrate that
the level of the computation is not necessarily reflected in the accuracy of the
dissociation energy. While the individual molecular and fragment energies certainly
improve in going from MP2 to MP4, AH(298 K) does not in three of the four
examples. It is notable that the coupled cluster value is also worse than the MP2 in
these instances. The same point is brought out by the density functional (DF)
calculations; increasing the size of the basis set, for a given functional combination,
does not guarantee a more accurate dissociation energy. This can be seen, for
example, from the DF/B3LYP/6-31G** and DF/B3LYP/6-31+G** results for
H3C-NH; and H3C-OH.

The inclusion of electronic correlation is particularly important when
molecules contain, in close proximity, several of the most “electron-rich” atoms
(fluorine, oxygen and nitrogen), which have high outer-shell electronic densities [2];
failure to do so may lead to significant errors in optimized geometries as well as
energetics [3-7]. Since systems of chemical interest are often too large to be treated
by ab initio correlated procedures (e.g. many-body perturbation, configuration
interaction, coupled cluster, etc.), density functional methods offer an attractive
alternative [8-12]; they do include correlation, but require much less in terms of
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Table I. Calculated bond dissociation energies for H3C-NH;, H3C-OH, H3C-CN

and H3C~SiH3.2
Method AH(298 K), kcal/mole
H3C-NH, H3C-OH H3C-CN H3C-SiH3

HF/6-31G**//HF/6-31G** 49.6 51.5 96.0 61.9

MP2/CEP-TZDP++//MP2/CEP- 83.6 92.1 141.0 86.1
TZDP

MP3/CEP-TZDP++//MP2/CEP- 77.1 83.6 131.8 84.0
TZDP

W%E-TDPH/MPWCEP- 79.8 87.8 134.8 84.9

CCSD(T)/CEP- 78.3 85.9 121.4 83.9
TZDP++//MP2/CEP-TZDP

DF/BLYP/6-31G**//BLYP/6- 81.5 91.5 -
31G**

DF/?3é,YP/6-3IG**//B3LYP/6- 81.5 89.4 123.3 83.3

1 Fook

DF/B3LYP/6-31+G*//B3LYP/6- 80.3 87.2 121.7 81.7
314+G*

DF/B3LYP/6-31+G**//B3LYP/6- 79.8 86.9 -
31+G**

DF/B3PW91/6- 82.9 90.0 124.6 83.7
31G**//B3PW91/6-31G**

DF/B3PW91/6- 82.1 88.4 123.3 82.5
31+G*//B3PW91/6-314+G*

DF/B3P86/6-31G**//B3P86/6- 85.8 93.2 -
31G**

DF/B3P86/6-31+G*//B3P86/6- 85.1 91.7 126.2 85.0
31+G*

DF/B3P86/6-31+G**//B3P86/6- 84.6 91.4 125.9 84.7
31+G**

experimental 84.9b 92.3b 121.8¢ 88.2b

aThe Hartree-Fock results were computed with Gaussian 94 [13], the MP and
CCSD(T) are taken from reference [14], in which the basis sets are described, and
the density functional (DF) are from reference [15], which identifies the exchange

and correlation functionals.
bReference [16].
cReference [17].
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computer resources, both time and space. The effectiveness of such approaches will
be discussed in more detail in the next section.

Density Functional Calculations of Energies and Enthalpies of Reaction

There is increasing evaluation and application of density functional
techniques in computing AE and AH for chemical reactions of practical significance
[15,18-22). As part of this effort, we have recently tested the effectiveness for
computing bond dissociation energies of six different combinations of exchange and
correlation functionals and basis sets [15]. For 28 bonds in 26 molecules, the most
accurate results, overall, were obtained with the DF/B3P86/6-31+G** procedure,
followed by the DF/B3P86/6-31+G* and the DF/B3PW91/6-31G**; all three had
average errors of less than 2.5 kcal/mole.

As a more demanding test, we have calculated AH(298 K) at the
DFE/B3P86/6-31+G** level for 20 general chemical reactions, with as many as eight
molecules in the balanced equation [20,22]. Since these processes involve breaking
and forming as many as 16 bonds, they provide ample opportunity for both
accumulation and cancellation of errors. On the average, the computed AH(298 K)
was within 5 kcal/mole of the experimental. Since, as mentioned earlier, the former
are small differences between very large numbers, this degree of accuracy is quite
gratifying. Thus, while some problems remain, and the DF/B3P86/6-31+G**
AH(298 K) is occasionally in error by more than 10 kcal/mole [20,22], it seems fair
to say that density functional techniques are now capable of producing meaningful
AE and AH for reactions of practical chemical interest. A specific example will be
discussed in the next section.

An Application; Organic Azide Decomposition

Poly(AMMO), 1, and poly(BAMO), 2, are energetic azide-containing
polymers which are used as components of propellant formulations. They are
prepared from the corresponding oxetanes AMMO, 3 (3-azidomethyl-3-methyl-
oxetane) and BAMO, 4 (3,3'-bis(azidomethyl)oxetane) by opening the rings through
C-0 bond cleavage and subsequent linking of the monomer units through these
carbons and oxygens.

CH, CH,N;
o—CHZ—(I:—CH2 O—CH2—-Cl—-CH2
CH,N; CH,N;
n n

1 2
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O/CQ2C,CH3 O/CQ2 CHN;
/N N 7N

\CH2 CH,N3 CH, CHpN3
3 4

Due to the importance of 1 and 2 as propellant ingredients, there is
considerable interest in their decomposition processes, and several experimental
studies have sought to elucidate their key features [23-26]. We have now addressed
some aspects of this problem computationally, using a density functional procedure,
DF/B3PW91/6-31G**, and the Gaussian 94 code [13] for all geometry, energy and
vibration frequency calculations. Transition states were established by confirming
that they have one imaginary frequency [1].

The consensus of the experimental work is that the initial decomposition step
is cleavage of the RN-N; bond, releasing Nj, with an activation energy of about 40
kcal/mole [23,25]. For completeness, however, we began our investigation by
computing the R-N3 dissociation energies for both 3 and 4, as well as for two
model systems, methyl azide, 5, and n-propyl azide, 6.

H3C_N3 H3C _CHz'CHz'N3
5 6

The results, presented in Table II, are very similar for all four systems, providing
some reassurance that the C-N3 portions of 3 and 4 (and hopefully 1 and 2) can be
modzled by 5 and 6. All subsequent calculations have accordingly been only for §
and 6.

Since the values in Table II are considerably higher than the observed 40
kcal/mole activation energy, we moved next to an examination of N elimination, via
breaking of the RN-N; bond. The spin-allowed reaction might be expected to be
formation of the singlet nitrene, RN. Instead we found, for methyl azide, a
concerted process involving H3CN~N3 bond cleavage and hydrogen transfer,
producing the imine H;C=NH, 8:

A
H,C~N; ——» H,C—N--N, —» H,C=NH+ N,
5 7, transition state 8

The computed activation barrier is 49 kcal/mole, while the overall AH(298 K) for eq.
(1) is —36 kcal/mole (Table III), in very good agreement with the experimental -35
kcal/mole {27]. The rearrangement shown in eq. (1) has also been found in other
theoretical and experimental studies [28-34]. (Elimination of N3 from § to yield the
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Table II. Computed (DF/B3PW91/6-31G**) dissociation energies for R-N3 bonds.

AH(298 K),
Process keal/mole
H;C—N; —» H;C + N; 68
5
H3C-CH2'CH2'N3 —> H3C—CH2'CH2 + N3 68
6
/8 CH, /X cH,
0] C ——>» O C + Ny 67
ANV AR N 7N
CH, CHN; CH, CH
3
W CH,N, S CH,N,
RN > S * N 662
CH2 CH2N3 CHZ CHZ
4

aThe difference in the zero-point and thermal energies involved in the dissociation of
4 was assumed to be the same as for 3.

spin-forbidden triplet nitrene, for which we find AH(298 K) = 10 kcal/mole, has
been observed as a minor decomposition channel [35,36].)
n-Propyl azide, 6, can undergo an analogous process to form the imine 10:

H,C—CH,-CH,-N; —» H,C—CH,—CH—N--N,
6 9, transition state )
H,C—CH,-CH=NH + N,
10
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The calculated activation barrier is 47 kcal/mole, and the overall AH(298 K) is —41
kcal/mole (Table III). However we found that there is now a second option: a
concerted loss of Ny and rearrangement to the aziridine 12:

NN,
H,C—CH,-CH,-N; —» H,;C-CH,-CH,
6 11, transition state
€)
H
H,C—CH~CH, + N
12

The activation barrier is 49 kcal/mole; the overall AH(298 K) is —27 kcal/mole (Table
IIT). It is interesting to note that earlier experimental studies of ethyl azide
decomposition have reported the formation of the aziridine [29, 37,38].

While reactions (2) and (3) are competitive, the latter is not relevant to our
present objectives, since analogous aziridines are structurally impossible for
polymers 1 and 2 (however azetidines are possible). Among the products that have
been observed in the decompositions of these polymers are HCN and NH3 [23-25],
and we have therefore made some efforts to determine how these might be produced,
taking the imine 10 as our starting point.

As a potential source of HCN, we examined the reaction in eq. (4); this could
yield HNC, which might then isomerize to HCN. We did obtain the transition state
13, but the activation barrier appears to be prohibitive, 84 kcal/mole.

H
4

H;C—CH,-CH=NH —» H,C—CHj{---C=NH

10 13, transition state

C))
v

H,C—CH; + HNC

Following a suggestion by Brill [39], we also investigated the possibility that
NH3 may be formed through the interaction of 10 with H»O, which is another of the
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Table III. Energetics of RN-Nj bond cleavage in H3C-N3 and n—-H7C3-N3.

AH(298 K),
Process Keal/mole
IH\ 4

H,C—N; — H,C—N--N, ?

5 7, transition state
H3C'—N3 — H2C=NH + N2 -36

5 8 (=35
H;C—CH,-CH,-N; — H,C—CH,—CH—N--N, 47

6 9, transition state

H;C—CH,-CH,-N; —>» H,C—CH,—CH=NH + N, -41

6 10
NNy
H;C—CH,-CH,-N; —» H,;C-CH,-CH, 49
6 11, transition state
AN
H,C—CH,-CH,-N; — H;C—CH-CH, + N, 27
6 12

aExperimental value obtained from reference [27].

decomposition products [23]. These results, shown in egs. (5) - (8), are more
promising, although they involve two transition states.

HO--H
1 1
H,C—CH,-CH=NH + H,0 —>» H3C—CH2—I(_ZI.:NH )
10 14, transition state

AH(298 K) = 34 kcal/mole
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HO--H OH
] 1
H3C_CH2—IC—:I:NH ——>» H;C—CH,-CH~NH, (6)
14, transition state 15

AH(298 K) = -49 kcal/mole

o 1
]

H,C—CH,-CH-NH, —> H3C—CH2—§I--NH2 )
15 16, transition state

AH(298 K) = 35 kcal/mole

--H
' I
H,C—CH,-C--NH, —3 H,C—CH,-CH + NH, ®)
H
16, transition state 17

AH(298 K) = -28 kcal/mole

For the overall process,

1l
H;C—CH,-CH=NH + H,0 —>» H,C—CH,-CH + NH; )
10 17

AH(298 K) is equal to —7 kcal/mole. Egs. (5) - (8) are a possible explanation of the
reported observation of NH3.

Summary

Density functional methods are now capable of giving meaningful AE and
AH values for reactions of practical chemical significance. The decomposition of n-
propyl azide was considered in some detail. Loss of N5 is a likely initial step,
accompanied by the rearrangement of the remainder of the molecule to either an imine
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or an aziridine. The former can interact with water in a two-step process to yield
propionaldehyde and ammonia.

Acknowledgements

We greatly appreciate discussions with Dr. Jane S. Murray and Dr. Thomas
B. Brill, and the financial support provided by the Ballistic Missile Defense
Organization and the Office of Naval Research through contract N0O0014-95-1-1339,
Program Officers Dr. Leonard H. Caveny (BMDO), Dr. Richard S. Miller (ONR)
and Dr. Jonah Goldwasser (ONR).

References

1. W.J. Hehre, L. Radom, P. v. R. Schleyer and J. A. Pople, Ab Initio
Molecular Orbital Theory, Wiley-Interscience, New York, 1986.

P. Politzer, J. S. Murray and M. E. Grice, in Chemical Hardness, K. D.
Sen, Ed., Springer-Verlag, Berlin, 1993.

D. J. DeFrees, B. A. Levi, S. K. Pollack, W. J. Hehre, JI. S. Binkley and J.
A. Pople, J. Am. Chem. Soc. 101, 4085 (1979).

D. A. Clabo and H. F. Schaefer III, Int. J. Quant. Chem. 31, 429 (1987).

J. M. Coffin and P. Pulay, J. Phys. Chem. 95, 118 (1991).

J. M. Seminario, M. C. Concha and P. Politzer, J. Comp. Chem. 13, 177
(1992).

D. H. Phillips and G. E. Quelch, J. Phys. Chem. 100, 11270 (1996).

R. G. Parr and W. Yang, Density-Functional Theory of Atoms and
Molecules, Oxford University Press, New York, 1989.

J. K. Labanowski and J. W. Andzelm, Eds., Density Functional Methods in
Chemistry, Springer, Berlin, 1991.

J. M. Seminario and P. Politzer, Eds., Modern Density Functional Theory,
Elsevier, Amsterdam, 1995.

R. G. Parr and W. Yang, Ann. Rev. Phys. Chem. 46, 701 (1995).

J. M. Seminario, Ed. Recent Developments and Applications of Modern
Density Functional Theory, Elsevier, Amsterdam, 1996.

M. 1. Frisch, G. W. Trucks, H. B. Schlegel, P. M. W. Gill, B. G.
Johnson, M. A. Robb, J. R. Cheeseman, T. A. Keith, G. A. Petersson, J.
A. Montgomery, K. Raghavachari, M. A. Al-Laham, V. G. Zakrezewski, J.
V. Ortiz, J. B. Foresman, J. Cioslowski, B. B. Stefanov, A. Nanayakkara,
M. Challacombe, C. Y. Peng, P. Y. Ayala, W. Chen, M. W. Wong, J. L.
Andres, E. S. Replogle, R. Gomperts, R. L. Martin, D. J. Fox, J. S.
Binkley, D. J. Defrees, J. Baker, J. P. Stewart, M. Head-Gordon, C.
Gonzalez and J. A. Pople, Gaussian 94, (Gaussian, Inc., Pittsburgh, PA,
1995).

\O 00 ~} [o RV I =N w [ 8}

._.
e

—
N —

—
w



302

14.
15.
16.
17.
18.
19.
20.

21.
22.

23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.

38.
39.

P. Politzer and P. Lane

H. Basch, Inorg. Chim. Acta 252, 265 (1996).

1. J. M. Wiener and P. Politzer, J. Mol. Struct. (Theochem), in press.

D. F. McMillen and D. M. Golden, Ann. Rev. Phys. Chem. 33, 493
(1982).

D. R. Lide, Ed. Handbook of Chemistry and Physics, 71st ed., CRC Press,
Boca Raton, FL, 1990.

G. Fitzgerald and J. Andzelm, J. Phys. Chem. 95, 10531 (1991).

G. Seifert and K. Kriiger, in The Reaction Path in Chemistry: Current
Approaches and Perspectives, D. Heidrich, Ed., Kluwer, Dordrecht (The
Netherlands), 1995, p. 161.

P. Politzer, J. J. M. Wiener and J. M. Seminario, in Recent Developments
and Applications of Modern Density Functional Theory, J. M. Seminario,
Ed., Elsevier, Amsterdam, 1996, ch. 22.

A. C. Scheiner, J. Baker and J. W. Andzelm, J. Comp. Chem. 18, 775
(1997).

P. Politzer and J. M. Seminario, in Computational Thermochemistry, K. K.
Irikura and D. J. Frurip, Eds., American Chemical Society, Washington,
DC, in press.

M. Farber, S. P. Harris and R. D. Srivastave, Combust. Flame 55, 203
(1984).

Y. Oyumi and T. B. Brill, Combust. Flame 65, 127 (1986).

J. K. Chen and T. B. Brill, Combust. Flame 87, 157 (1991).

E. Kimura and Y. Oyumi, J. Energ. Mat. 14, 201 (1996).

S. G. Lias, J. E. Bartmess, J. F. Liebman, J. L. Holmes, R. D. Levin and
W. G. Mallard, J. Phys. Chem. Ref. Data 17, suppl. 1 (1988).

J. A. Pople, K. Raghavachari, M. J. Frisch, J. S. Binkley and P. v. R.
Schleyer, J. Am. Chem. Soc. 105, 6389 (1983).

E. P. Kyba, in Azides and Nitrenes, E. F. V. Scriven, Ed., Academic,
Orlando, FL, 1984, ch. 1.

C. Richards, Jr., C. Meredith, S.-J. Kim, G. E. Quelch and H. F. Schaefer,
111, J. Chem. Phys. 100, 481 (1994).

M. T. Nguyen, D. Sengupta and T.-K. Ha, J. Phys. Chem. 100, 6499
(1996).

D. E. Milligan, J. Chem. Phys. 35, 1491 (1961).

M. E. Jacox and D. E. Milligan, J. Mol. Spectrosc. 56, 333 (1975).

H. Bock and R. Dammel, J. Am. Chem. Soc. 110, 5261 (1988).

E. Wasserman, G. Smolinsky and W. A. Yager, J. Am. Chem. Soc. 86,
3166 (1964).

L. Ying, Y. Xia, H. Shang, X. Zhao and Y. Tang, J. Chem. Phys. 105,
5798 (1996).

G. Geiseler and W. Konig, Z. Phys. Chem. (Wiesbaden) 227, 81 (1964).
W. Pritzkow and D. Timm, J. Prakt. Chem. 32, 178 (1966).

T. B. Brill, private communication.



Density Functional Theory :
A Source of Chemical Concepts and
a Cost-Effective Methodology for
Their Calculation

P. Geerlings* , F. De Proft and W. Langenaeker

Eenheid Algemene Chemie
Vrije Universiteit Brussel
Faculteit Wetenschappen

Pleinlaan 2
1050 Brussels
Belgium

Invited contribution to Advances in Quantum Chemistry, J. Seminario Editor.

* Author to whom correspondence should be sent

ADVANCES IN QUANTUM CHEMISTRY, VOLUME 33
Copyright ©1999 by Academic Press. All rights of reproduction in any form reserved.
0065-3276/99 $25.00



304 P. Geerlings et al.

TABLE OF CONTENTS
1. Introduction
2. Calculational vs. Conceptual DFT

3. Calculation of DFT based Quantities : Atomic Electronegativities and
Hardnesses
3.1. Introduction and Methodology
3.2. Isolated Atom Electronegativity and Hardness
3.3. Atoms in Molecules Electronegativity and Hardness

4. Rationalizing Chemical Reactivity within the HSAB principle

4.1. Introduction : the HSAB Principle

4.2. The Global HSAB Principle : Stabilization of Endohedral Complexes of
Cgo- Sigp and Gegg with Monoatomic Cations and Anions

4.3. The HSAB Principle at a Local Level : Regioselectivity of Diels-Alder
Reactions
4.3.1. Introduction
43.2. The Local HSAB Principle : Importance of Equal Softness

Between Reaction Sites

4.3.3. Results and Discussion

5. Conclusions
Acknowledgements

References



Density Functional Theory 305

1. INTRODUCTION

Density Functional Theory (DFT) [1-7] provoked a revolution in quantum
chemical research in the past 15 years. In the post war period, after formulation
of the Hartree-Fock problem in matrix form by Roothaan [8], the fifties, sixties
and seventies witnessed a continuous effort to improve Hartree-Fock and post-
SCF calculations, thereby stressing the importance of the wave function as the
source of all information about an atomic or molecular system. One noticeable
exception to this evolution is Slater's X, method [9] introduced in the 1950's,
where the non-local Hartree-Fock exchange operator is substituted by Dirac's
exchange formula for the free electron gas, function of the electron density.
The eighties then witnessed the fullblast introduction in chemistry of the idea
that the electron density can be used as the fundamental variable, as proved by
Hohenberg and Kohn in 1964 [10] (for an intuitive approach, see Wilson,
quoted in a paper by Lowdin [11]). It was finally the Kohn-Sham
formalism [12], to be briefly described in section 2, which provoked a major
computational breakthrough in the late eighties and the nineties. DFT thereby
consolidated more and more its position, with a very promising outlook with
the current development and refinement of methods, of which the
computational cost scales linearly with the number of basis functions.

2. CALCULATIONAL VS. CONCEPTUAL DFT

A closer look at the Hohenberg-Kohn theorems [10] and their consequences
reveals that two aspects of density functional theory are important in quantum
chemistry.

The Hohenberg-Kohn theorems state that the electron density uniquely
determines the external potential and the number of electrons of an atomic or
molecular system. Since these determine in turn the Hamiltonian of the system,

p(r) will ultimately determine the energy of the system :

p——v(@)——H,, —>F
N
The calculation of the electron density, function of three spatial coordinates

thus avoids the calculation of the over-complicated wave function, function of
the spatial and spin coordinates of all the electrons of the system. The

electronic energy E[p] of the system can be written as

E[p}=T{p]+ Vil P} + Veel P (1

with T{p] the kinetic energy, Vy[p] the nuclear-electron attraction energy and
Ve[ p] the electron-electron repulsion energy.



306 P. Geerlings et al.

Minimizing the energy of the system with respect to the electron density, under
the constraint that the integral of the electron density should yield the total
number of electrons, yields the equation :

oF

v dp(r) -

u (2)

with v(r) the external (i.e. due to the nuclei) potential, F the Hohenberg-Kohn
functional containing the electron-electron repulsion and kinetic energy. The

Lagrange multiplier i, will be identified later on. This equation is in fact the
DFT analogue of the time-independent Schrédinger equation. The practical

treatment of this equation (looking for p(r) which makes the left hand side of
Eq. (2) equal to an unknown constant) has been provided by Kohn and
Sham [12], ingeniously turning it into a form showing high analogy with the
Hartree-Fock equations, thereby facilitating its implementation in existing
computer codes. This is achieved by introducing orbitals into the picture and
starting from a non-interacting reference system. Expression (1) then becomes :

Ely,]= i<v/i\_%v2

i=1

l//,-> + jp(t)v(z)dc + j%d{dr_’ +Ey[p0)]

(3)
with Exc[p(g)] the exchange-correlation functional.
The electron density is then written as :
N
PO=2 @)

Minimization of the total energy function (3) with respect to the Kohn-Sham

orbitals v, imposing their orthonormality, yields the Kohn-Sham orbital
equations :

1
(_EVZ + veﬁ)v/i =&Y; (5)

where v, is the effective Kohn-Sham potential, having the form :

Ve p(r)
V(1) = v(r) + -

‘dr_'+UXC(I_‘) (6)

It should be noted that vyc(r) remains unknown, and an approximation has to
be chosen (for a recent review, see [13]). Moreover, in most applications, the
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Kohn-Sham orbitals are expanded in a Gaussian basis set, so the problem
remains to choose the type of basis set and the number of basis functions.
Fortunately, the basis functions used are the same as in wave function
calculations, offering maximum compatibility between DFT and ab initio MO
calculations.

In this way, computational efficiency has been reached and high precision
calculations are now possible at much more affordable calculation times than
correlated methods. Although the search for vyc(r) remains a standing
problem [14], the impression is that DFT may take over molecular orbital
calculations when calculation of non-pathological molecular systems is
concerned. High precision DFT calculations are indeed possible, e.g. on
reaction energies [15, 16], charge distributions (including atomic popu-
lations [17, 18], dipole moments [17, 18] and infrared intensities [17, 18]),
reactivity descriptors [18, 19](such as the electrostatic potential and the Fukui
function ) and geometries [20]. The whole of the aforementioned develop-
ments, essentially aiming at a simplified but high quality calculation of atomic
or molecular properties has been termed by Parr as calculational DFT [6].
However, DFT offers a second source of interest, especially to chemists.
Looking at the above depicted scheme, it is clear that energy changes of a
system will be ultimately due to changes in its number of electrons N or the
external potential v(r). These changes will be governed by the derivatives

d"E
-— 7
(a n)v’ ( )

6"E

ov" |,
and their mixed derivatives. These quantities, which are called response
functions, have been identified with atomic or molecular reactivity descriptors.
When n=1, Eq. (7) yields the electronic chemical potential p [21], the Lagrange
multiplier in Eq. (1), and equal to the negative of the electronegativity

y [21-24]. When n=2, the response function is equal to the hardness [25],
measuring the resistance of the system towards charge transfer. The inverse of
the global hardness is the softness [26].

The derivative of the energy with respect to the external potential yields the
electron density, which can be seen to contain two components, the number of
electrons N, measuring the extent of the electron cloud and the shape factor

o(r), measuring the shape of the electron density [27] :

p(r)=No(r) ©

with
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Jowdr=1 (10)

since jp(z)dg =N

The first mixed derivative is the Fukui function f(r) [28], a frontier molecular
orbital reactivity index :

ou ap(r))
o[ 2] (20

Quantities of both types (i.e. local and global) can be combined, a well known
example being the local counterpart of the softness, local softness, introduced
as [29]:

()= (5"(’)) = 50 (12)
ou ),

It can be noted that the local softness is obtained by multiplication of the Fukui
function with the global softness ; the local softness can thus be considered as a
weighted distribution of the global softness over the molecule. Due to this fact,
the local softness should be used as a intermolecular reactivity index, whereas
the Fukui function is an intramolecular reactivity index. The definition of local
hardness is less trivial and remains a matter of current debate.

Equation (12) shows a remarkable resemblance with Eq. (9). Since p will
determine the energy, N and ¢ are sufficient to determine all properties of the
atomic or molecular system, implying a functional dependence E[N,5]. The

importance of the shape factor, which has only been spuriously recognized in
the past, emerges when changes from one ground state to another are written as

a function of N and 6. It appeared that the contribution of the shape of a system
to the electronegativity and hardness of a system can be filtered out {30, 31] .
For the electronegativity, one obtains :

LY PN,
I[a ()] (f(z) ~ )dL (13)

As can be seen, the electronegativity at constant external potential y, equals

the electronegativity at a constant shape factor y, and a term which describes
the effect of a shape factor change on the energy at a constant number of
electrons.

Moreover, the shape factor could play an important role when looking at
molecular similarity, where the most often used similarity index SI is [32] :

[ Pappnrdr

SI =
(J pw)*([ phw)?

(14)
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with p,(r) and py(r) the electron densities of the molecules A and B. This
expression can obviously be reduced to an index only involving the shape
factors 0,(r) and o,(r) of both molecules [33] :

[oaosdr
(j2w)*([so)

implying that similarity is essentially shape-determined.

Density functional theory thus offers precise definitions of previously poorly
defined chemical quantities, enabling their first principles calculation. This part
of DFT is termed by Parr as conceptual DFT [6].

Both aspects, calculational and conceptual DFT, can be elegantly linked, via the
following scheme :

SI =

(15)

wave function

’ techniques *
DFT- based concept calculation
DFT *
techniques

Our work in recent years has mainly concentrated on testing and using DFT

based reactivity concepts, calculated via wave functional techniques, in order to

avoid simultaneous testing of concepts and calculational techniques.

However, the development and elaboration of exchange correlation functionals

now makes it possible to calculate these concepts at an accuracy comparable

with correlated ab initio calculations, establishing a complete DFT evaluation

of chemical reactivity. We studied, among others :

¢ Fukui functions and local softnesses and their application in typical organic
reactions (electrophilic substitutions on aromatic systems, nucleophilic
additions to activated carbon-carbon double and triple bonds) [34-39].

¢ The search for a true companion for local softness (local hardness) and its
applications [40].

* Electronegativity equalization at the atomic, functional group and amino
acid residue level [41-43].

In the substrates, special attention has been devoted to zeolites and fullerenes
[34, 38, 39, 44], in the reactions to acid-base equilibria and the influence of
hardness and softness on both sides of the equilibrium (acidity of carboxylic
acids [45], alkyl [46] and halogenated alcohols [47], hydrides [48] and recently
hydrofullerenes [49] , basicity of amines [50, 51] and proton affinities of
amino acids [52]). For reviews of these studies, see [18, 53, 54].

In the present contribution, the calculational and conceptual aspects of DFT
will be illustrated together with some recent applications situated around a
central theme : atomic hardnesses and softnesses and the Hard and Soft Acids
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and Bases (HSAB) principle {55, 56]. In Section 3, we concentrate on the
calculation of atomic electronegativities and hardnesses both for isolated atoms
(3.2) [57] and atoms embedded in a molecule (3.3) [58]. In Section 4, after a
short introduction to Pearson's Hard and Soft Acids and Bases (HSAB)
principle [55, 56], the idea of hardness and softness (both in a global and a local
sense) is applied to chemical interactions, concentrating on thermodynamic
aspects (stability) [59] as well as on its kinetic aspects (reactivity) [60]. In
Section 5, conclusions are drawn and an outlook to the future is given.

3. CALCULATION OF DFT-BASED QUANTITIES :
ELECTRONEGATIVITY AND HARDNESS

3.1. Introduction and Methodology

The methodology in this section concerns global properties, which can be
written as first or second order derivatives of the energy with respect to the
number of electrons N. In practice, these derivatives cannot be calculated
analytically and their numerical calculation is performed using a finite
difference approximation ("faute de mieux") ; very recently, a variational ansatz
has been proposed [61]. For the chemical potential (or minus the
electronegativity), the finite difference approximation becomes :

oE 1

H=-x= (Q_Nl = _E[(ENO—I - EN.,) + (EN - Em,n)] = ‘% (16)

which is the Mulliken formula [23] for the electronegativity and for the
hardness

2 —_
N

with I and A the ionization energy and the electron affinity respectively.
Since all these derivatives should be evaluated at constant external potential

v(r), the Ny+1 and N, -1 electron system are calculated at the same

geometry as the N, electron system. The same methodology is used when local

properties are calculated (Fukui function, local softness, ...), both in their non-
condensed and condensed form.

3.2. Isolated Atom Electronegativity and Hardness

As the global hardness and softness concepts, together with the electronegativy
are now well established [62, 63], we decided to examine to what extent DFT
methods can be used to obtain high accuracy results, needed for the use of these
properties in the HSAB principle and especially in electronegativity
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equalization calculations. High quality calculations are indeed necessary as the
calculation of the properties (cf. Egs. (16) and (17)) involves a change in the
number of electrons by one, thus making electron correlation effects important.
Some testing on the calculation of ionization energies and electron affinities
revealed that the best choice for v, (r) are the "exact exchange" B3PW91 and
B3LYP functionals [64, 65], containing a portion of exact Hartree-Fock
exchange and using the PW91 [66] and LYP [67] correlation functionals
respectively. The largest basis set used was Dunning's aug-cc-pVTZ
(augmented correlation consistent polarized valence triple zeta) [68, 69]. The
atomic and molecular systems considered are those from Pople's well known
G2 set [70]. In the following table, the mean absolute deviations from
experiment are listed for the B3LYP and B3PW91 functional, for the ionization
energy (I) and the electron affinity (A), together with the number of systems
considered.

1 A
B3LYP 0.15 (38) 0.12 27)
B3PWO1 0.15 (36) 0.11 27)

Table 1 : Mean absolute deviations (eV) from experiment for the ionization
encrgies (I) and electron affinities (A), calculated with the B3LYP
and B3PW91 functionals and the aug-cc-pVTZ basis set. Also
listed are the number of systems included in the statistical analysis.

As can be seen, both methods show an excellent performance in the calculation
of ionization energies and electron affinities. These results are in agreement
with our previous experiences using these methods in the calculation of atomic
populations, dipole moments, infrared intensities, electrostatic potentials and
Fukui functions. Moreover, the results are very promising for the calculation of
electronegativities and hardnesses. As a test, electronegativities and hardnesses
were calculated using a finite difference approximation for the majority of first
and second row atoms and for some ions, using the aug-cc-pVTZ and the Pople
type 6-311++G(3df,2p) basis set [71]). Reference calculations at the correlated
CCSD(T) [72] level were performed. Table 2 lists the performance of the two
exact exchange functionals in the calculation of y and n with the Pople basis
set. The conclusions for the aug-cc-pVTZ basis set are completely analogous.
A remark should be made concerning the experimental values for these two
quantities. These values are denoted experimental in the sense that values of 1
and A from experiment were used in the finite difference expression for the
electronegativity and hardness.

B3LYP | B3PWO91 | CCSD(D)
X 0.21 0.15 0.25

n 0.08 0.08 0.13

Table 2 Mean absolute deviations (eV) from "experiment” for the
electronegativities and hardnesses calculated at the B3LYP,
B3PW91 and CCSD(T) level with the 6-311++G(3df,2p). 15 atoms
and 7 cations were considered.
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As an example, a plot of the B3LYP electronegativities and hardnesses vs. the
"experimental” values for these quantities is shown (Figures 1 and 2).

160
140
1201
100
80
60
40
204

X(exp) (eV)

0 20 40 60 80 100 120 140 160
X (B3LYP) (cV)

Figure 1. Correlation of the electronegativities, calculated at the B3LYP level
with the 6-311++G(3df,2p) basis set, with experiment (12=0.99998, n=22)

1204
100
80
604

T(exp) (eV)

40

0 . . . — : .
0 20 40 60 80 100 120

N (B3LYP) (eV)

Figure 2. Correlation of the hardnesses, calculated at the B3LYP level with the
6-311++G(3df,2p) basis set, with "experiment” (12=0.99999, n=22).
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As can be seen, an excellent correlation is found. From this work, it can be
concluded that both the B3LYP and B3PW91 functional, combined with large
Dunning or Pople type basis sets yields excellent results in the calculation of
ionization energies and electron affinities of atoms and simple molecules . The
same conclusions can be drawn for electronegativities and hardnesses. The
extension of this methodology to groups and larger molecules will thus give rise
to accurate reactivity descriptors for use in HSAB and electronegativity
equalization studies.

3.3. Atoms-in-Molecules Electronegativities and Hardnesses

Already in the early fifties, Sanderson formulated his electronegativity
equalization principle : "When two atoms or groups, initially different in
electronegativity, unite to form a molecule, their eclectronegativities will be
adjusted to the same intermediate value" [73, 74]. Although of extreme
simplicity and appealing to chemical intuition, the use of the principle remained
modest until its proof provided by Parr and coworkers[21, 75]. Although it was
proved that the electronegativity is equalized in every point in space or for
every spatial partitioning, the atomic resolution is mostly used. The total
molecular energy should then be written as a sum of atomic contributions, as is
done in the Electronegativity Equalization Method (EEM) of Mortier [76-78] :

- * * . k - 9,49
E=Y E,,+xaqa+naqi+52——; L (18)
a azfi Dap

using a Taylor expansion in the charges on the atoms. The expansion

coefficients E,, x, and 1,, which differ from the isolated atom values of
these quantities due to the influence of the molecular environment and
connectivity on these properties, were determined for different types of atoms
via calibration against ab initio STO-3G data. The interatomic interaction upon
molecule formation is here approximated by Coulomb's law. The method thus
has to be weaponed with parameters chosen as to reproduce experimental or
high quality theoretical results, bringing however severe empiricism in the

theory. An alternative is a non-empirical calculation of the parameters J,, and

7., taking into account molecular environment effects, thereby creating atoms-
in-molecules (AIM) electronegativities and hardnesses. The procedure
designed, taking into account the coordination type and the distance of the
nearest neighbours, is schematically shown in Figure 3. Part A shows the usual
situation upon ionization of an atom : the electron leaves the atom to infinity
and the electron cloud contracts but remains spherically symmetrical. When
taking an electron out of an atom in a molecule, as is shown in part B, the
situation will be different as the atom is now embedded in the molecule. In a
first approximation, one can distribute the electron symmetrically among its
nearest neighbours ; as a result, a polarization of the remaining charge cloud
will occur, thereby changing its shape. The AIM ionization energy will thus be
obtained as the difference of the energy of the isolated atom and the positive ion
surrounded by negative point charges. All calculations of the neutral atom, the
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atom's positive ion surrounded by negative point charges and the atom's
negative ion surrounded by positive point charges were performed using the
CCSD(T) method (Coupled Cluster Theory with all Single and Double
Substitutions and a quasiperturbative correction for triple substitions) and the
6-31++G(d,p) basis set. For the ion in a field of point charges, the total energy
E, a1 has the form :

i q9:9;
Eval =E+Z—Q%—22R—’ (19)
i ijzi U

where Q is the charge of the ion, q the magnitude of the point charges and E the
"self energy" of the ion including any interaction not reproduced by a simple
Coulomb law.

e
A P
T=o00
S~
.
AE=]
Q= Q=+1
1, e 1
/4e / 43
B L] 9: . ql
T
AE=T gjm
¢ Gy . q
1, A e Y A e
Q=0 Q=+1

Figure 3. Definition of the ionization energy I for an isolated atom (A) and an
atom in a molecule (B). In the first case, the electron is moved to infinite
distance and does not interact with the cation. In the latter case, the charge of
the electron is distributed in the vicinity of the cation. This results in a
deformation of the electron cloud (in this case a tetrahedral one). The definition
of an atom-in-molecule electron affinity is analogous.
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It has to be remarked that by making this correction, a reasonable
approximation to a constant external potential, necessary for the calculation of
electronegativity and hardness, is obtained. An analogous reasoning was
followed for the electron affinities. Using the ionization energies and electron
affinities obtained in this manner, AIM electronegativities and hardnesses were
calculated.

In Table 3, the isolated atom data, calculated using equations (16) and (17) are
given for the elements H, C, O and Si, which were chosen as test cases in view
of our long standing interest on the interaction of small organic molecules with
zeolites [79-81].

¥ (€eVyexp. | x(eV)calc. | n(eV)exp. | n (eV) calc.
H 7.18 6.97 6.43 6.60
C 6.27 591 5.00 499
(0] 7.54 7.02 6.08 6.04
Si 4.77 4.40 3.38 3.37

Table 3 :CCSD(T)/6-31++G(d,p) electronegativities and hardnesses as
compared with experiment.

The atoms-in-molecules hardnesses, calculated using equation (17) and the
definition of the AIM ionization energy and electron affinity depicted in Figure
3, were higher than the isolated atom hardness for different coordinations of the
point charges considered. This means that the softness and polarizability of an
atom in a molecule will be lower than the corresponding isolated atom value. It
can indeed be imagined that the change from the spherical symmetrical isolated
atom case to the highly non-symmetrical atom-in-a-molecule will decrease the
polarizability, thus increasing the hardness. The ratio increases with decreasing
distance of the neighbours (point charges) to the atom. In Figure 4, the ratio

% is plotted as a function of r for the carbon atom in a tetrahedral
0

coordination. Note that recent findings have indicated that EEM calibrated
hardnesses are about 50 % higher than experimental hardnesses.
Analytically, the ratio was found to be well represented by the relationship :

n = -Br
Ao 1+ Ae

where the parameters A and B are different for each atom. These parameters
were determined for the first row elements. Particularly interesting is the
relationship between the polarizability and B, as plotted in Figure 5 for the first
row elements. As can be seen, a higher polarizability means a slower fall off of
the hardness.

For the electronegativity, a decrease is encountered with respect to the isolated
atom case, again function of the distance, i.e. a larger decrease with decreasing
distance. Furthermore, it could be noted that going from a tetrahedral to a
trigonal and on to a digonal coordination, the increase of the hardness and the
decrease of the electronegativity becomes less pronounced.

(20
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1.4,

1.3 1

1.1 1

1.0 1 e

Figure 4. Dependence of the hardening coefficient on the distance of the test
charges (A) for the carbon atom.

25
20 1
15 1

10 1

1 2 3
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Figure 5. Relationship between the fall-off parameter B of the hardening
coefficient and the atomic polarizability a (in 10-24 cm3).
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All these findings could ultimately lead to the construction of a non-
parametrized electronegativity equalization scheme, permitting the calculation

of very large molecular systems. For each element of the periodic table, x and

1 values can be tabulated as a function of the distance and the environment and
incorporated in a database. Inclusion of these parameters in electronegativity
equalization schemes could indeed seriously decrease the degree of empiricism
present.

4, RATIONALIZING CHEMICAL INTERACTIONS WITHIN THE
HSAB PRINCIPLE

4.1. Introduction : the HSAB Principle

Just like Sanderson's electronegativity equalization principle, the Hard and Soft
Acids and Bases principle was originally introduced without strong theoretical
basis. Nevertheless, it was used widely from its formulation on. The principle
states that hard acids prefer to coordinate with hard bases and soft acids with
soft bases [82]. In 1983, Parr and Pearson provided a definition for the
chemical hardness [25]

_ifou) _1(PE
= 2(8N)v - 2(31\/2)” @D

offering possibilities for its quantitative study.

Moreover, a partial proof was provided for the HSAB principle. Consider the
formation of a diatomic molecule AB. Upon neglect of the external potential
perturbation, the chemical potential change for the atoms A and B will be :

My = Hy +20,AN, (22)
Hp = iy +2M3AN, (23)

Since, after molecule formation p, =, and AN = AN, = —AN,, the charge
transfer AN between A and B at a constant external potential equals

[ 0
Hp = ly
=8 4 (24)
2(nz +12)
The energy change associated with this is
0,0\ 2
AE:_('uB u") __(A‘u) SASB (25)

4(ng+n2)_ 2 S+,
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As can be seen, stabilization will be bigger when the softness values are both
small, i.e. "soft likes soft".

Two proofs for the HSAB principle were provided under the restriction of a
common chemical potential of the reaction partners [83, 84]. Later on, a local
HSAB principle was provided by Gazquéz and Méndez [85]. They showed that
the interaction between two chemical species will not necessarily occur through
their softest atoms, but through those whose softnesses are approximately equal.
In Section 4.2, an intuitive application of the HSAB concept is provided,
followed by an application of the local HSAB principle in the interpretation of
regioselectivity in Diels Alder reactions.

4.2. The Global HSAB Principle : Stabilization Energies of Endohedral
Complexes of Cg, Sigy and Geg, with Monoatomic Cations and Anions.

For the first time, a systematic uniform ab initio study of endohedral complexes
of Cgq, Sigy and Gegy with monoatomic cations (Li*, Na*, K+ and Rb*) and
anions (F-, Cl-, Br- and I-) was performed. The 3-21 G level (3-21+G for the
anions) was used. This could be achieved by application of the multiplicative
integral approximation [86], as implemented in the program BRABO [87]. The
sequence studied for the cages bears a close resemblance with isomorphic
substitution in zeolites modifying its catalytic activity via bridging hydroxyls.
In a first step, the populations of the encapsulated ions were determined via
numerical integration. The electron density was integrated from the center of
the cage along the Cg axis to its minimum, which can be considered as the
border between the ion and the cage. The results are shown in Table 4.

Ceo Sigp Gego
Li+ 2.004 2.002 2.002
Na+ 10.00 9.996 9.997
K+ 18.05 18.00 18.00
Rb+* 36.05 36.02 36.01
F- 9.920 9.98 9.99
Cl- 17.86 17.98 17.98
Br 35.78 35.93 35.94
I- 53.72 53.93 53.94

Table 4 : Atomic population (in a.u.) of the ions within the different fullerene
cages, as determined from numerical integration.

As can be seen, the populations are very close to the isolated ion populations.
Almost no charge transfer occurs between the ions and the surrounding cage,
justifying the term "endohedral complexes”. Moreover, it turned out that the
typical shell structure of the ions is completely conserved. In a second step, the
complexation energies AE were computed as :

AE=E,, -(E,+E,) (26)
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where a correction for the so-called basis set superposition error (BSSE) [88]
was applied. The complexation energies can be found in Table 5.

Ton AE., AEg,, AE,,,

Lit -9.37 -30.27 -23.37
Na+ -8.66 -30.30 -29.86
K+ -2.21 -30.36 -29.83
Rb* 3.90 -30.09 -22.34
F- -22.54 6.69 6.73
Cl- -5.29 5.49 5.97
Br 7.73 4.45 5.24
I- 39.27 5.02 5.55

Table 5: BSSE corrected stabilization energies of the endohedral complexes.
All values are in kcal/mol.

As can be seen, for Cg, the largest stabilization occurs for F-. The positive
ions are also stabilized, but to a lesser extent. In Sigy and Gegy however, it
appears that the positive ions are the most stabilized. These findings indicate
that the electrostatic potential within the Cgq cage should be positive, whereas
in Sigy and Gegy, it should be negative. As a test, the molecular electrostatic
potential in the three cages was calculated along the Cs symmetry axes. It was
indeed encountered that the electrostatic potential in Cgy is positive, in contrast
with Sigy and Gegy [59]. This finding confirms the double layer model
proposed by Cioslowski [89] stating that Cg, can be considered as a double
layer, with the electrons located outside the cage. For Sgo and Gegq, an
inversion of this layer seems to occur.

Finally, the influence of the cage and guest ion hardness on the complexation
energies was studied. In a first step, the hardness of the fullerene cage was
calculated using ionization energies and electron affinities from Koopmans'
theorem. It was found that 77, >75 >7, . Within the Cqy cage, the
stabilization energy within the two ion series goes as follows
Rb™ < K" <Na*<Li* and I" <Br <Cl” <F~, which runs parallel with the
ion hardnesses (7. <M. <7M. <M, and n_<n,_<n,. <n.). It thus
appears that in this case, within each ion series, the hardest ion is stabilized the
most. In Sig, and Geg, a partial inversion of this sequence occurs, indicating a
larger stabilization (or a smaller destabilization) for the softest ions. These
trends can be explained using the HSAB principle. Within the hardest cage, the
hardest ions will be stabilized to a larger extent, whereas in the softer cages, the
softest ions will be more stabilized. As a test, the local hardness 7(z),
approximated as [90] :

__Llpw),
) 2le L @
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was calculated at the center of the three fullerene cages. The results are shown
in Table 6.

Molecule n fi(r) (r=0)
Ceo 3.81 0.0751
Sigq 222 0.0477
Gegg 2.13 0.0450

Table 6 : Global hardness (¢V), together with the local hardness at the center
of the fullerene cage (a.u.).

As can be seen, the local hardness at the cage centre is indeed the largest for
Ceo- in accordance with the stabilization energies for the ions.

4.3. The HSAB Principle at a Local Level : Regioselectivity of Diels-Alder
Reactions

4.3.1. Intr ion

The Diels-Alder reaction, a pericyclic reaction between a diene and a
dienophile, is of utmost importance in synthetic organic chemistry. In the case
of a reaction between asymmetrically substituted dienes (I) and asymmetrical
dienophiles (II) :

R
i R
R ortho
1 R’ /
27 v
+ | R
3 2
. \ v
I I meta
RV

it is already known for a long time that the formation of one of the two possible
regio isomers (IIT) will predominate or that the ortho isomer will be formed
exclusively. Since the ortho product is more crowded, one can consider it as a
kinetic product, formed via a concerted mechanism. Numerous FMO studies
(for a listing of references, see [60]), considering HOMO-LUMO orbital
interactions, have been conducted in the past concerning the regioselectivity
and reaction rate of this reaction. In this part, DFT based reactivity descriptors
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are used to interpret the orientation in Diels-Alder reactions. Moreover, the
HSAB principle will be applied in a local sense.

4,3.2, The Local HSAB Principle : Importance of Equal Softness Between
Reaction Sites

The work by Gazquéz and Méndez [85], later on completed by our group in
collaboration with Méndez uses a DFT formalism to formulate simple
requirements which should be obeyed if a local HSAB principle is at work.
Consider two systems A and B interacting through atoms k and | and with

chemical potentials p, and i :

AN,

Ak

B

D 9

—
AN,

B

Ha e

Adopting an atoms in molecules viewpoint, the atoms can be regarded as "open
subsystems" and it thus becomes natural to use the grand potential £, [83] as
the basic thermodynamic function to describe the system :

Q, =E - (N, - N)) (28)

Neglecting changes in the external potential, the energy changes of atom k in
molecule A and atom I in molecule B can be written as :

2

AE,, =, N, +1,, (ANA,k) (29)

2 v
AEp, = UpAN,, + 1y, (ANBJ) (30)

Note that u, and u, do not depend on k or 1 as the chemical potential is
equalized throughout the system (which is not the case for the hardness).
Turning to the grand potential, one obtains after some algebra :

2
AQA,I: - _}'M)—SA,I:S}ZU (31)

2 (sA,k + sB,,)
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2
AQ,, = _lw—/\)_ss,lsi.k (32)
2 (sA,k + SBJ)
with
AQ  =AQ,, +AQ, (33)

It should be noted that AQ, , =AE, , indicating that the energy change

governing reactivity equals the change in grand potential more suited to
describe the evolution of the open system type "atoms in molecules".

Minimization of AQ, , with respectto s, , for fixed u, — u, and s, yields the
demand that

Sax =Spy (34)

i.e. the softness values of the interacting centers should be as close as possible.
In the final energy change,

1 2 8,8
AE, +AE,, =——(pp—p,) —28L 35
Ak B.! 2(:uB ,uA) SAVL."*‘SBJ ( )

a proportionality with s, . (or sg,) is noted indicating that the regioselectivity is

governed by the closeness of the local softness values, the energy gain (cf. the
sign in front of the total expression) by the actual softness value.

4 Results and Di ion

In order to test the above mentioned principle, we applied the theory to a series
of 48 Diels Alder reactions. The following systems were considered :

R
&
R = -Me, -OMe, -COOH, -CN,-NH, , -NMe, ,-NEt,,-OEt

and
RY
( R'=-COOH, - COOMe, -CN, -CHO, - NO,, -COMe
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This gives rise to 48 cases, all of the NED (Normal Electron Demand) type (i.e.
where the diene is the electron donor and the dienophile is the electron
acceptor), which was checked by inspecting the HOMO and LUMO energies of
the sytems.

All geometries were optimized at the Hartree-Fock 3-21G level.

Suppose we have the following interaction between an electron acceptor and an
electron donor :

R R
< | R'
Z 1.( .
4 ?

El-donor El-acceptor

+
Sk Sk

Starting from the idea that the softness of the interacting atoms should be as
close as possible, we considered the following expressions :

2

Somo = (57 =57} + (57 = 53) (36)

Spea = (57 =53) +(s7 —s7) 37)

and we looked for the smaller value of both expressions. The smaller the
expression, the more likely the interaction they describe should occur. This
procedure is in fact looking for a simultaneous fulfillment of local HSAB at
both termini. It turned out that in the 48 cases considered, S, < S,... €xcept
when the cyano group is present either in the diene and the dienophile. A first
reason that could be invoked for this is the lack of correlation treatment in the
calculations. The CN group is known to demand for a highly correlated
treatment, as for example witnessed in our group properties study were the CN
group was systematically an outlier. However, another aspect that should be
mentioned is that the methodology is based on synchronicity : both couples of
the reactive termini are attributed an identical role. Since concertedness is not a
synonym for synchronicity, we looked for the smallest quadratic form of the

four terms in (36) and (37). It appears that (s; -5 )2 is the smallest in the large

majority of cases leading to the ortho products, which is at first sight not that
unexpected in this sense that those carbon atoms are most remote from the
substituents R and R'. They thus will be less influenced by their electronic
effect, and as a result, be closer in local softness. This result may suggest an
asynchronous mechanism, i.e. the bond forming between 2' and 4 may proceed
faster than the bond formation between 1 and 1'. This point is strengthened by
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the results of transition state calculations which invariably indicate that the C4-
C2' bond distance is smaller than the C1-C1' distance, except for the parent
reaction between ethene and 1,4-butadiene where both theory and experiment
are conclusive for a concerted, synchronous mechanism. Combining the
demand for the smallest of the quadratic forms with that of S, and S, ., one

orthe meta’?
retrieves the correct regioselectivity for 47 cases., only one CN case remaining.
In conclusion, it can be stated that ab initio calculated DFT concepts, together
with the use of the local HSAB principle, permitted us to test the validity of a
long pending hypothesis by Anh [91], stating that "it is likely that the first bond
would link the softest centers”. However, the hypothesis is only partially
confirmed and should be modulated by the demand for local softness
equalization between interacting centers.

5. CONCLUSIONS

We may state that DFT based concepts and techniques are of ever increasing
importance in the study of electronic structure and charge distributions of
molecular systems, both in inorganic, organic and biochemistry. Concepts can
be used to rationalize chemical interactions both in their kinetic and
thermodynamic aspects, whereas DFT techniques nowadays offer the
possibility to carry out high quality (correlation included) quantum chemical
studies starting from first principles for systems of ever increasing size, due to
their more interesting quality cost ratio than wave function methods.
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Abstract

Ab initio Density Functional calculations for free Pby, (n = 3 — 14),
Na,,Pb and Na,Pby clusters are reported. In the case of pure lead clus-
ters, stability maxima are found for Pb7, Pbjy and Pbys, in agreement
with the experimental abundance found in the mass spectra. A trend
governed by icosahedral-like packing explains the ground state geome-
tries. In the case of mixed sodium-lead clusters, high stability is pre-
dicted for NasPb and NasPby, giving a hint for the presence of those
units in the liquid alloys. A transition between a rhombus and a tetra-
hedral arrangement occurs in Pby as a consequence of adding Na atoms
to that unit.

1 Introduction

Some interesting effects associated to the presence of well-defined structural
units appear on a broad class of binary alloys formed by mixing an alkali
metal (Li, Na, K, Rb, Cs) with a tetravalent metal like Sn or Pb. Due to the
large difference in electronegativities it is normally assumed that one electron
is transferred from the alkali to the tetravalent atom. As the Sn™ or Pb~
anions are isoelectronic with the P and As atoms, which in the gas phase
form tetrahedral molecules Py and Asy, in the same way the anions group
in the crystal compounds forming (Sns)*~ and (Pb,)?~ tetrahedra, separated
by the alkali cations. This building principle was developed by Zintl in the
early thirties [1], and the presence of such tetrahedra has been detected in the
equiatomic solid compounds of Pb and Sn with Na, K, Rb and Cs, but not
with Li [2, 3, 4]. In this paper we focus on alkali-lead alloys.
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Copyright ©1999 by Academic Press. All rights of reproduction in any form reserved.
0065-3276/99 $25.00 329



330 L. M. Molina et al.

Considerable evidence exits of the survival of Zintl ions in the liquid alloy.
Neutron diffraction measurements [5], as well as molecular dynamics simula-
tions [6, 7], give structure factors and radial distribution functions in agreement
with the existence of a superstructure which has many features in common with
a disordered network of tetrahedra. Resistivity plots against Pb concentration
[8] show sharp maxima at 50% Pb in K-Pb, Rb-Pb and Cs-Pb. However, for
Li-Pb and Na-Pb the maximum occurs at 20% Pb, and an additional shoul-
der appears at 50% Pb for Na-Pb. This means that Zintl ion formation is a
well-established process in the K, Rb and Cs cases, whereas in the Li-Pb liquid
alloy only LisPb units (octet complex) seem to be formed. The Na-Pb alloy is
then a transition case, showing coexistence of NayPb clusters and (Pb,)*~ ions
and the predominance of each one of them near the appropiate stoichiometric
composition. Measurements of other physical properties like density, specific
heat, and thermodynamic stability show similar features (peaks) as a function
of composition, and support also the change of stoichiometry from the octet
complex to the Zintl clusters between Li-Pb and K-Pb [8].

In this work we study a number of isolated clusters which may be relevant
for understanding the clustering in the liquid alloys. Of course, the behaviour
of those clusters in the alloy may be more complicated due to the interaction
with the condensed medium, but by studying free clusters we expect to obtain
useful information about the tendency of the atoms to cluster in the alloy.
A preliminary calculation [9} using the Density Functional Formalism (DFT)
[10, 11] and a simplified model for the cluster structure [12] has confirmed the
high stability of the A(Pb and A,Pb, species (with A = Li, Na, K, Rb, Cs).
However, the drastic simplification of the cluster structure used in that model
calls for more accurate calculations. Consequently, in this work we report the
results of ab initio molecular-dynamics DFT calculations.

The paper is divided in two parts. First (Sections 2 and 3), we have focussed
our attention on the behaviour of pure lead clusters. Those clusters have been
the subject of intense experimental research. Then, we consider that an ab
initio study of small Pb,, clusters would be useful for understanding the Pb-Pb
bonding. The second part of the paper (Sections 4 and 5) is dedicated to the
study of mixed Na-Pb clusters.

2 Pb, clusters: Computational details

We have performed calculations using ab initio total energy pseudopotential
methods [13]. A Car-Parrinello-like scheme has been used for energy mini-
mization [14]. Specifically, we made use of the fhi96md program, written by
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Scheffler and coworkers {15, 16]. This code incorporates the LDA (Local Density
Approximation) exchange-correlation functional, parametrized by Perdew and
Zunger [17] from the electron gas results of Ceperley and Alder [18]. Hamann’s
generalized norm-conserving nonlocal pseudopotentials [19] with the Kleinman-
Bylander decomposition [20] were constructed, attending to obtain good trans-
ferability and plane-wave convergence. The norm conserving pseudopotentials
ensure that the integrals of the square amplitudes of the real and the pseudo
wavefunctions inside the core regions are identical. The pseudopotentials are
spin-averaged scalar relativistic potentials with d as local component. Then,
spin polarization effects are omitted in the cluster calculations. This approxi-
mation induces some problems for small lead clusters, where spin-orbit effects
are sometimes nonnegligible. These are specially important for Pb,, as re-
viewed by Balasubramanian [21] and by Bastug et al [22]. We have found that
in order to obtain accurate cohesive energies a spin-polarized lead atom must
be used as a reference energy. This procedure seems to work for Pb,, clusters
with n > 4, although for Pb, (its ground state is a triplet) and Pb; the spin
effects neglected here are essential to get accurate results. Scalar-relativistic
calculations as the ones performed here give reasonable static structural results
for the different structural phases of bulk lead; however, the spin-orbit inter-
action tends to change the total energy differences between structures without
changing their relative ordering. Thus spin-orbit interactions are important to
describe structural phase transitions [23] and less relevant for static geometrical
optimization.

The calculations employed a supercell geometry with a simple cubic cell of
lattice constant equal to 34 a.u., in order to minimize cluster-cluster interac-
tions. This lattice constant appears to be large enough in most cases. However,
for the largest Pb, clusters (n = 13, 14) a bigger cubic cell with lattice constant
of 38 a.u. was utilized. The calculations were performed using a plane wave
basis set with a kinetic energy cutoff of 8 Rydbergs and a single I" k-point. We
have checked that energy differences converge much better than total energies.
So, with a cutoff of 8 Rydbergs we can obtain accurate cohesive energies and
evaporation energies. Comparison between calculated and experimental data,
that confirms the good election of the computational parameters, is given in
the next section.

3 Pb, clusters: results

Several mass-spectrometry measurements for small Pb,* clusters have shown
high abundance peaks at n = 7, 10, 13, 17 and 19 [24, 25, 26, 27, 28]. This
is due to the enhanced stability of the respective neutral species. However,
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Figure 1: Calculated lowest energy structures of Pb,, (n = 3 ~ 14).

the origin of that stability is not yet completely established. Crystalline Pb
is close-packed, and Phillips [29] has proposed that the stability for n = 7,
13, 19 could be explained by a packing effect (notice that n = 13 and 19 are
magic numbers of inert gas clusters). On the other hand, an electronic shell
filling effect has been proposed for n = 10 and 17 by the same author: Pb is
a tetravalent atom, so that Pbyy and Pby; have 40 and 68 valence electrons
respectively, which are shell-closing numbers of the spherical jellium model.
Then, the influence of electronic effects has to be considered in interpreting the
stabilities of lead clusters, though the interplay between electronic and packing
effects remains to be studied.

We have performed calculations for Pb,, clusters in the range n = 3 — 14.
Apart from the interest in the relative stabilities, we are in particular interested
in investigating the properties of Pby, which is relevant for the study of Zintl
complexes below. For each cluster size, several reasonable starting structures
were selected, and each of those was relaxed following a damped molecular
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Figure 2: Cohesive energy (per atom) of Pb, and bulk Pb. Filled circles:
calculations. Empty circles: experiment.

dynamics scheme until equilibrium was achieved, that is, until the forces on all
atoms are zero. Although it is not sure that we have explored all the low-lying
isomers, we are confident of having obtained the lowest energy structure in
each case. The minimum energy structures and their symmetries are shown in
Fig. 1. Pby has a planar (thombus) structure and three dimensional structures
begin at Pbs. Starting with Pb;, which is a pentagonal bipyramid, the Pb
clusters follow a growth pattern based on icosahedral packing. The structures
of Pb, (7 < n < 13) are obtained by succesively capping adjacent triangular
faces on one side of the pentagonal bipyramid. Pbis is a perfect icosahedron
with a central atom and Pby, is obtained by adding one atom to the surface
of Pby;. This distorts the icosahedron a little, by enlarging one of the Pb-Pb
distances, which leaves some space for the extra atom to become close enough
to form part of the surface layer. The geometries for Pb; and Pbiz proposed
by Phillips [29] agree with the ones found here. The only two exceptions in the
icosahedral growth sequence are Pbg and Pbyg. The geometry of Pbg has Doy
symmetry and can be viewed as formed by intersecting orthogonally two equal
trapezia. Pbyg, on the other hand, is a triangular prism with one atom capping
each of the lateral faces of the prism and the tenth atom capping one of the
triangular bases. This structure can be viewed as a distortion of a Cs, structure
corresponding to 10 atoms in the icosahedral growth sequence described above.
It is worth noticing that the icosahedral growth pattern found here for lead
clusters has also been found for other metallic (i.e., nickel [30, 31]) and non-
metallic {Lennard-Jones) clusters [32]. What is more, for nickel clusters the
only exception in the icosahedral type of growth is Nig which has exactly the
same geometry as the one found here for Pbs. The icosahedral packing seems
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Figure 3: Evaporation energy (upper curve) and stability function (lower curve)
for Pb, clusters (see text).

to be a rather general feature of certain type of small (finite size) systems. In
fact icosahedral packing has been described for much larger cluster sizes than
the ones considered in this paper.

The cohesive energies per atom
1
E(Pba) = - [nE(Pb) ~ E(Pb,)] o

are given in Fig. 2. These are calculated with respect to the energy of a
free Pb pseudoatom obtained by performing a spin-polarized calculation. We
also report the calculated and experimental [33] cohesive energies of bulk lead.
The calculated bulk cohesive energy is slightly higher than the experimental
one, consistent with the known trend of an overestimation of cohesive energies
by the LDA. The calculated cohesive energies of Pbs and Pb, are, neverthe-
less, smaller than the experimental values [34]. The discrepancy is specially
important for the trimer. We ascribe this understimation to the neglect of
spin-polarization and spin-orbit effects in the clusters. Noticing, however, that
the errors in the calculated cohesive energies for Pby and for bulk Pb are not
large (magnitude equal to 0.07 eV/atom) and of opposite sign, we speculate
that the spin polarization and spin-orbit contributions are small except for very
small clusters, although we clearly state that the use of nonmagnetic ground
states is an assumption of our calculations.

The increase of the cohesive energy per atom with cluster size is fast up to
n = T and then rather slow, and we observe that the value for Pby, is still far
from the bulk limit (about 20% lower). In Fig. 3 we plot the energies required



Pb Clusters for Liquid lonic Alloys 335
to evaporate a monomer from the Pb, clusters. These are defined
Ev(an) = E(an-l) + E(Pb) - E(an)y (2)

in terms of the total energies of the Pb,, and Pb,_; clusters and the energy of
the free atom. E, fluctuates about the value for the infinite cluster {2.10 eV, the
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Figure 4: Electronic energy level diagram for Pb,, n = 3 — 14. Degeneracies
are indicated by a number attached to the level. A vertical bar indicates the
HOMO-LUMO gap.

value of the bulk cohesive energy). Both the cohesive and evaporation energies
provide information on the stability of the clusters. We find pronounced minima
of E, at Pbg and Pb;;. In fact, those two clusters together with Pby4 show the
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lowest evaporation energies (all the rest have evaporation energies larger than
1.5 eV). This means that in the evaporative cooling stage of the process of
cluster formation, the population of Pby, Pbyg and Pb;3 is expected to become
enhanced, as it is observed (24, 25, 26, 27, 28]. It is also traditional to plot the
stability function measured by the second derivative of the energy with respect
to the number of atoms

Az(n) = E(an_l) - 2E(an) + E(an+1). (3)

This function is plotted as the lower curve in Fig. 3, and Pb; and Pby, are
characterized by peaks that indicate their special stability.

A detailed electronic energy level diagram is given in Fig. 4. The main
feature is the splitting of the occupied energy levels in two groups separated by
a large gap (5.17 eV in Pbs; 3.72 €V in Pbyy). This reflects the gap between
the 6s and 6p levels in the free atom, which is 8.4 eV. This is referred in the
literature as the relativistic inert-pair effect [21]: the relativistic mass-velocity
contraction stabilizes the 6s orbital of the atoms Au to At. As a result the
6s® shell does not participate in the bonding. This effect is recovered in our
calculations through the use of scalar relativistic pseudopotentials. The levels
below the gap arise from the Pb valence electrons with atomic s-character (the
number of doubly occupied levels below the gap is, indeed, equal to n). On the
other hand, the levels above the gap correspond to the band formed mainly by
the p-electrons of the Pb atom. This p-like band is only partially filled, and
a gap (HOMO-LUMO gap) separates occupied from unoccupied states. The
HOMO-LUMO gap is indicated in the figure by a vertical bar. The p-band is
responsable for the bonding in these clusters. The variations in the magnitude
of the HOMO-LUMO gap reflect the variations in stability of the clusters: there
is a drastic reduction of the gap from Pb; to Pbg, from Pbyg to Pby; and to
a lesser extent also from Pby3 to Pbyy. We conclude that the abundance of
Pbs, Pbyy and Pb;s in the experimental mass spectra is due to an electronic
effect: the combination of large HOMO-LUMO gaps for n = 7, 10, 13 and
small gaps for n = 8, 11, 14. This behavior is reflected in the evaporation
energies, and the abundance of Pb7, Pbyg and Pb;; is enhanced by the easy
evaporation from Pbg, Pby; and Pbyy respectively. Of course, the geometrical
structure is intrinsically linked to the behavior of the HOMO-LUMO gaps.
Connecting the energy level diagram with the simple electronic shell model is
not possible in most cases. Only for Pby3, which is the most spherical cluster,
the level degeneracies suggest interpreting the calculated electronic structure
as a jellium-like shell filling (1s) (1p)® (1d)™ (2s)? (2p)¢ (1f)M (2d)'° (3s)2
But since this is an exceptional case we conclude that the electronic structure
of Pb clusters cannot be directly interpreted by the jellium model.
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Figure 5: Electron density contours in the plane containing the three nuclei
of Pbs. Plus (+) signs indicate maxima and those correspond roughly to 0.04
e/au. Minus (—) signs indicate minima. The most external contour has a
value 0.003 e/au® and the interval between contours is An = 0.003 e/au’.

Figure 6: Electron density contours in the middle plane containing five atoms
in Pby. Other details are like in Fig. 5.



338 L. M. Molina et al.

An interesting feature can be observed in the unoccupied part of the spec-
trum for Pbs and Pb;. In these two clusters the LUMO is a nondegenerate level
and a substantial gap occurs between the LUMO and LUMO+1 levels. This
fact suggests that Pbs;~2 and Pb;~? will be more stable than other doubly-
charged anions. Experiments confirm the high stability of Pbs™? clusters in
solution [35].

Table 1: Comparison between cohesive energies per atom of Pb, clusters (in
eV) calculated with kinetic energy cutoffs of 8 Ryd. and 16 Ryd.

n 8 Ryd. 16 Ryd.
3 0.452 0.500
4 0.987 0.996
5 1.191 1.187
6 1.398 1.406
7 1.534 1.546

Plots of the electron density help to ellucidate the type of chemical bonding.
Pb; and Pb; are fully representative cases. A plot for Pb; in the plane of the
three atoms is given in Fig. 5. The closed contours around each atom are
associated with the inert atomic s levels stabilized by the relativistic effects.
Those closed contours can also be seen for Pby, plotted in Fig. 6 (in the
middle plane of the bipyramid containing the five atoms). A second set of
contours appears in both figures. These correspond to the p-band and indicate
a delocalized electronic distribution. This is a general feature, also found for
other planes and common to all the clusters studied. Notice in particular
the region of constant density in the middle of the pentagon in Pby;. The only
cluster showing some signs of a “weak” covalent contribution to bonding is Pbs,
for which we observe blobs of charge in the two regions between the atoms
separated by short interatomic distances, with density maxima just halfway
between the atoms. Those interatomic distances, equal to 5.16 a.u., are the
shortest distances found in the set of clusters studied. For comparison, the
separation between neighbor atoms in Pby is already much larger, d = 5.5 a.u.,
and the distance between the two atoms forming the triangle basis of Pbs (see
Fig. 3) is d = 6.63 a.u. In spite of the delocalized nature of the bonding charge
for n > 4, we stress that the stability of the Pb clusters cannot be interpreted
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by the shell model since the large level degeneracies of the shell model are
drastically lifted (see Fig. 4) by the cluster field.

In order to check that our calculations are well converged with respect to the
value of the plane-wave kinetic energy cutoff, we have recalculated the binding
energies of the smallest Pb,, clusters (n = 3 — 7) increasing the cutoff from 8
Ryd. (the value used throughout this paper) to 16 Ryd. The results clearly
show (see Table 1) that the cohesive energies of lead clusters are well converged
already with a cutoff of 8 Ryd. So a cutoff of 8 Ryd. is sufficient for calculating
the properties of these clusters.

4 Mixed Alkali-Pb clusters

The experimental information on liquid Na-Pb alloys suggests the presence of
complexes with compositions Na,Pb and Na,Pb,, with maximum proportion of
those complexes at alloy compositions consistent with the stoichiometry of the
complexes. On the other hand, only one type of complexes appears to form for
alloys of Pb with other alkali metals: LiyPb complexes in the case of lithium
alloys and K4Pbs, RbyPby, CssPb, in the case of alloys with heavy alkalis.
The richness in complexes of the Na alloys is enhanced even more when one
looks at the behavior of Na,Pb clusters produced in gas-phase experiments.
The supersonic expansion of a lead-sodium vapor from a hot oven source has
led to the observation of an exceptionally abundant NagPb cluster [36] which
dominates the mass spectrum under some conditions. For those reasons we
concentrate here on clusters formed by Pb and Na atoms. We see below that
the study of finite clusters gives useful results that help to interpret both the
gas phase experiments and the alloy phenomenology.

4.1 Na,PDb clusters

These clusters, with particular emphasis on NagPb, have been studied previ-
ously [37, 38] using the same ab initio method of this paper and other ab initio
methods [39, 40, 41, 42] and we briefly review that work for completeness. The
results are summarized in Fig. 7, where we plot the evaporation energy E, of
a sodium atom

E,(Na,Pb) = E(Na,_;Pb) + E(Na) — E(Na,Pb). (4)

The largest value of E, occurs for NayPb and a local maximum occurs for
NagPb, followed by a deep minimum at Na;Pb (its evaporation energy is only
0.76 V). The following explanation has been proposed [37] for the high abun-
dance of NagPb in the mass spectrum. In the supersonic expansion of the
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Figure 7: Calculated evaporation energy of a Na atom from Na,Pb clusters
[37].

vapour [36] the clusters grow by aggregation of atoms following collisions. The
conditions in the experiment of Yeretzian et al. seem to be such that the Na,,Pb
clusters remain not much larger than NagPb. This is because the concentration
of Pb in the source is larger than 10% and the Pb atoms compete with one
another to bind Na atoms, which prevents formation of clusters with many Na
atoms. However, during growth the clusters become hot (growth is an exother-
mic process) and cool down by evaporating Na atoms. Since the evaporation
energy is lowest for Na;Pb and increases by a factor of 2 between Na,Pb and
NagPb, it is reasonable to expect that the evaporation cascade practically stops
at NagPb, the population of this cluster thus becoming highly enriched in the
beam.

We now focuss on the high stability of NasPb revealed by its large evapo-
ration energy. In the enviroment provided by the liquid alloy in equilibrium at
a given temperature, all Na,Pb clusters of different n can compete with each
other and we expect NasPb to be more abundant because the energy to remove
a Na atom from this cluster is the largest. This large abundance of Na,Pb is
indeed found in the liquid alloy.

4.2 Na,Pby clusters

The presence of NayPb, complexes in liquid Na-Pb alloys calls for ab initio
calculations to study the reasons for the formation of those clusters. We have
performed calculations for free Na,Pb, clusters, with n increasing from 1 to 5.
Computational details are similar to those for the pure Pb, clusters. However,



Pb Clusters for Liquid lonic Alloys 341

Figure 8: Calculated lowest energy structures of Na,Pbsy (n = 1 — 5). Dark
spheres represent the sodium atoms.

a partial core correction has been applied in generating the Na-pseudopotential
[43]. The partial-core correction (also used in the calculations of Fig. 7 above)
takes into account the nonlinearity of the exchange-correlation potential (with
respect to the density) in the region where core and valence charge densities
overlap, and includes some core-effects in the cluster calculations without ex-
plicitly including core wavefunctions. This is particularly important for sodium,
where consideration of semi-core 2p electrons plays a small, but non negligible
role in describing the correct lattice constant and bulk modulus of bce-Na. This
effect is in part included by the partial-core corrections.

The lowest energy arrangement for each cluster is shown in Fig. 8. Dark
spheres represent the Na atoms. In section 3 we have shown that the most
stable structure for pure Pby is a planar rhombus. Now we observe that as the
Na atoms are added to the Pb, unit, this one becomes progressively deformed
until it reaches a tetrahedral structure. The Pb core is a deformed tetrahedron
already in NasPby, but only becomes a perfect tetrahedron in NaysPby. The Na
atoms cap two faces, then three and finally four faces of the Pb-tetrahedron in
Na,Pb,, NagPb, and NayPb, respectively. A fifth Na atom does not affect the
structure of NayPb, and sits above one edge of the Pb tetrahedron.

The energy required to evaporate a Na monomer from those clusters is
plotted on Fig. 9. This is defined

E,(Na,Pby) = E(Na,_,Pb,) + E(Na) — E(Na,Pby). (5)
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Figure 9: Evaporation energy of a Na atom from Na,Pby clusters (n = 1 —5).

The main features are: first a substancial increase of E, between NaPb, and
NayPby, an odd-even oscillatory behavior with a peak at NayPb, and finally a
drastic drop between NayPby an NasPb,y. The last two features indicate the
high stability of NayPby, and this gives a hint to the presence of this compound
in the liquid Na-Pb alloys, in particular at the equiatomic composition. We
also notice the effect of the Na atoms in promoting the Pb, unit to adopt the
tetrahedral arrangement: in the pure Pby cluster the isomer with tetrahedral
structure is 1.1 eV above the ground state (rhombus). The odd-even oscillation
of E, in Fig. 9 is simply related to the number of valence electrons. The
clusters with two or four Na atoms have the HOMO level filled and a gap
between this and the LUMO level; the gap is largest (2.0 €V) for Na,Pby (see
Fig. 10). In contrast, the HOMO is only half-filled in NaPb,, NagPby and
NagPb,s. The drastic difference between the electronic structures of NasPby
and NasPb, explains the difference of their stabilities.

Finally we propose some ideas to explain the fact that the properties of
liquid Na-Pb alloys as a function of Pb concentration reveal a strong feature (a
peak in the resistivity or in the thermodynamic stability function) at 20 atomic
per cent Pb, and a smaller feature (a small peak or a shoulder) at 50 atomic
per cent Pb. Those features can be interpretated as revealing the presence of
NayPb and NayPb, clusters in the alloy, with predominance of the first type,
at least for concentrations of Pb well below the equiatomic (50/50) one. In our
view the prominent presence of Na,Pb clusters can be explained by comparing
the binding energies per Pb atom in NayPb and NayPby. These are defined as

E¢(per Pb) = E(Pb) + 4E(Na) — E(NasPb), (6)
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Figure 10: Electronic energy level diagram for Na,Pby clusters. Degeneracies
are indicated by a number attached to the level. A vertical bar indicates the
HOMO-LUMO gap. The arrows indicate the position of the HOMO level when
this is only partially filled.

and
= (per Pb) = i [AE(Pb) + 4E(Na) — E(NagPby)], (7)

the superscripts o and z indicating “octet” and “Zintl” respectively. We have
obtained EY(per Pb) = 4.46 eV and EZ(per Pb) = 2.79 eV, so Ef — E% =
1.67 eV. Consequently, for alloys with a low Pb concentration the formation
of NayPb clusters is energetically favorable. As the concentration of Pb in
the alloy increases there are restrictions to the formation of octet clusters just
because (if we assume that clustering is very efficient) there is not enough Na
atoms. In such a case formation of NayPbs becomes competitive, especially in
the alloys near the equiatomic (50/50) composition. Even in this case we can
expect a sizable fraction of NasPb clusters in the alloy, so the features in the
alloy properties at equiatomic composition are expected to be less pronounced
than at 20 atomic per cent Pb. This is, indeed, the behavior observed in the
experiments (8].

If this argument is correct, one should obtain for the Li-Pb case a value
E} — E} substantially larger than 1.67 eV (this is because the Li-Pb alloys



344 L. M. Molina et al.

present a single strong feature at 20 atomic per cent Pb). Preliminary results
for the lithium case give a value of 2.87 €V in support of this argument.

5 Study of NagPb using the GGA

Several workers [37, 38, 39, 40, 41, 42] have optimized the structure of the
NagPb cluster by ab initio methods. Car-Parrinello calculations using the LDA
[37, 38] as well as the Configuration Interaction calculations of Marsden [39]
predicted a centered octahedron (Oy, symmetry). On the other hand Jinlong et
al [42) have performed discrete variational LDA calculations under symmetry
constraints. They reported a tricapped tetrahedron with Cs, symmetry as the
ground state, and that the octahedral isomer was less stable. The difference in
binding energy between the Cj, and Oy structures was surprisingly large: 1.1
eV. The DFT calculations of Albert et al [40] also employed symmetry con-
straints, and applied gradient corrections (GGA) to exchange and correlation
in a “post hoc” way, that is, using the LDA densities. They found several iso-
mers with a central Pb atom (between them the Oy and Cj, structures), with
total binding energies differing by less than 0.09 eV (or by less than 0.04 eV
including relativistic effects). Motivated by these conflicting results we have
studied again this cluster with full consideration of the GGA of Perdew, Burke,
and Ernzerhof [44]. Nonlocal norm conserving soft pseudopotentials were gen-
erated according to the procedure of Troullier and Martins [45], using also the

Table 2: Equilibrium bond lengths (in a.u.) and total binding energies (in eV)
of the Oy and Cgj, isomers of the NagPb cluster. Distances ry, 79, r3, 74 are
indicated in Fig. 11. The asterisk in the Cs, structure indicates our unrelaxed
calculation with the bond lengths taken from Jinlong [42].

Symmetry r1 T T3 T4 Ey

On(LDA) 784 784 784 554  9.66

5, (LDA)  6.09 839 839 561  0.09
Cs,(LDA) 760 765 805 554  9.67
On(GGA) 8.03 803 803 569  8.53
Cs(GGA) 781 7.84 830 569 854
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Figure 11: NagPb cluster with the Cs, symmetry. The distances r1, 73, and r3
become equal in the Oy, structure.

GGA in the atomic calculations.

In our search for the lowest energy structure we have performed relaxations
of a few selected initial structures using the conjugate-gradients method [13]
without imposing any symmetry constraints. The results for a bee supercell
with lattice constant of 30 a.u. and a plane wave energy cutoff of 9 Ryd.
are reported in Table 2, where we give interatomic distances (see Fig. 11) and
binding energies. First we have performed LDA calculations again. Relaxations
starting with an initial Oy structure maintain that structure and give a binding
energy of 9.66 eV and a Na-Pb bond distance of 5.54 a.u., in agreement with
our earlier work [38]. A calculation for the Cs, structure fixing the interatomic
distances at the values reported by Jinlong et al leads to large forces on the
atoms and to a very small binding energy (0.09 V). When we allow for a full
unconstrained relaxation of that structure, the interatomic distances change,
although the symmetry remains Cs,. The Na-Na bond distances labelled r,
re, and r3 in Fig. 11 are now more similar than for the starting Cj, structure
of Jinlong. This, in practice, means that the optimized Cs, structure is more
similar to the Oy, than the starting one. The Cs, and O, isomers have almost
identical binding energies.

In a second step fully self-consistent GGA calculations were performed start-
ing with our LDA Oy, and Cj, structures. After unconstrained relaxation the
conclusions we obtained were similar to those of the LDA study. We find Oy,
and Cs, isomers with identical binding energies, 1.1 eV lower than the LDA
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binding energies, and with bond distances 0.2 a.u. larger. These results are
consistent with the known reduction of binding energies and increase of inter-
atomic distances induced by the density gradient corrections as compared to
LDA results. In summary we conclude that the Oy and Cj, isomers are de-
generate both at the LDA and GGA levels. The agreement between LDA and
GGA results for structural properties give us confidence on the LDA results we
have obtained in this paper for pure and mixed Pb clusters.

6 Summary

The variations of abundance in the mass spectrum of small Pb,, clusters have
been explained by ab initio density functional calculations. A study of free
clusters formed by Pb and Na helps to explain the observation of an excep-
tionally abundant NagPb cluster in gas phase experiments. It also gives strong
support to the presence of NayPb and NayPb, clusters in the liquid alloys.
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a Hydrocarbon Molecule on a Metallic Active site.
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ABSTRACT

Applications of density functional theory in the field of modelling catalytic reactions
are discussed in terms of both methodological aspects of its usage as a tool for electronic
structure evaluation and cluster modelling of the active center. Simple functional models
are proposed for metal oxide/transition metal catalytic sites for gallium oxide in a zeolitic
lattice and palladium or rhodium based supported catalysts. Reaction paths for C-H bond
scission in methane interacting with such centers are analysed from the point of view of
the interdependence between the electronic structure and reactivity of the bond. On this
basis two mechanisms for the activation of the C-H bond are described: via electron
withdrawal from bonding states (on oxide catalysts) and via electron insertion into
antibonding orbitals (on metals).

1. INTRODUCTION

The understanding and modelling of heterogeneous catalysis and catalytic behaviour
at the molecular level can benefit as well from accurate and significant quantum
chemical calculations as from molecular statistics and dynamics simulations or all of
these procedures. The following chapter will be devoted to applications of density
functional theory in the field, its successes and problems. Although theory has had in the
past a limited impact on the understanding and predicting of catalysis, the advent of more
powerful computing facilities, which permit more complex calculations and simulations
representing more realistically the system of interest, makes this area of research one of
potential and rapid growth. Advanced computer systems, including large massively-
parallel machines, and recent improvements in quantum chemical computer codes allow
calculations on systems of considerable size, often involving more than 1000 basis
functions and more than 100 atoms depending on the symmetry. Nevertheless, the
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quantum chemical evaluation of potential energy surfaces for three-dimensional systems
1s highly complex. The enormous sizes of unit cells of such materials as zeolites, metal
oxides or mixed catalysts make periodic ab initio calculations very demanding and only
recently such calculations have become feasible for certain structures. Active sites,
amorphous regions, or crystal perturbations introduce further limitations due to the
broken translational and space symmetry, because these require larger pseudounit cells.

One approach to this problem inolves finite clusters. Such clusters may consist of
atoms or ions, real or hypothetical molecules. The standard "molecular”" ab initio
methods can be applied in calculations involving these models. This approach is
particularly suited to tackle local phenomena, e.g. to describe active sites of catalysts or
impurity centers in semiconductors, but it also helps to extend knowledge on structure
and bonding of crystals and on their bulk properties. However, cutting the interior part
out of large organic molecules, macromolecules and solids with covalent or partially
covalent bonds, leaves dangling bonds. These have to be saturated with e.g. hydrogen
atoms in order to create a realistic model for the quantum chemical description. Such an
approach will be implemented in discussing the properties of active sites in metal-
exchanged zeolites. In some problems it could prove very profitable to pursue properties
of catalysts by assuming simple molecular models for the active site in the belief that the
most important factors might be deduced from the properties of the constituent atoms
bonded in a proper way. This approach could be fruitfully used for complex catalysts,
especially when their structures are not defined or claimed to be amorphous. Such
modelling schemes will be followed in studies on supported oxidized metal catalysts.
Altogether, it must be strongly stressed that these studies are based on very small cluster
models. The price paid, however, seems to be moderate in view of the possibility to
access directly reaction pathways.

2. METHODOLOGICAL REMARKS

The other side of the problem of modelling catalysis is the choice of a suitable
quantum chemical method. As the final target is one of chemical accuracy - fine
energetical effects measured in units of a few kcal/mol - the most sophisticated quantum
methodologies should be used. It is already well known that the treatment of highly
open-shell systems is very difficult, if at all feasible, at the Hartree-Fock level. Moreover,
the HF wavefunctions must be viewed, at best, as not always convenient starting points
for more elaborate correlated calculations. On the other hand, there exists already rapidly
growing evidence that the density functional theory (DFT) is capable of meeting such
challenges and provide a unified theoretical framework for the study of electronic,
geometric, and vibrational properties of solids, surfaces, interfaces, clusiers, and
molecular systems,’ ? encompassing metallic as well as covalent bonding.*** Density
functional theory deals also with correlation where the use of fully correlated methods is
generally limited. DFT is an example of an intrinsically many-body approach to the
electronic structure of a system of interest, in principle avoiding the many-electron wave
function. Nevertheless, in accord with the tendency to retain the features of the one-
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particle picture of the electronic structure which cannot be overestimated in interpreting
chemistry, one-particle equations have been delivered by Kohn and Sham.® Even if the
so called Kohn-Sham orbitals may be interpreted only in an approximate way, they are a
great help in understanding the mechanisms of chemical processes. Thus in this work we
will also refer to qualitative properties of Kohn-Sham orbitals to highlight e.g. spatial
requirements of some interactions or directional bonding.

DFT methods appear to be especially attractive also for describing catalytic systems
where weakly interacting subsystems still remain an area of major challenge for quantum
chemistry’ . The major gain of the DFT based methods is the explicitly included electron
correlation, notwithstanding their computational modesty. There exist nowadays
numerous implementations of the DFT methodology in a variety of software packages.
We by no means intend to make any benchmark comparisons either with respect to their
numerical efficiency or calculational accuracy. We would rather give the reader an
impression of how the available software could be used as tools in formulating and
testing hypotheses regarding intricate chemical processes. In this chapter we will describe
the results of calculations obtained by means of the DMol software of BIOSYM
Technologies, Inc.® Numerical spin-polarized density functional calculations were
performed at two levels of approximation to the exchange-correlation potential: the local
density approximation (LDA) and the nonlocal gradient-corrected potential (NLDA).
Among the variety of functionals offered in numerous implementations of DFT we have
selected the local Janak-Moruzzi-Williams (JMW)® and the nonlocal exchange of Becke
combined with Lee-Yang-Parr correlation (BLYP)'® functionals as our numerical choice
together with a set of double numerical plus polarization (DNP) basis functions of
chemical quality. These constitute the recommended level of computation in the DMol
software. Already the local density approximation, however, is known to yield excellent
geometries and acceptable relative energies for metallic systems, and has achieved
considerable success in studies of complex metal surfaces' while NLDA happens to
worsen agreement with experiment,'> let us recall palladium.”* Thus the basic flow of
reasoning will rely here mainly on the results from the local density approximation. As
the chapter is focused on physical properties of matter and the implementation of theory
in materials science, practical tools for analysing electronic structure such as population
analyses based on charges estimated by fitting the electrostatic potentials will be
thoroughly investigated. Graphical part of the presentation is based on visualisation tools
included in the recent version of the Biosym/MSI Insightll software."!

3. CATALYTIC ISSUES

Subjects such as the description of gas adsorption at the molecular level in terms of
adsorption sites or type of bonding constitute nowadays a major field of research in
surface science as well as in quantum chemistry.'® Experimentalists generally deal with
techniques probing the global consequence of the interaction between an adsorbate and a
surface. Quantum chemistry can play a complementary role in examining the detailed
nature of the chemisorption interaction. For example, it can address such issues as charge
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distribution and energy level changes within the adsorbed molecule. Such information
from combined theory and experimental approaches is of primary importance to the
understanding of the fundamental steps involved in catalytic processes. It may be also
used to justify, or to improve, the quantum models used by theoreticians.

In particular, the breaking of C-H bonds in hydrocarbons has been pointed out as a
key to many important catalytic processes, be it transforming resources of natural gas
into useful products like hydrogen and petrochemicals,'® catalytic combustion'’ or
removing nitrogen oxides from exhaust gases for environmental protection by reducing
with hydrocarbons.'® Methane takes a special position among hydrocarbons as it is the
most common ingredient of petrochemical resources and natural gas. On the other hand
the high stability of methane makes C-H bond activation a challenging technological
problem. Thus methane activation on adsorption on catalytic media such as zeolites or
precious metals and their oxides has long been an intriguing subject for both experiment
and theory.'**

In the forthcoming paragraphs we are going to show how the interaction of a methane
molecule with the active site influences properties of the C-H bond. One example is
taken from a very important field of zeolite catalysis, with the metal site formed in metal-
exchanged silicalites. Recently, much attention has been given to Ga-exchanged ZSM-5
which was found to promote the reduction of NO with methane.”® The topic is very
fashionable and attractive, nevertheless, the mechanism of this process is basically
unknown. For example little is known about the mechanism of methane activation, of
water poisoning, the specific role of the reductant and the catalyst in the reaction;” also
the identification of intermediates has not yet been accomplished. Thus, theoretical
modelling of this reaction system would be of enormous value for both basic scientific
understanding and practical applications.

The cluster model for quantum chemical calculations has been based upon the known
crystal structure of ZSM-S5 reported by X-ray diffraction study modified according to the
equilibrium geometry given by molecular dynamics (MD) simulation.”” The physical
and chemical state of the active metal species in H-ZSM-5 zeolites has not yet been
unequivocally established. There exists, however, strong evidence that gallium is present
in highly dispersed monomeric form, coordinated to basic oxygens within zeolite
channels. In a reducing atmosphere it could be a reduced hydride moiety while in the
presence of excess oxygen an oxidized [GaO]" unit may be proposed. Thus in our
quantum chemical calculations, a single AlQ, tetrahedron was considered as the
representative of the active site, with adjacent silicons replaced by hydrogens and charge
deficiency compensated by {GaO]" cationic species (see the cluster part in Figure 1a).
We believe the cluster model specified above is adequate to reproduce the basic features
of the local electronic structure of the zeolitic active site. At the same time, the modest
size of the cluster allows one to meet more rigorous demands of quantum chemical
methodology and testing various computational parameters.

The other example comes from transition metal chemistry. Theoretical modelling in
modern materials science and catalysis cannot be accomplished without knowing the
electronic properties of transition metals and their compounds as they are present in the
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majority of systems of practical interest. In particular the accurate description of the
bonding involving transition metal atoms is of fundamental importance for both theory
and experiment. This is, however, a very difficult target for quantum chemistry because
the electronic structure of such species is highly complicated and the computation
requires explicit treatment of electron correlation. Even electronic properties of small
systems such as transition metal oxide diatomic molecules and transition metal dimers is
extremely intricate. The difficulties come from the many unpaired electrons, which
produce a large number of electronic states, many with high spin multiplicity. On the
other hand, such a variety of availble close-lying energetic states, frequently with
substantially different properties, may be the prerequisite factor for high activity and the
extremely delicate and flexible nature of the interaction of these species with other
molecules. The density functional theory has already been presented by us as a very
promising tool for investigating such systems, in particular transition metal oxides.>**?*

The simplest system where the interaction of a hydrocarbon molecule with a metal
oxide can be investigated is the metal oxide MeO diatomic molecule. Although it can be
hardly taken as a realistic model of a bulk oxide or oxidized metal catalyst, it offers the
possibility of deep studies on the electronic structure of the system composed of a cluster
and a hydrocarbon molecule and its evolution along the adsorption and prospective
dissociation processes, within high-level quantum chemical methodologies. Our studies
on the electronic structure of palladium systems and the methane activation’***** have
clearly indicated that only detailed knowledge of the electronic state of the system, be it a
simple diatomic cluster, may bring some insight into the intricate mechanism of
hydrocarbon adsorption and the activation of a carbon - hydrogen bond. On this basis we
have succesfully drawn qualitative conclusions regarding some factors governing
catalytic combustion of methane on an active site on a supported metal catalyst. In the
same way the differences in behaviour of oxidized and metallic phases may be studied on
the basis of the interaction of methane with a metallic dimer.”?® One may attempt to
extend this simple model by extending the cluster size which is the commonly adopted
practice for metal surfaces (see e.g. recent work by van Santen ef al.,’ Goursot ef al.,”’
Kratzer et al*® or Rochefort ef al.”® The matter is much more complicated in the case of
highly covalent oxides or complex supported transition metal based catalysts. For
example the fine structure of the surface in supported metal/oxidized metal catalysts
(where Me = Pd, Rh, Pt etc.), which are often used for the catalytic combustion of
hydrocarbons, is still not well known and any model may be verified only by the validity
of the predictions offered. Thus we strongly believe that high-level and high-accuracy
description of the dimers aided occasionally with some extended systems modelling
strictly selected features of the interaction between different phases could be of great
imporance for pursuing intrinsic factors which govern the catalysis. We will call such
models functional models to distinguish them from direct modelling either the bulk, or
the surface, or the active site in a supermolecule.
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4. DFT DESCRIPTION OF THE INTERACTION OF A METHANE
MOLECULE WITH ACTIVE SITES

Two factors may be responsible for specific routes of adsorption and transformation
of a hydrocarbon molecule on the catalyst surface: a geometrical factor and an electronic
factor. Certainly no ultimate conclusions with respect to adsorption geometry may be
drawn on the basis of very small models of the site. We would rather show interrelations
between the electronic structure of the “host” cluster or molecule and the preferable
interaction geometry with the “guest” hydrocarbon molecule and point out the
consequences regarding further reaction routes. The results discussed in this paragraph
will be based on DFT geometry optimization within the LDA approximation

In the case of the [AI(OH),][GaO] cluster the “framework” [AI(OH),] part was kept
fixed at the geometry derived from molecular dynamics simulations for a large model of
the zeolite.”” The exact geometrical position of the GaO unit was determined by DFT
total energy minimization and the gallium doubly coordinated to the framework in a
bridging position between two oxygens was found as the best structure. This geometry
rendered structurally unsaturated gallium forming a planar unit with the third bond to the
extraframework oxygen.’® Figure la shows the optimized geometry of methane
adsorption on the [Al(OH),][GaO] cluster. The other stable structure was the one
obtained after C-H bond scission with methyl bonded to gallium and hydrogen forming
an OH group with the extraframework oxygen (Figure 1c).*'

In a weakly bonded (by 4.5 kecal/mol) adsorption complex neither the geometry of the
methane molecule nor the conformation of the center undergo any significant relaxation.
Since the adsorption of methane has been found very weak the stability of the complex
has been confirmed by independent semiempirical caluculations. The adsorption distance

Q, (Fég%l{ o . Q o%
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Figure 1. Geometry evolution along the dissociation pathway of methang on QQ-ZSM-S :
a) adsorbed methane, b) transition state for C-H bond scission ¢) after dissociation
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(carbon - gallium separation) is equal to 2.7 A and slight elongation (1.10 A—1.12 A) of
the bond between the carbon and the hydrogen closest to the extraframework oxygen
may be noticed. This is accompanied by a small rearrangement of the charge distribution
making this hydrogen (which we will call the dissociative hydrogen) more positive than
other hydrocarbon hydrogens. The effect, however, is very delicate and its significance
depends very much on the reliability of the charge distribution analysis. Thus we are
going to show how various charge distribution analyses work in the software package.

Table 1 and Table 2 list charges in separate methane and for methane interacting with
the [Al(OH)4][GaO] system as obtained from three schemes available in a recent release
of the DMot package® : Hirschfeld partitioned charges, Mulliken population analysis and
charges fitted to reproduce the electrostatic potential, compared to MOPAC PM3
calculations. We can see how dramatic differences in charge distribution follow from
various population analyses. It is very well known that the populations depend strongly
on the applied basis sets and on the partition scheme of the electron density. Hirshfeld
populations seem to be rather underestimated whereas Mulliken and ESP-fitting schemes
bring rather too large bild-up of the charge, with the latter one carrying allegedly more
physical meaning. It has been already pointed out that Mulliken approach fails to yield
chemically meaningful atomic charges for CH, and that Hirshfeld is the most satisfactory
method with regard to DFT computation of chemically meaningful and basis set
independent atomic charges.”” Nevertheless, they should not be regarded as an absolute
quantity. Instead, it is more jutified to consider trends in atomic charges along a series of
molecular geometries. Table 2 lists the evolution of charge distribution along the
reaction pathway for methane dissociation on Ga-ZSM-5 completed by the search for the
transition state between the methane weakly adsorbed on [AI(OH)][GaO] and the
system after C-H bond dissociation.*' The optimized transition state structure is shown
on Figure 1b. The optimized transition state energy allowed the activation barrier for the
C-H bond scission to be estimated at 13 kcal/mol at the LDA level and 30 kcal/mol at the
NLDA level. As this makes a very substantial decrease in activation energy compared to
methane adsorbed on an acidic Brénsted active site in non-exchanged zeolite (108
kcal/mol)7 the question could be raised what would be the reason for such a difference,
imposed by such a weak interaction.

Table 1. Charge distribution in free methane as given by DFT (Hirschfeld
partitioned charges, Mulliken population analysis, ESP fitted charges) and

MOPAC calculations.
Hirschfeld Mulliken ESP MOPAC
C -0.185 -1.287 -0.672 -0.361

H 0.046 0.323 0.168 0.090
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Table 2. Evolution of charge distribution along C-H dissociation path in
methane on Ga-ZSM-5 (columns as in Table 1): ads - adsorption complex,
TS - transition state for C-H bond scission, dis - after C-H scission.

Hirschfeld  Mulliken ESP  MOPAC

Al ads 0.450 0.819 1378 1.025
TS 0.450 0.823 1.347 1.108

dis 0.439 0.811 1373 1.002

Ga  ads 0.445 1.019 0.575 1.145
TS 0.465 1.122 0.702 1.340

dis 0.447 1.054 0.895 1.415

O¢ ads -0.237 -0.913 -0.623 -0.637
TS -0.239 -0.906 -0.642 -0.628

dis -0.258 -0.915 -0.675 -0.609

H ads 0.211 0.609 0.424 0.200
TS 0.207 0.599 0.417 0.194

dis 0.197 0.587 0.398 0.196

Oc,  ads -0.465 -0.739 -0.645 -0.463
TS -0.426 -0.748 -0.714 -0.579

dis -0.361 -0.923 -0.768 -0.724

C ads -0.168 -1.247 -0.463 -0.377
TS -0.212 -1.378 -0.695 -0.533

dis -0.232 -1.404 -0.818 -0.453

Hna  ads 0.061 0.399 0.123 0.071
TS 0.052 0.424 0.159 0.096

dis 0.042 0.398 0.175 0.061

Heo  ads 0.039 0.350 0.165 0.064
TS 0.049 0.233 0.307 0.294

dis 0.130 0.545 0.356 0.135

Four types of framework atoms (Al, Ga, Oy and Hy), extraframework oxygen (Og,),
carbon (C), methy] hydrogen (H,.,) and dissociative hydrogen (Hqis) are listed in Table 2.
The most profound changes may be clearly spotted for gallium, oxygen (we will
refer to the extraframework oxygen within the GaO unit whenever oxygen is
mentioned), carbon, and the dissociative hydrogen atom. On dissociation this
hydrogen and the gallium loose electrons while the oxygen and carbon atoms acquire
electrons. In the preadsorption step, however, the unsaturated gallium site withdraws
electrons from the weakly bound methane molecule (on adsorption AQcus=10.27
according to ESP-fitted charges) decreasing C-H bond polarization and thus its
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Figure 2. Evolution of DOS along methane
dissociation pathway on GaO:—total DOS;

A - Ga contribution; x - O contribution.
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strength. The dissociative
hydrogen keeps its positive charge
which is prerequisite to trigger the
interaction with the oxygen
furnished with additional negative

charge. This makes the energctical
cost of the C-H bond scission
much smaller and the barrier
lower. After crossing the saddle
point the dissociative hydrogen
makes a very strong, polarized OH
bond while the methyl remains
bonded to gallium already in the
preferred tetrahedral coordination
at 1.93 A which makes a highly
stabilized final system (the heat of
dissociation has been estimated at
52 kcal/mol).

The analysis of the evolution of
the density of states (DOS) graphs
along the methane dissociation
path given in Figure 2 provides
further  justification for the
proposed mechanism. The graphs
have been constructed relative to
the Fermi level, with the total
density of states depicted by solid
line and partial contributions of the
atoms forming the GaO umnit
marked with appropriate symbols.
Apparently Ga and O atoms
contribute fully to the top of the
occupied part of the cluster DOS
spectrum building exclusively the
peak closest to the Fermi level
(Figure 2a). Adsorption of
methane is weak and the graph
given in Figure 2b shows merely
the same DOS shape with addition
of a carbon contribution around 6
eV below the Fermi Ilevel,
however, numerical data show that
the GaO peak has been shifted
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a) methane on Ga ZSM-5

upwards and the carbon peak
downwards (see Figure 3a) which
might be taken as an indication of
the methane to GaO charge
transfer. Already in the transition

A state the bond between the carbon
4 and gallium atoms starts to form
-800 200 which manifests itself in the
Energy (eV) splitting of the highest GaO peak.
b) methLanegl PdO P In the dissociated system the

higher energy GaO peak
disappears on behalf of new bonds
formed with methyl and hydrogen
moieties. Figure 3 shows analyses
of changes in carbon contribution
to the valence part of the density of
states for methane interacting with
—6.00 ooo @ gallium - zeolite cluster (a) and

palladium oxide diatomic molecule

Energy (eV)

Figure 3. Evolution of carbon contribution to (b). We are going to demonsirate

DOS along C-H dissociation pathway on in Fhe next paragr aphs that'th.e type
galium ZSM-5 and PdO clusters: — in free of interaction is basically similar as
methane; X - adsorbed state; A - dissociated C- both “host™ clusters _comprise the
H bond. metal - oxygen unit, palladium,

however, being a transition metal,
imposes significant differences on the spectrum. One can analyse Figure 3 in a
similar way as Figure 2 in terms of metal-carbon bond formation. In the case of Ga-
ZSM-5 (Figure 3a) pre-adsorption of methane is apparently much weaker than that
on PdO. The carbon peak in the adsorbed state is merely shifted down whereas for
methane on PdO (Figure 3b) it is split and the shift is much more pronounced.

After the C-H bond dissociation, new carbon contribution appears around 3 eV
below the Fermi level which can be ascribed to the formation of the bond between
the carbon and gallium atoms. In the case of palladium oxide similar features may be
spotted in the spectrum, the palladium-carbon bond, however, shows to be much
weaker as the splitting of the carbon contribution is roughly two times smaller.

The stability of the adsorption of a hydrocarbon on the active site prior to C-H
bond dissociation apparently strongly depends on the nature of the site and has not
yet been unequivocally established. None of the studies on oxidative coupling of
methane on non-transition metal oxides reported a stable methane preadsorption.34
Transition metal oxides, however, may reveal different behaviour and there exists
already theoretical evidence for stable methane adsorption on transition metal atoms
and complexes.®® Also the stability of the so-called encounter complexes has been
qualitatively predicted to increase the reactivity of transition metal MO~ species
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toward hydrocarbons.*® Thus comparing the interaction of a methane molecule with
palladium and rhodium compounds and with GaO in zeolites is of considerable
importance for answering general questions on the mechanism and preliminary steps
in the oxidative coupling reaction.

In the following we shall analyse our results regarding methane adsorption and
activation on diatomic molecules: PdO, Pd, and Rh,. Figure 4 shows the stable
structures of the system composed of methane and diatomic molecule in the case of
the palladium dimer (left panel) and the palladium oxide (right panel). It may be
casily noticed that the optimum geometries of interaction vary with the “host”
cluster. In the case of PdO™ no energy minimum was found for the approach toward
oxygen whereas stable adsorption complexes emerged for collinear-to-palladium and
bridging positions, with the first one lower by 13 kcal/mol. The bridging adsorption
(not shown in the picure) was actually very weak (adsorption energy equal to 6.2
kcal/mol) and comparable to that on the GaO unit. The other very stable structure
appeared to be the product of the C-H bond scission with the hydrogen forming OH
group and the methyl carbon - palladium separation of 1.98 A. The stability of the
dissociated system with respect to the adsorbed state was 35.3 kcal/mol. From the
similarity of the geometry of methane in the bridging position to that on Ga-ZSM-5
the prospective transition state for the C-H bond scission could be deduced. Indeed,
stretching this bond (taken as the reaction coordinate) up to 1.4 A required only 11

Q

He

X% y
- @9 @o%

Q
Figure 4. Geometry of methane interaction with palladium dimer

(left panel) and PdO molecule (right panel): a) adsorbed methane
and b) adsorbed methyl and hydrogen after C-H bond scission.
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Table 3. Evolution of charge distribution along C-H dissociation
pathway on PdO (DFT, Hirshfeld values).

PdO ads TS dis
Pd 0.294 0.274 0.364 0.376
(0] -0.294 -0.278 -0.279 -0.364
C -0.182 -0.205 -0.206
Himet 0.022 0.021 0.032
Hg;s 0.062 0.024 0.096

kcal/mol and then the structure was relaxed to the dissociated system. In the region
of a saddle point close vicinity of the singlet (ground state for the dissociated
system) and the triplet (ground state for PdO molecule and adsorption complexes)
made rigorous calculation of the transition state in this case very difficult due to
severe mixing and lack of convergence. Thus the overall activation barrier was
estimated from simplified constrained reaction path calculations at about 25 kcal/mol
{(with respect to collinearly bound system), very much like the gallium site. One can
wonder if the investigation of the transition state within the LDA approximation ts
justified. There exist, however, the studies showing that the underestimation of the
bonding within nonlocal schemes may be so large that they are unable to locate any
bound transition state at all where one would expect their existence.” Thus we have
decided to use the LDA for comparative descrition of transition state properties.

In the case of Pd,”’ the adsorption properties of methane resemble neither the
gallium site nor the PdO molecule (Figure 4, left panel). Detailed calculations
revealed that the methane adsorbs strongly on Pd, in the bridging position with the
Pd-C distance equal to 2.2 A and the bonding energy equal to 25.7 kcal/mol.”* It may
be easily noticed that one hydrogen atom is actually within the coordination sphere
of both metal atoms, whereas carbon is bonded by Pd,. Already on adsorption the
bonds between the carbon and active hydrogen atoms become substantially stretched
up to 1.23 A Further stretching the bond is very cheap energetically, and for a C-H
distance equal to 1.48 A, the transition state is reached with an energy expense of
only 2 kcal/mol. After crossing this point the hydrogen migrates almost freely
around the palladium dimer. The shallow energy minimum has been spotted for the

Table 4. Evolution of charge distribution along C-H
dissociation pathway on Pd, (DFT, Hirshfeld values)

ads TS dis
Pd, 0.007 0.005 0.193
Pd, 0.131 0.155 0.169
C -0.199 -0.194 -0.250
Hinet 0.029 0.027 0.013
Hais -0.056 -0.071 -0.143
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a) PdO and methane molecule
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Figure 5. Evolution of DOS along methane
dissociation pathway on PdO:—total DOS;
A - Pd contribution; x - O contribution.
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geometry where both the hydrogen
and the methyl take bridging
positions  between the two
palladiums, at opposite sides of the
molecule. The stability of the
system with respect to the
adsorbed conformation, however,
amounts only to 11 kcal/mol which
indicates strong methane
adsorption but weak bonds in the
dissociated complex.

Table 3 and Table 4 show the
Hirshfeld charge redistribution
along the C-H bond scission
reaction path on PdO and Pd,
molecules, respectively. The most
general difference in the charge
redistribution is that while the PdO
molecule withdraws electrons from
methane molecule, the palladium
dimer donates 0.1 ¢ to the adsorbed
molecule. The most influenced
hydrogen becomes more positive
in the first case while it bears a
negative charge in the second case.
The activation of the C-H bond is
much more pronounced on Pd,,
where it undergoes 23% stretch
compared to 2% on PdO. The
reason for bond destabilization is
different in both cases: on Pd, the
donation of electrons to an
antibonding orbital of methane
with broken symmetry makes a
very strong impact on the C-H
bond strength; on PdO it is the
withdrawal of bonding electrons
from methane which weakens the
bond. On the palladium dimer
substantial decrease in  bond
polarization adds to the effect. On
the contrary, the stabilization effect
after C-H dissociation is much
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stronger on PdO where the
hydrogen forms a very strong,
polarized bond  while the
negatively charged hydrogen atom
moves almost freely in the entire
subspace of the palladium dimer
and the recombination reaction is
very probable. In both cases the
adsorbed methyl moiety acquires
overall negative charge, with much
more negative carbon atom and
highly polarized bonds.

Analyses of the evolution of the
density of states graphs along the
methane dissociation path on PdO
and Pd, are given in Figure 5 and
Figure 6, respectively. The graphs
have been constructed relative to
the Fermi level, with total density
of states depicted by solid lines and
partial contributions marked with
appropriate symbols (these are Pd
and O for PdO, and Pd and C for
the palladium dimer). The main
difference between the non-
transition metal oxide in the
zeolitic lattice and the transition
metal oxide or dimer appears in the
position of the Fermi level. Here
the Fermi level lies within partially
populated states, even if the singlet
is low-lying, possibly the ground
state of Pd,, at least in the presence
of the guest molecule.?’

Apart from the Fermi level
position, palladium oxide shows
behaviour similar to the GaO unit.
Adsorption  of the methane
molecule is apparently weak, the
overall shape of the spectrum does
not change significantly while an
additional feature due to carbon
appears with similar shape and in a
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similar position to the one shown in Figure 2b. In the transition state the bonding of
methane is even weaker, the carbon peak shifts almost to its original position from
the free molecule (see also Figure 3b), and only after final C-H bond scission does
the Fermi level shift to the energy gap. Now the shape of the spectrum changes
generally, new features appear in the lower part of the spectrum ascribed to the
formation of strong bonds between carbon and palladium, and between hydrogen
and oxygen.

The case of the palladium dimer is completely different (see Figure 6), as was
already underlined in the discussion of the interaction geometries and charge
distributions. The dimer density of states (a) resembles very much that of Jarge 135
palladium atom clusters.'? Here already methane adsorption (b) is strong enough to
shift the Fermi level to the energy gap. In addition, bonding states with large carbon
contribution are split and shifted down by 2 eV. In the transition state (c) the system
remains still strongly bonded and finally the dissociated system (d) furnishes the
spectrum with a large energy gap and well developped shapes below 5 eV coming
from methyl and hydrogen interacting with metal atoms.

Thus the DOS analyses add fully to the emerging picure of the methane
interaction with various media. In order to widen the understanding of this
phenomenon and to probe other transition metals, we include also a short discussion
on rhodium compounds acting as the “host” cluster.”* Open-shell rhodium oxide
behaves very much like open shell palladium oxide showing comparable preliminary
collinear adsorption and activation towards bridging adsorption and transition state.
The rhodium dimer, however, does not provide any position for such strong
adsorption of methane as does the palladium dimer, at least in the low-energy high-
spin state. A methane molecule binds weakly (by 11 kcal/mol) in the collinear
position, other positions are higher in energy, in addition no sizable , comparable to
Pd,, activation of the C-H bond is imposed here.

5. DISUSSION AND CONCLUSIONS

At this point the question could be raised whether any common factor might be
selected to discriminate between transition metal systems in view of their impact on
the activation of the C-H bond in methane. We have already proposed a tentative
interpretation of the source of the differences in the interaction of methane with the
active site based on the interdependence between the electronic state and the
reactivity in systems containing rhodium or palladium.”® In the case of a palladium
atom with closed-shell d'° electronic structure, no repulsive 5s electrons are present
thus the adsorption complex is stable but the insertion product is not, due to the high
energy of the d°s’ state responsible for making bonds with scission products. On the
contrary, the rhodium atom has the open-shell electronic d' configuration and
repulsive 5s electrons make the adsorption complex unstable but the insertion
product has substantial stability.** In the case of dimers, only Pd, has no 5s electrons
in the ground state but the open shell configuration lies very close in energy. Thus
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a) contribution of 5s functions

Energy (eV)

b) contribution of 4d functions

Energy (eV)

Figure 7. Contribution of metal s and d shells
to total DOS of clusters: x - Pd, ,A - Rh, ,
* - PdO.

E. Broctawik

both the adsorption complex and
the dissociation product are stable.
For rhodium dimer in its high-spin
ground state the adsorption
complex is less stable due 1o
repulsive interaction with Rh 5s
electrons while the dissociation
complex lies on a low-spin surface
and may be reached only via a
prerequisite spin transition. The
same is true for the palladium
oxide molecule.”® It is yet not clear
at the present stage of the study if
this tendency will be retained for
larger clusters or the bulk.

The analysis of the DOS profile
fully confirms this hypothesis. In
Figure 7 contributions of metal s
and d shells to the total density of
states for the “host” Pd,, Rh, and
PdO clusters are given. The
contribution of a 5s shell 0 the
occupied part of the spectrum of
the palladium dimer 1s much
smaller than for other systems. In

the case of 4d shells (Figure 7b) it is the rhodium dimer molecule where the large
part of the d spectrum lies above the Fermi level while for the palladium dimer
spectrum the main d contribution keeps well below the Fermi level.

Finally Table 5 summarizes the most important global properties of the
interacting systems. The charge transfer AQ is defined by the fraction of electrons
transfered from the methane molecule to the “host” cluster on adsorption, caiculated

Table 5. Properties of adsorption complexes of methane with studied systems:
favored position, adsorption energy, methane-to-cluster charge transfer, activation

barrier and stretching frequency of C-H bond.

Adsorption Adsorption AQ Activation VC Hdis
position energy (methane energy (ecm™)
(kcal/mol) 5 cluster) (kcal/mol)
GaO on top Ga 4.5 0.028 13 2884
PdO collinear on Pd 19.2 0.004  spin trans. 2754
Rh, collinear on Rh 11.0 0.047  spin trans. 2826
Pd, bridging 25.7 -0.188 2 1903
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with the use of Hirshfeld atomic charges in a free molecule and the adsorbed system
(positive sign depicts withdrawal from and negative signs means donation of charge
to the methane molecule). Barrier heights are given whenever rigorous calculations
for the transition state was possible. Vibrational frequencies were obtained from the
full vibrational analysis of the adsorbed systems.***** The palladium dimer appears
to be the unique case among studied systems, with the strongest affinity to methane.
It is the only closed-shell system, where electrons are donated to the hydrocarbon
molecule on adsorption, which brings the most efficient activation of the C-H bond
and the lowest barrier for its scission. At the same time the adsorption geometry 1s
the bridging one where the bonding is mediated by hydrogens. Other systems
withdraw electrons from the adsorbed hydrocarbon molecule. On PdO and Rh;
collinear position on the metal is preferred with moderate strength of adsorption. On
Ga0O methane interacts with the gallium but adsorption is very weak (one might
speculate here that the favoured collinear to metal approach might be blocked by the
zeolitic lattice). In accord with expectations emerging from the degree of
preliminary elongation of the C-H bond, the activation energy required for final
scission of the bond on Pd, is very small; breaking the C-H bond in methane
interacting with the GaO site requires also moderate barrier height, while PdO and
Rh, provide reaction routes with substantial barriers. In addition, for very strong
interaction with Pd,, already the adsorbed complex has the proper low-spin state
whereas on PdO and Rh, weak adsorption leads to high spin and prerequisite spin
transition to low spin (triplet-singlet for PdO or quintet-triplet for Rh,) which adds to
the reaction barrier. Gallium, being a non-tranmsition metal, provides weak
adsorption, the entire reaction pathway, however, lies on the low-spin surface.
Finally, calculated frequencies for the carbon-dissociative hydrogen stretch in the
adsorption complexes are given in the last column of Table 5. This property exactly
reflects the trends discussed above: in each case weakening of the bond is visible (in
free methane the DFT calculated frequency equals 2994 cm™ *') but only on the
palladium dimer the effect is remarkably large.

The examples presented in this work by no means cover the subject of the C-H
bond activation on a spectrum of catalytic media. Interaction of methane with the
small clusters discussed here obviously cannot pretend to fully mimic catalytic
centers in reality. Nevertheless, they seem to justify drawing generalized conclusions
regarding the mechanism of catalytic activation in terms of electron withdrawal or
donation to the interacting hydrocarbon molecule. A variety of properties contribute
consequently to the emerging scheme (electronic density redistribution, geometry
evolution in critical points, energetical factors, vibrational analyses) which
substantially increases credibility of the conclusions.
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Recent Developments in High-precision Computational
Methods for Simple Atomic and Molecular Systems

Frank C. Sanders

Department of Physics, Southern Illinois University at Carbondale
Carbondale, IL 62901, U.S.A.

Within the last few years, there has been a resurgence of interest in high-
accuracy calculations of simple atomic and molecular systems. For helium,
such calculations have reached an extraordinary degree of precision. These
achievements are only partially based on the availability of increased compu-
tational power. We review the present state of developments for such accurate
calculations, with an emphasis on variational methods. Because of the central
place occupied by the helium atom and its ground state, much of the discus-
sion centers on methods developed for helium. Some of these methods have
also been applied to more complex systems, and calculations on such systems
now approach or even surpass a level of precision once only associated with
calculations on helium. Hence, other atoms and molecules amenable to high-
precision methods are also discussed.

1. INTRODUCTION

In the implementation of density functional methods for atoms and molecules,
accurate wave functions can be utilized to test or construct the energy density
functional[l]. Except for one-electron systems, however, these wave functions
are necessarily approximate. Beyond hydrogen, the most precise wave func-
tions available are obtained by the use of variational methods. For the sim-
plest, few-electron systems, such calculations are capable of producing energies
and wave functions of very high accuracy, more than sufficient for the present
requirements of density functional theory. In this article we review the devel-
opment and present state of accurate, variational calculations on simple atomic
and molecular systems. In order to facilitate comparison of various alternative
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computational approaches, we discuss only “benchmark” calculations: non-
relativistic calculations with infinite-mass nuclei for the ground states of the
system. These are all based on correlated basis sets, as presently only such
bases are capable of yielding this high level of precision.

Particular attention is given to calculations on two- and three-electron atoms.
For helium, variational calculations have reached the extraordinary precision
of roughly 16 significant figures[2]. Such precision, well beyond that required
for comparison to experimental energies, is needed in order to generate very
accurate wave functions. With these wave functions, expectation values and
higher-order relativistic and QED corrections of suflicient accuracy for com-
parison to experiment can be obtained. In addition, with such high-precision
results, fundamental theoretical characteristics of the helium system can be
studied.

Recently calculations on lithium have also reached impressive levels of pre-
cision: on the order of 9 to 10 significant figures[3]. In the past, such accuracy
would only have been associated with the most elaborate calculations on he-
lium. Beyond lithium, this level of accuracy has not been achieved, as the use of
correlated basis set methods becomes very cumbersome. At some point, large
scale calculations based on simpler methods begin to surpass those produced
with necessarily smaller, correlated basis sets. At present, this “crossover”
occurs somewhere in the four to five electron range. Examples of such calcu-
lations on beryllium as well as some simple molecules will be presented.

All calculations discussed here have been chosen as representative of various
computational methods and no attempt at encyclopedic coverage of calcu-
lations on simple atomic and molecular systems has been made. A some-
what more comprehensive discussion of computational methods for atoms and
molecules can be found in Sanders[4] while Morgan|5] also reviews recent de-
velopments in high-precision computational methods.

2. VARIATIONAL METHODS

The non-relativistic Hamiltonian for an n-electron atom is (in atomic units),

= 1 zZ K1
sz(—-vf——JrZ—). (1)

- 2 r; ~. Tij

1 >t T w
Variational methods[6] for the solution of either the Schrédinger equation

or its perturbation expansion can be used to obtain approximate eigenvalues
and eigenfunctions of this Hamiltonian. The Ritz variational principle,

<\i;|H - Equ> > 0. (2)

permits optimization of a trial wave function \Il(rl, ...,y ) satisfying appropri-
ate boundary conditions. The trial function is almost always constructed from
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a finite selection of terms obtained from a “basis set” ¢, which, in fact, need
not be a basis in the strict mathematical sense,

N
U=> ¢ Adpi(a). (3)
i=1
The projection operator A produces an antisymmetrized wave function. Op-
timizing the linear coefficients ¢; so as to minimize the energy yields a secular
determinant whose eigenvalues are upper bounds to the energies of the N
lowest states of the system and whose eigenvectors are approximations to the
corresponding wave functions. The nonlinear parameters a; are usually opti-
mized by some search procedure.

As an alternative to the Ritz variational method, a variational perturba-
tion method based on a perturbation expansion can be utilized. Here, the
Hamiltonian is separated into an unperturbed Hamiltonian and a perturbing
potential,

and the wave function and energy are expanded in the perturbation parameter,

¥ =3 A", E=Y e, (5)

When introduced into the Schrodinger equation, these perturbation series yield
the perturbation differential equations ,

n

D (He — x)bn i =0, (6)

k=0

where Hy = 0 for £ > 2. The variational perturbation equations[7,8] are
the Euler-Lagrange equations of these perturbation differential equations. For
example, the variational perturbation equation for the first-order wave function

1s,

<1Z’1lH0 - €0|1/~)1> + 2<1,Z)1|Hl - 61|¢0) —€ 20, (7)

and yields an upper bound to the second-order energy. If the trial first-order
wave function 9, is expanded in some basis set, optimization of the linear
coefficients yields a system of linear equations whose solution requires only
a simple diagonalization of the (Hp — €p) matrix. This can be accomplished
by any direct diagonalization method, so that this procedure is intrinsically
simpler than solving the secular determinant of the variational method[9].
Since high-accuracy variational calculations generally require correlated ba-
sis sets of one kind or another, much of the discussion that follows will focus on
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the relative merits of these basis sets. If there were no restrictions on the size
of a basis set, and if computing time were of no consideration, one basis set
would serve as well as another. Even with significant improvements in comput-
ing power, however, this is not even remotely the case. Despite the fact that
calculations with thousands of terms and elaborate basis sets have become the
norm, the rate of convergence of a basis set remains of crucial importance for
accurate calculations. Since the size of the basis set is necessarily limited by
the computational resources available, there is a need for basis sets that can
converge to the desired accuracy within these limits.

For larger systems (greater than four or five electrons) correlated basis sets
must be restricted in order to limit the scale and complexity of the calculation.
As the number of electrons increases, such restricted basis sets are no longer
competitive with less elaborate methods. This raises questions as to whether
correlated bases can be effectively utilized in more complex systems. Simpler
alternatives to correlated basis sets exist for such systems, but suffer from
slow convergence and correspondingly low accuracy. One of the most gener-
ally used of such methods is configuration interaction (Cl). Despite its slow
convergence, the Cl method remains useful since its simplicity permits larger
scale calculations than can presently be undertaken with correlated basis sets.

3. WAVE FUNCTIONS

Perhaps the simplest way of testing the accuracy of a trial wave function
over the entire configuration space is through the local energy function,

Froo(ry ) = B{r1: Tn) (8)
\I’(rl . rn)

If the exact wave function were known, Ej,. would be equal to the exact en-
ergy and constant everywhere. For variational wave functions, however, F.
typically displays large deviations from the approximate eigenvalue obtained
with the same wave function, even when the eigenvalue itself is very accurate.
Of particular interest are those regions where the deviation in the local energy
is greatest. Not surprisingly, these are found at just those points where the
Hamiltonian is singular: at electron-nucleus and electron-electron collisions.
This behavior of the local energy is related to the Kato “cusp” conditions[10]
and suggests that satisfying the cusp conditions is critical if a trial wave func-
tion, and the variational energies obtained from it, are to yield accurate results.
These conditions take the form of a cusp or discontinuity in the first derivative
of the wave function at a two-particle coalescence:

(o) = ¥l ©)
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where C, = —Z for r = (r3,ry) and C, = % for r = r12 and the left hand side
is an average over a small sphere about r = 0.

Fock[11] showed that a formal solution for the helium wave function could
be obtained in terms of hyperspherical coordinates and that this would take
the form of a power series in R = (r? + r2)'/? and InR, multiplied by functions
of the hyperspherical angles, o and 6;5. The lowest-order terms of Fock’s
expansion for the ground state wave function are,

-
3r

The second and third terms handle two-body collisions while the fourth term
is related to the three-body collision. The term second-order in R in the Fock
expansion is also known, and Myers, et al.[12] have verified that this term
eliminates the discontinuity in the local energy at the origin. This article also
contains an analysis of the behavior of the wave function in the vicinity of
these singular points.

A CI basis cannot describe the third term in the Fock expansion very easily
while it can be included explicitly in a correlated basis, explaining the superior
convergence of the latter over any one-electron basis. Studies of the partial

1 2
U =1-—2Z(r+r)+ 3Tz~ VA ri7y cos by InR. (10)

wave expansion,
a; b —
¢ = ry ry P(cosfyy) e"laritazra) (11)

indicate that a trial function of this form reproduces the cusps only very
slowly[13]. Since a configuration interaction wave function can be considered
a particular variant of the partial wave expansion, all CI methods will suffer
from the same slow convergence. The question of the convergence of atomic
and molecular basis sets is a difficult one. In this case, however, it has been es-
tablished that the contribution to the energy from each partial wave decreases
as (I 4+ £)7%[14]. This slow rate of convergence guarantees that reaching the
accuracy noted above for helium or lithium would be prohibitively expensive.
Carroll, Silverstone and Metzger[15] estimate that the minimum ! needed to
reach an accuracy of a few parts in 10° would require a CI basis with partial
waves up to at least { = 256, corresponding to roughly 42,000 terms.

4. HELIUM

A selection of calculations on the ground state of helium is presented in
Table 1. From this Table we see that the choice of basis is more significant
than the number of terms in determining the accuracy of a calculation.

The ground state of helium is itself a rather special case as the wave function
is relatively compact. It is thus not difficult to get a reasonable representation
of this wave function with a rather modest, correlated basis set. Hylleraas{16]
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Table 1

Energy of the Ground State of Helium (in a.u.)

F. C. Sanders

Energy Size/type of Basis
Hylleraas{16] 1929 -2.90324 6-term Hylleraas
Kinoshita[18] 1957 -2.9037237 80-term Kinoshita
Pekeris[19] 1959 -2.903724375 1078-term Pekeris
Schwartz[20] 1962 -2.90372437616 189-term 1-integer

Scherr & Knight(Z~*)[8] 1963

-2.90372433

100-term Kinoshita

246-term Fock
66-term EC
230-term Fock
196-term double
476term doubleFock
1262-term double

Frankowski & Pekeris[22]1966 -2.9037243770326
Thakkar & Smith(25] 1977 -2.903724363

Freund, et al.[23] 1984 -2.9037243770340
Kono & Hattori[26] 1986 -2.9037243766

Baker, et al.(Z-1)[31] 1990 -2.9037243770341184
Drake & Yan[2] 1994 -2.903724377034119479

was able to obtain the energy of the ground state accurate to a few parts in
10° with only six terms in his trial wave function. Hence, chemical accuracy
( 1 keal/mol or 1.6 x 1073 atomic units ) was already achieved by Hylleraas
in this calculation, which represented an order of magnitude improvement in
precision over results obtained with a CI basis[17]. In this work he introduced
a correlated basis in Hylleraas variables,

s=r1+ry, t=ry—r11, U=TI (12)

Improved experimental values for helium created renewed interest in such cal-
culations in the late 1950’s. In 1957, Kinoshita[18] utilized an 80-term trial
function in Kinoshita variables,

) (13)

to obtain the non-relativistic energy accurate to 1 part in 107, and, in 1959,
Pekeris[19] used a 1078-term wave function in Pekeris, or perimetric coordi-
nates,

w = 2¢(r1 + 712 — T12), (14)

u = 6(T2+7‘12—T’1), v = 6(7‘1-'—7‘12—7'2),

to obtain the energy accurate to 2 parts in 10'°. Pekeris’ calculation was of
such unprecedented size and accuracy that it stood as the standard for many
years.

All these calculations can handle two-particle collisions, but none attempts
to deal directly with the three-particle coalescence. Schwartz[20] recognized
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the importance of including logarithmic terms in the wave function for this
purpose, but found such a wave function cumbersome. Instead, he introduced
half-integer powers[20] into his basis set:

bi = s¥/% byt e 0, (15)

With only 89 terms in his trial function, Schwartz was able to surpass the
1078-term result of Pekeris. These results demonstrate how crucial a proper
description of the wave function at small length scales is. Although logarithmic
terms were utilized as early as 1958[21], it was not until 1966 that large-scale
calculations were attempted. Frankowski and Pekeris[22] utilized such a 246-
term, Fock basis to obtain an energy improved by three orders of magnitude
over Pekeris’ earlier 1078-term result. In fact, the 1078-term result was sur-
passed with a basis of just over 100 terms. More recently, Freund, Huxtable,
and Morgan[23] constructed a 230-term wave function, paying special atten-
tion to the description of the low-order terms in the Fock expansion. With this
smaller wave function, they were able to obtain an energy accurate to a few
parts in 10', an order of magnitude improvement over the Frankowski-Pekeris
result.

A natural extension of a Hylleraas-type basis might include correlation in
the exponential function. Hylleraas[24] introduced this type of exponentially
correlated (EC) wave function, using a single term of the form,

é; = e (@i +Birz + v r2) (16)

If we think of this correlated exponential as a very high-order but compact form
of Hylleraas basis (think of its Taylor series expansion) we can see why this type
of wave function can increase the rate of convergence significantly. A variant
of this type of basis was utilized by Thakkar and Smith[25], who with only 66
terms, obtained a ground state energy in error by only 1 part in 10%. In their
approach, Thakkar and Smith utilized three different nonlinear parameters for
each term in the basis. It would have been very expensive to optimize every
nonlinear parameter in the trial function independently. Instead, Thakkar and
Smith imposed constraints on their nonlinear parameters, determining them
through a set of relations involving only six parameters.

With the exception of the EC basis, the basis sets discussed to this point have
utilized only one or two nonlinear parameters, relying on the flexibility avail-
able in large numbers of high- and low-order terms to simultaneously describe
particle coalescences and the asymptotic behavior of the wave function. This
same flexibility can be obtained with fewer terms by using multiple nonlinear
parameters in the basis. Groups of terms with identical nonlinear parameters
can be considered distinct basis sets, and the method can be described as a
multiple basis set method. The first extensive use of such a “double-basis” set
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was due to Kono and Hattori[26] in 1984. Kono and Hattori were interested in
calculating accurate oscillator strengths for excited states of helium. In order
to obtain consistently accurate wave functions for a number of very different
excited states, they needed a very flexible basis. Table I lists their value of the
ground state energy of helium obtained with a double basis containing a total
of 196 terms:

¥ =35 Agile,B) + e Adi(1,7), (17)

with
bi(, B) = 17’ 7‘2 ) e~(amtBra), (18)

In this calculation, only v was actually optimized while the other two nonlinear
parameters were kept fixed. Despite this restriction, the method yields an
energy for the ground state correct to 4 parts in 101°. We can ascribe the
accuracy of this result to the use of additional nonlinear parameters, permitting
each basis to cover different parts of configuration space.

Drake{27] introduced several refinements to this multiple basis set approach:
he developed a method to optimize all the nonlinear parameters in the wave
function efficiently and he included a single, screened hydrogenic term in the
basis. The latter was important in improving the convergence of the basis,
particularly in calculations on excited states. In optimizing the nonlinear pa-
rameters, it was found that the parameters separated the two basis sets so
that one described the wave function at small length scales while the second
described large length scales. This also had the beneficial effect of reducing
linear dependence between the two basis sets. In a more recent calculation
utilizing a wave function with a total of 1262 terms, Drake and Yan[2] obtain
a ground state energy apparently converged to a few parts in 10'”. The max-
imum metric (polynomial) order of any term in this wave function is w = 18,
where w = a;+b;+¢; (see Eq. 18). At this high metric order, machine precision
can constrain the choice of terms included in the basis unless special efforts
are made to contain the size of matrix elements.

A single basis set requires high metric order terms if it is to adequately
describe both inner and outer regions of configuration space. Since the number
of terms of a particular metric order is related to the number of partitions of the
integer w, this number increases very rapidly with w and it becomes difficult
to include all terms of some high metric order in a trial function. Multiple
basis sets, however, can cover these regions of configuration space with a lower
metric (and fewer terms) than would be required with a single basis set of the
same form. Drake’s calculations demonstrate that a sufficiently flexible (large)
double-basis set can represent the particle coalescence region with sufficient
accuracy that Fock-type terms can be avoided.
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Table I also contains two examples of variational perturbation calculations
for helium. These are both Z~! expansions where, by the use of charge-
scaled atomic units, Z~! appears as a natural perturbation parameter(7]. The
thirteenth-order calculation of Knight and Scherr(8] (sixth-order in the wave
function) utilized a 100-term, Kinoshita-type basis in each order of the wave
function. Since, for this calculation, the accuracy of the energy cannot be
greater than the accuracy of ¢; and this is obtained from the 100-term, first-
order wave function, a comparison with Kinoshita’s 80-term wave function is
appropriate. It can be seen that, with 20 more terms in the basis, the Z}
expansion improves the energy by an additional significant figure. Scherr and
Knight[28] also showed that higher-order wave functions cover regions in con-
figuration space at progressively larger length scales. Hence, in comparison to
an equivalent 100-term, variational calculation, this calculation should provide
an improved coverage of configuration space.

An interesting problem in the Z~! expansion has to do with the radius of
convergence of the series. Kato[29] showed that the perturbation series was
indeed convergent, and obtained a lower bound for the radius of convergence
of Z7! = 0.13. An improved lower bound of Z~! ~ 0.505 was subsequently
obtained by Ahlrichs{30], but Knight and Scherr had found that their com-
puted energy coefficients gave a radius of convergence close to Z7! = 1.25,
so that even the series for the H™ jon would converge. More recently, the
Z~! expansion was utilized by Baker, et al.[31] to calculate the perturbation
energy coeflicients through 401st order (corresponding to a 200th-order wave
function). In their calculation, Baker, et al. employed a Fock-type basis of 476
terms with the terms divided into two basis sets. With this moderately-sized
wave function, they were able to produce an energy in agreement with Drake
and Yan’s 1262-term result to 15 significant figures. From their energy coef-
ficients they estimated the radius of convergence of the Z~! expansion to be
1.09766. At precisely this value of Z, the energy of the ground state becomes
degenerate with the first ionization threshold, confirming an earlier conjecture
by Reinhardt[32] about the radius of convergence of the Z~! expansion.

5. LITHIUM

In three-electron systems, the convergence of a basis set is complicated by
the increasing number of terms required to reach a particular metric order.
For three-electrons, a typical correlated Hylleraas (HY) basis might look like
B R e 19
Because of the additional factors appearing in each term of this basis, the
number of terms required to reach a particular metric order grows very rapidly.
Where in a two-electron calculation, a relatively modest 84 terms suffice to
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form a wave function complete through w = 6, the total number of terms
needed to reach this metric in a three-electron problem is 811, a non-trivial
number. Since the convergence of a trial function increases roughly as the
metric order rather than as the number of terms in the basis, results obtained
with an 84-term helium wave function should be roughly comparable to those
obtained with a similar 811-term lithium wave function. The magnitude of this
problem increases dramatically as the number of electrons increases. Since in
practice, there is a limit on both the highest metric and total number of terms
that can be incorporated in a wave function, basis sets that converge rapidly
and can produce accurate results at lower metric and with fewer terms are of
great interest.

Table 2 presents a number of calculations of increasing accuracy on the
ground state of the lithium atom. Notable in this Table is the high preci-
sion recently achieved for this system. A CI calculation is also presented for
comparison. The first calculation for lithium with a correlated basis set was
made by James and Coolidge[33]. In this work they also developed methods
for dealing with the three-electron integrals that appear in these calculations.
Evaluating these integrals requires considerably more computation time than
the equivalent two-electron integrals, and the efficient treatment of coupled
three-electron integrals continues to be a problem.

Table 2
Energy of the Ground State of Lithium (in a.u.)

Energy Size/type of Basis set
James & Coolidge[33] 1936  -7.47607 17-term HY
Larsson[34] 1968  -7.478025 100-term HY
Sims & Hagstrom[39] 1975 -7.478023 150-term HY-CI
Hol[35] 1981 -7.478031 92-term HY
King & Shoup[36] 1986 -7.478058 352-term HY
King[37] 1988  -7.478059 602-term HY
Kleindienst & Beutner[40] 1989  -7.47805824 310-term HY-CI
King & Bergsbaken|3§] 1990  -7.47805953 296-term HY
McKenzie & Drake[43] 1991  -7.478060312 1134-term HY
Pipin & Bishop(41] 1992  -7.4780601 1618-term HY-CI
Luchow & Kleindienst[42] 1992  -7.47806025 976-term HY-CI
Yan & Drake[3] 1995  -7.47806032156 1589-term HY

CL
Jitrik & Bunge[44] 1991  -7.477906662 3653-term Cl
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Progress in calculations on lithium developed siowly due to the complexity of
the calculations and the limited computing power available. In 1968, however,
Larsson[34] achieved five figure precision with a 100-term HY wave function.
His basis contained terms with w as high as 7 and included two terms with more
than a single r;; factor. The nonlinear parameters for the wave function were
optimized on a small basis and fixed at that point. Given the limited number
of terms that could be included in the trial function, higher-order terms had to
be selected carefully. These were chosen by their effect on the energy. Selecting
terms on the basis of their contribution to the energy is difficult. In a finite
basis, the contribution any one term makes to the energy depends on all the
other terms present in the basis. Removing an apparently insignificant term
could have a negative impact on the contribution of other terms to the energy.
Testing the importance of each term against all possible terms in a large basis
is obviously not possible. On the other hand, for a system like lithium, it is
also not possible to include all terms of a particular metric order, except for
very low values of w. Hence, some selection of terms for inclusion in a wave
function is necessary. Thus, in constructing his 92-term wave function, Ho[35]
included 60 of Larsson’s terms, adding 32 other terms, including terms up to
w = 10 and one additional term with a pair of r;; factors. In this case, the
effectiveness of these terms was tested by examining their contribution to the
energy in groups instead of singly.

In 1986, calculations of considerably larger size were undertaken by King
and Shoup[36] with a HY-basis of 352 terms. In this calculation, all 210 terms
with w < 4 were included, while the other 142 terms included all remaining
terms in Larsson’s calculation. In this calculation, the nonlinear parameters of
Larsson were used. Also terms up to metric order 11 were utilized, including
a number of terms with multiple r;; factors. These calculations were extended
to a total of 602 terms by King[37], and then surpassed with a smaller wave
function by King and Bergsbaken[38]. The latter wave function included some
terms with all three r;; factors and, in addition, an effort was made to optimize
the nonlinear parameters carefully.

Note that, in all these calculations, very few terms containing more than a
single r;; factor were used. Inclusion of such terms improves the convergence
of the basis, but these terms also introduce difficulties in the evaluation of
the matrix elements. If the basis is constrained so that no more than a single
r;; factor appears in any term, these difficulties are minimized. This also
dramatically reduces the number of terms required to reach a particular metric
order. In more complex systems, such a basis produces integrals linking no
more than four electrons, so that, despite its limitations, this basis can be very
useful in calculations beyond lithium.
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Sims and Hagstrom[39] utilized this approach in their HY-CI method, adding
a single correlation factor to a CI basis. In this way, the HY-CI basis retains
some of the advantages of a pure CI basis. From Table 2 we can see that their
150-term result matches the accuracy of Larsson’s 100-term calculation. Other
calculations of this type for lithium have extended the method to basis sets
with over 1000 terms{41].

The multiple basis set method has also been applied to the lithium ground
state by McKenzie and Drake[43]. With a 1134-term wave function which
included terms up to w = 7, they obtained an energy converged to within
one part in 10°. In this calculation, six different basis sets were utilized, each
covering a different region of configuration space. In a subsequent calculation,
Yan and Drake[3] utilized a 1589-term wave function which included terms up
tow = 8, yielding an energy accurate to a few parts in 10'1. This wave function
contained five basis sets, and differed from the McKenzie and Drake wave
function in that these were constructed so as to describe different correlations
among the electrons.

6. BERYLLIUM AND ONWARD

Table 3 lists results for the ground state of beryllium with a HY-CI basis[45].
This Table also contains CI and MCHF calculations for comparison.

Table 3
Energies of the Ground State of Beryllium (in a.u.)

Energy Size/type of Basis set
Sims & Hagstrom[45] 1975 -14.666547 107-term HY-CI
Komasa, et al.[47) 1995 -14.6673550217 1200-term ECG
CL:
Chung, et al.[48] 1993 -14.66704376 1016-term CI
Fischer[49] 1993 -14.667113 3381-term MCHF

In this Table we also find a second form of exponentially correlated func-
tion[46]. Such functions have been referred to as explicitly correlated Gaussians

(ECG). They take the form,
& = e (@i +Bir3+virhy) (20)

This type of basis has been used in more complex atoms and, very effectively,
in molecular systems where Gaussian exponentials simplify the calculation of



Computational Methods for Simple Atomic and Molecular Systems 381

multi-center integrals. Morgan[5] has pointed out that sharply peaked ECG’s
can reproduce the cusps in the wave function very well, despite their formal
inability to represent the two-particle coalescence. Komasa, et al.[47] used up
to 1200 ECG’s in applying this method to the ground state of beryllium, ob-
taining an energy of -14.6673550217, a significant improvement over any other
variational calculation. Although this result is not as dramatic an improve-
ment over Cl calculations as those for helium or lithium, it should be noted
that it represents over 99.1 % of the correlation energy of the atom. The only
other calculations on this scale are all Cl or MCHF calculations. From this it
would seem that the ECG basis shows greater promise of being extensible to
complex atomic systems than other methods relying on correlated basis sets.

Attempts at using correlated basis sets in systems much larger than beryl-
lium have so far proved disappointing. As an example, we cite the 83-term
HY-CI calculation of Clary and Handy[50] for the ground state of neon (see
Table 4). This wave function was constructed using products of Slater-type
orbitals (STO’s) together with correlation factors r7: representing every pair
of electrons in the atom, but restricted to no more than one such factor per
term. With this wave function, which does not cover all metric 2 terms, they
were able to obtain only 73.5 % of the correlation energy of the ground state,
failing to match the best CI results.

Table 4
Energies of the Ground State of Neon (in a.u.)

Energy Size/type of Basis set
Clary & Handy|[50] 1976 -128.8298 83-term HY-C1
CL
Bunge & Peixoto[51] 1970 -128.8868 231-configuration CI
Sasaki & Yoshimine[52] 1974 -128.9168 1068-configuration CI

We see that, for atoms or molecules more complex than beryllium, the use
of correlated basis sets of Hylleraas type rapidly becomes infeasible and the
CI method and its variants become more attractive. For a correlated basis,
the number of terms required to reach a particular metric order can become
hopelessly large. In a 10-electron problem like neon, 1596 terms are needed
to construct a wave function complete through w = 2. If instead the wave
function is limited to a single r;; factor per term, this number is reduced to
561 terms, still a sizeable number for such a low metric order. It must also be
kept in mind that antisymmetrizing the wave function means that each term
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in the basis can potentially generate a very large number of terms. If, loosely
speaking, one needs to reach equal values of w to achieve roughly the same
degree of precision in a large system as in smaller systems, then correlated basis
sets along the lines of those discussed here will not be able to compete with
simpler methods. Nevertheless, the significantly more rapid convergence of a
correlated basis would make it an attractive alternative to CI if the magnitude
of the calculation could be controlled.

It is in this context that exponentially correlated basis sets (EC or ECG)
become particularly interesting, since such bases behave as if they contained
high metric terms, but in a very compact form. With multiple nonlinear
parameters, a trial wave function may be able to represent the wave function at
the cusps accurately while retaining sufficient flexibility to correctly reproduce
its asymptotic behavior.

Following a different approach, Goldman[53] has proposed a modified con-
figuration interaction (MCI) method that retains the simplicity of a CI calcu-
lation but with improved convergence. In its original form, Goldman proposed
a basis consisting of products of one electron functions,

gi=rYrY e @<t B7) LM (31 §5). (21)

Unlike the CI basis, however, the radial coordinates in these functions are
r< =min(ry,73) and 7, =max(r1,72). These functions yield improved radial
convergence since the basis is better able to represent the electron-electron
cusp. The angular functions,

N

O (R1,82) = 3 c;(m)AEY (22)

M

are linear combinations of the usual coupled spherical harmonics,

ALM = Z (lll?mlm?,LM> X Yilml(fl)Y;sz(f'Z)v (23)

Il
mimsz

but include large numbers of these so that the basis is equivalent to a very
high-order, partial wave expansion in compact form. The linear and nonlinear
parameters, ¢; and - are to be optimized variationally.

More recently, Goldman has introduced two additional modifications to
MCI. First, modified radial functions are introduced which are functions of
r> and r</r5[54]. In these variables, all multidimensional integrals reduce
to simple, one-electron integrals; a simplification even over CI, where coupled
two-electron integrals always appear. Secondly, modified angular functions
are introduced which implicitly contain an infinite number of coupled harmon-
ics[55]. Several examples of such angular functions are given, one of which has
an obvious connection to the ECG basis:

(cos )" &7 <012, (24)
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The MCI basis has at present only been applied to two-electron systems, but
Goldman has shown that it can be extended to multi-electron systems in a
straightforward manner while still retaining all its computational advantages.

7. SIMPLE MOLECULES

This discussion would not be complete without some brief remarks about
molecular systems. For the ground state of Hy, James and Coolidge[56] con-
structed a correlated basis in confocal elliptic coordinates. This JC basis has
the advantage of rapid convergence in comparison to other basis sets. However,
it is not easily generalized to multi-electron or polyatomic molecules because
of the complexity of correlated integrals over elliptic coordinates. In addition
to the JC basis, other molecular, correlated basis sets are available, including
the HY-CI basis with STQ’s, Gaussian-type orbitals (GTO’s), or molecular
orbitals (MO’s) multiplied by a correlation factor. Explicitly correlated ba-
sis sets (ECG’s) are also utilized, and for Hj, have surpassed the JC-basis in
accuracy[57]. Rychlewski[58] discusses a variety of these trial functions and
compares recent calculations on simple molecules.

Table 5 presents results using these basis sets for the Hf and Hi molecule
together with some CI calculations. Most notable here is the dramatic im-
provement recently achieved in Hz with an ECG basis.

Application of HY-CI and other methods to simple atomic and molecular
systems is also discussed in Clementi, et al.[68]. In particular, these authors
give examples of computational times on a mainframe computer. They esti-
mate that carrying out calculations on Hs with a modest HY-CI basis would
require from hundreds to thousands of hours to evaluate the integrals alone,
while a larger calculation attempting to match spectroscopic accuracy would
approach times more often associated with geological processes than with quan-
tum chemistry.

One possible way of limiting the complexity of such calculations regardless
of the size of the system, is through the use of perturbation theory, where
the maximum number of correlated electrons and the maximum number of
nuclear centers that appear in the calculation are determined by the pertur-
bation order. If such a calculation yields the desired accuracy when carried
to a particular order, that order determines the maximum complexity of the
calculation. One example of such a perturbation theory[69], a variant of the
Z~! expansion method, has been applied to H with promising results for such
a low-order calculation.
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Table 5
Energies for HY, and Hj, (in a.u.)

H3
Energy Size/type of Basis set
Salmon & Poshusta[59] 1973 -1.34335 15-term ECG
Preiskorn & Woznicki[60] 1984  -1.343422  192-term HY-CI
Frye, et al.[61] 1988  -1.3438279  138-term HY-CI GTO
Alexander, et al.[62] 1989  -1.3438220 700-term ECG
CL
Meyer, et al.[63] 1986  -1.34340 104-term CI-GTO
Wenzel, et al.[64] -1.343814  4974-term CI-GTO
Hs;
Energy Size/type of Basis set
Frye, Preiskorn, & Clementi[65] 1991 -1.636637  HY-CI (3s1p) GTO
Cencek & Rychlewski[66] 1993  -1.658965  200-term ECG
CL
Liu[67] 1984 -1.658755  CI (5s3p3d2f) STO

8. SUMMARY

Despite the variety and even disparity of computational methods in use for
high-precision atomic and molecular calculations, it is possible to extract some
general principles from the examples discussed here.

Clearly, computational resources are not yet to the point that “brute force”
methods will suffice for high-precision calculations. Physical and chemical in-
tuition play an important role in constructing appropriate trial wave functions
and, despite the complexity and size of the basis sets used in these calcula-
tions, can improve the convergence of the basis significantly. It is important,
therefore, to understand the nature of an atomic or molecular system in terms
of its physical as well as its more formal mathematical properties.

Beyond this it is also clear that trial functions must satisfy the Kato cusp
conditions explicitly or implicitly, or convergence will remain too slow for
high-precision results. Morgan[5] has emphasized that satisfying these cusp
conditions is of greater importance than building in the correct asymptotic
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behavior for the wave function, and that requiring the correct behavior at
the two-particle cusps takes precedence over three-body collisions. Looking
beyond the lowest-order terms of the Fock expansion, Myers, et al.{12] have
made an initial attempt at constructing a trial function which reproduces the
O(R?) term in the Fock expansion.

At present, it is possible to achieve accuracy for two- and three-electron
systems superior to that once obtained for two-electron atoms by Pekeris. This
can be accomplished by dealing explicitly with the most difficult points of the
wave function, as in the Fock basis, or implicitly by constructing sufficiently
flexible trial functions through the use of multiple basis sets. In any case,
such flexibility is required to deal with the differing character of the wave
function at large and small length scales. Drake’s[2,27] calculations on helium
demonstrate how a double basis set can achieve this kind of flexibility, while
Morgan and co-workers{23,31] have combined Fock and double basis sets in a
relatively compact wave function to produce equally precise results.

The large number of terms needed to achieve high precision in complex
systems suggests looking for alternative bases that can generate high-order,
correlated terms in a compact form. Exponentially correlated basis sets can
do this, and if implemented with large numbers of nonlinear parameters, can
also achieve the kind of flexibility associated with larger basis sets. Given the
possibility of achieving accuracy with smaller basis sets, this approach appears
to have high potential for application to larger systems.

Though not yet applied to complex systems, Goldman’s MCI method also
shows promise for large systems because of its computational simplicity. This
basis can also be considered “compact” in that it implicitly contains an infinite
number of partial waves in each of its angular functions.
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194-196
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exchange contribution, 211-214
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Gaussian basis sets, in ab initio methods,
168-169
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381
Gey,, stabilization energy, 316-318
Generalized gradient approximation
application to Na Pb, 342344
for exchange—correlation energy, 1-2
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6-7
generalization, 210-211
relativistic, for Au and Pt band structure,
215-220
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chemical reactions, 168
Geometry, molecular
Pb clusters, 331-332
potential energy surface, 117-120
GGA, see Generalized gradient
approximation
Gold
application of LAPW, 214-215
band structure, 215-220
Gradient approximation
corrections for crystals, 157—-160
generalized
for exchange—correlation energy,
1-2
qualitative explanation for
performance, 3
quantitative explanation of function,
6-7
generalization, 210-211
relativistic generalized, for Au and Pt,
215-220
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Ground state energy
application of KS approximation,
191-194
beryllium, 378381
calculations with FON methods, 169-171
equations, 14
free fermions, 135138
helium, 371-375
N-electron system, 194—196
GVB, see Generalized valence bond method

H

Halides, photodissociation, 181-184
Halogens, photodissociation, 181-184
Hamiltonian operator
in adiabatic connection, 191-194
definition, 14
in DFT, 228
N interacting particles, 88—94
non-relativistic, in variational methods,
368-370
Hard and soft acids and bases
definition, 274
global principle, 316-318
local level principle
definition, 318-319
role of reaction site softness, 319-320
theory, 315-316
Hartree—Fock calculations
beryllium, 378-381
for exchange—correlation energy, 1
generalization, 94-96
numerical illustration, 96-98
and OEP, 31-32
potential in Dirac atom calculations, 154
HEG, see Homogeneous electron gas
Helium
correlated wave functions, 65-66
ground state, 371-375
HF, see Hartree—Fock calculations
HKS-DFT, see Hohenberg-Kohn—Sham
density functional theory
Hohenberg—Kohn-Sham density functional
theory, comparison to LS-DFT, 53—-60
Hohenberg—Kohn theory
definition, 14
in DFT, 303-304
Hole charge, Fermi—Coulomb, distribution, 244
Homogeneous electron gas

exchange contribution, 211-214

LDA based on, 210
HSAB, see Hard and soft acids and bases
Hydrocarbons, C-H bond breaking, 350
Hylleras basis sets

for helium, 372-373

for lithium, 375-376

I

IFC, see Interatomic force constants
Integral equations, OEP, derivation, 32-34,
153-157

Interatomic force constants

with DFT, 225-226

formalism, 226231

1n ionic and covalent solids, 231-236
Ionic solids, IFC, 231-236

J

Janak—Moruzzi—Williams correlation, in
DFT, 349

Jellium, translational symmetry, 250

Jellium slab metal, potential decay, 254

JIMW correlation, see Janak—Moruzzi—
Williams correlation

K

Kinetic energy, for atoms in LS-DFT
background, 50-51
equations, 51-52
Kinetic energy operator, definition, 14
Kinetic potential, structure in KS exchange
potential, 257259
KLI approximation, see Krieger—Li-Iafrate
approximation
Kohn—Sham approximation
application, to ground state energy,
191-194
in DFT, 227
Kohn—Sham density functional theory, orbital
occupation numbers, 172
Kohn—Sham eigenfunctions, in Fock
operator, 152
Kohn-Sham eigenvalues, for chemical
hardness, 277
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Kohn—-Sham exchange energy, functional and
derivative, 264-266, 268
Kohn—-Sham exchange potential
composition, 243
Pauli and correlation—kinetic components,
257-259
Pauli and correlation—kinetic contribution,
256
Kohn-Sham theory
correlation energy functional and
derivative, 249-250
exchange—correlation energy functional,
243-246
exchange energy functional and derivative,
246-248
as model of noninteracting fermions,
242-243
nonrelativistic fitted electronic energy,
169-171
self-consistent, orbital structure, 250
Kohn—-Sham wavefunction, definition, 15
Krieger—Li-Iafrate approximation
asymptotic properties, 45—47
atomic energies, 153157
derivation, 44
for gradient corrections in crystals,
157-160
and OEP method, 44
KS eigenfunctions, see Kohn—Sham
eigenfunctions
KS theory, see Kohn—Sham theory

L

LAPW, see Linearized augmented plane
wave
LDA, see Local density approximation
Lead clusters
Na,Pb, GGA, 342--344
Pb,
computational process, 328—-329
computational results, 329-337
Lee—Yang—Parr functional, role in high-
density limit of correlation potential,
25-26
Lemma, exchange potential constants,
37-41
Linearized augmented plane wave, for solids,
214-215
Lithium
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basis sets, 375-376
CI calculations, 376
Local density approximation
in adiabatic connection, 203-206
based on HEG, 210
in DFT of methane—active site interaction,
352-361
for gradient corrections in crystals,
157-160
for IFC in ionic and covalent solids,
231-236
for KS exchange energy, 266, 268
NagPb, 342-344
nonrelativistic functional, 211-214
Local response model, DFT, 77-79
Local-scaling density functional theory
atoms in
exchange energy
background, 50-51
equations, 52
kinetic energy
background, 50-51
comparison to HKS-DFT, 53-60
equations, 51-52
correlation energy functional, 6265
dynamical correlation, 60-62
nondynamical correlation, 60—62
Local-scaling transformations, for He
correlated wave functions, 65-66
Local spin density, for exchange—correlation
energy
qualitative explanation of function, 3
quantitative explanation of function, 6—7
LS—DFT, see Local—scaling density
functional theory

M

Many-body problem
application of DFT, 12, 190
ground-state, application of QMC,

190-191

Many-body wavefunctions
in adiabatic connection, 199-206
variational QMC, 198-199

MCI, see Modified configuration interaction

MCSCEF, see Multiconfiguration self-

consistent field theory
MD, see Molecular dynamics
Metal clusters, [Al(OH),][GaO], 352361
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Metal oxide, MeO diatomic molecule, 351
Metal surface, jellium and pseudopotential
models, 250
Methane—active site interaction, DFT,
352-361
Mixing, configurational, in molecules,
169-171
Models
catalysis, 348—349
cluster
alkali—lead
Na,Pb clusters, 337-338
Na,Pb, clusters, 338-342
lead
NagPb, GGA, 342-344
Pb,, 328-337
metal, [Al(OH),}[GaO}, 352--361
for quantum chemistry calculations,
350
explosive, nitric oxide system as,
179-181
local response, DFT, 77-79
noninteracting fermions, 242-243
pseudopotential, translational symmetry,
250
Modified configuration interaction, for
beryllium, 380
Molecular dynamics
Pb clusters, 330-331
role in X-ray diffraction, 350
Molecular geometry
Pb clusters, 331-332
potential energy surface, 117-120
Molecular orbitals
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atoms, electronegativity and hardness,
311-315

bond formation and fissure, configurational

mixing, 169-171
diatomic, metal oxide, 351
electronic structure, n-particle picture,
88-94
gas absorption, 349-351
simple
GTO, 381
molecular orbitals, 381
Monte Carlo, and HEG, 211-214
Muiticonfiguration self-consistent field
theory, 168

INDEX

Multiple basis sets, for helium, 372-373

N

n-electron systems
with ground-state density, 194-196
non-relativistic Hamiltonian, 368-370
N interacting particles, basic notions,
88-94
Nitric oxide
as model explosive, 179-181
(NO),,, collinear collisions, 178-181
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Occupation numbers
Fermi distribution, 171
fractional, and forces, 169~171
orbital, in KS density functional theory,
172
OEP, see Optimized effective potential
Operators
electron—electron repulsion, definition,
14
Hamiltonian
in adiabatic connection, 191-194
definition, 14
in DFT, 228
N interacting particles, 88—94
non-relativistic, in variational methods,
368-370
kinetic energy, definition, 14
projection, in variational methods, 369
Optimized effective potential
asymptotic properties, 34-36
theorem 1, 41
theorem 2, 42-43
and HF expression, 31-32
integral equation, derivation, 3234,
153-157
and KLI approximation, 44
Orbitals
hardness tensor, 275-279
reactivity indices, 279-281
self-consistent, Kohn—Sham, structure,
250
Organic azide, decomposition, 293-298
Oxygen, BaTiO,, IFC, 231-236
Ozone, collinear collisions, 172—-178



INDEX

P

Particle density, simple fluid in thermal
equilibrinm, 132-135
Pauli potential
contribution to Kohn—Sham exchange
potential, 256
structure in KS exchange potential,
257-259
Perdew--Burke—Emzerhof functional, role in
correlation potential, 25-26
Perturbation theory
in DFT, 229
variational, for helium, 375
Photodissociation, halides, 181184
Platinum
application of LAPW, 214-215
band structure, 215-220
Potential energy
Born—Oppenheimer, formalism, 226231
for collision partners, 180-181
surface molecular geometry, 117-120
Potentials
correlation, see Correlation potential
exact exchange, DFT, 34-36
exchange, see Exchange potential
Hartree—Fock, in Dirac atom calculations,
154
kinetic, structure in KS exchange potential,
257-259
Kohn-Sham exchange
composition, 243
functional and derivative, construction,
264-266, 268
Pauli and correlation—kinetic
components, 257-259
Pauli and correlation—kinetic
contribution, 256
optimized effective
asymptotic properties, 34-36
theorem 1, 41
theorem 2, 4243
and HF expression, 31-32
integral equation, derivation, 32—34,
153-157
and KLI approximation, 44
Pauli
contribution to Kohn—Sham exchange
potential, 256
structure in KS exchange potential,
257-259
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Slater
asymptotic structure, 253
KS exchange energy, 265
Projection operator, in variational methods,
369

Q

QMC, see Quantum Monte Carlo
Quantum chemistry, cluster models, 350
Quantum Monte Carlo
application to ground-state many-body
problem, 190-191
cosine-wave jellium, 196-197
fixed-density variance minimization,
194-196
variational MC, 194, 198-199

R

Reaction paths, hardness profiles, 284288
Reaction sites, softness, role in local HSAB
principle, 319-320
Reactivity index
molecular orbitals, 283-284
orbitals, 279-281
Reference-state density functional theory,
definition, 73-77
Regioselectivity, Diels—Alder reactions,
definition, 318-319
Relativistic generalized gradient
approximation, 215-220
Ritz variational principle, in variational
methods, 368—370

S

SCF calculations, see Self-consistent field
calculations
Schrodinger equation, in variational methods,
368-370
Self-consistent field calculations, role in
AIMD, 179181
Semi-classical approximation, free energy
functional, 142-144
Silicon
IFC, 231-236
Sig,, stabilization energy, 316-318
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Silicon dioxide, IFC, 231-236
Silicon dioxide—stishovite, IFC, 231-236
Slater potential
asymptotic structure, 253
KS exchange energy, 265
Solids
calculations with LAPW, 214-215
electronic structure, n-particle picture,
88-94
ionic and covalent, IFC, 231-236
Stishovite—silicon dioxide, IFC, 231-236

T
Tensor, orbital hardness, 275-279
Thermal equilibrium, simple fluid, 132-135
Titanium, BaTiO,, IFC, 231-236

A\’
Vacuum, asymptotic structure, 250-257
Variational methods

Euler—Lagrange equations, 369
non-relativistic Hamiltonian, 368
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INDEX

projection operator, 369
Ritz variational principle, 368
Schrodinger equation, 368
Vosko—Wilk—Nusair parametrization,
211-214

w

Wavefunctions
accuracy testing, 370-371
correlated, for He, 65-66
many-body
in adiabatic connection, 199-206
in variational QMC, 198-199
Wavevector, Fermi, in cosine-wave jellium,
197
Wilson-Levy functional, role in high-density
limit of correlation potential,
25-26

X

X-ray diffraction, role of MD simulation,
350



